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A first answer

Fixed point theorem (E. Picard, 1856-1941)
Let H be a Hilbert space. If T: H — H is such that

T is a strict contraction, i.e. there exists p € [0, 1]
such that
(V(xx) €HD) (| Tx— T < plix = Xl

o ad- Ya e,
Then T has a unique fixed point X. rﬂ/ g
)1! « IZ/

The sequence (Xn)nen defined as (Vn € N) x,11 = Tx, with xo € H,
converges to X.

Proof: For every n € N and m € N\ {0},
Yero X opan 3 N t %,m“’

m m
= xall = || D" xwee = xmse-a ] < D s = xnsecall " c
(=1 =1 ‘“M_ . [ < .
For every ¢ € {1,...,m},
[IXn+¢ = xot-e=1]l = | Txae-1 — Txnte—2|l
< plxnge—1 — Xnse—a| < -+ < P — ol

Then [[Xpsm = Xall < (1= p)"H(1 = p™)p"|Ix1 — xoll
Therefore (xp)nen is a Cauchy sequence and it converges to some

XeH.
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Fixed point theorem (E. Picard, 1856-1941)
Let H be a Hilbert space. If T: H — H is such that

T is a strict contraction, i.e. there exists p € [0, 1]
such that

(V(x,x) e H?) || Tx — TX|| < pllx — x|

Then T has a unique fixed point X.
The sequence (xp)nen defined as (Vn € N) xpp1 = Tx, with xo € H,
converges to X.

Proof: Since T is continuous, x, — X = TX = X. This shows that
there exists a fixed point of T.
In addition, let X be a fixed point of T, for every n € N,

[xn+1 =X = | >0 = TX]|
< plixa =X

Consequently, |[x, — X|| < p"||xo — X||. Hence, we have proved that
(Xn)nen converges linearly to X and there exists a unique fixed point.
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Objective of this course

> Extend this theorem to more general operators

> not necessarily strictly contractive
> possibly dependent on the iteration number n
> built from composition of simpler operators

(' splitting techniques ).

> Apply this to solve minimization problems.
~ How to relate T to the objective function f 7



5/18

Fixed point algorithms: convergence

Let H be a Hilbert space.
Let (xn)nen be a sequence in H and X € H.

> (xn)nen converges strongly to X if
lim _lx = ][ = 0.

It is denoted by x, — X.
> (xn)nen converges weakly to X if
(Vy e H) nl:moo (y | xn—Xx) =0.

It is denoted by x, — X.

Remark: In a finite dimensional Hilbert space, strong and weak
convergences are equivalent.
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Fixed point algorithms: convergence

Let (xn)nen be a sequence of H.
(xn)nen converges weakly if and only if

> (xn)ncrs is bounded ¥, BM | [ <M

and

» (Xn)neN possesses at most one sequential cluster point in the weak

topology. /5’!/;1‘ eM,omd ?; WM Ty —> &
N \

> X is a sequential cluster point of (xp)nen in the weak topology if there
exists a subsequence (X, )ken Of (Xn)nen that converges weakly to X.
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Fixed point algorithms: convergence

Let (xn)nen be a sequence of H.
(xn)nen converges weakly if and only if
> (Xn)nen is bounded
and

» (Xn)neN possesses at most one sequential cluster point in the weak
topology.

Illustration:

Xo | X1 | x| x3| xa | X5
1 (-1]1}-1]1]-1

— (Xn)nen is bounded but it has 2 sequential cluster points: —1 and 1.

— (Xn)nen does not converge.
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Fixed point algorithms: convergence

Opial's lemma CYa ) éﬁﬂéﬂw
Let D be a nonempty subset of #.
Let (xn)nen be a sequence in H. ‘ 5[{’ (’Ipzlﬂ/c p_t

(xn)nen weakly converges to a point in D if {ﬁ,ék/ Q'({é ; /
quf

> for every x € D, (||xn — x||)nen converges N ¢3
and

> every weak sequential cluster point of (xp)nen lies in D.
I T T S
¥y60, Ly a2y =0 U lowry = el Bl
3 ),\ AWZ % woul “:\.“'L_—»zx
Ko [AA'S < Yt U (e (e I 54>t

AR m m\;'; —*(2) ~z
3 AnlRAy ke <oqal? Ry RIS
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Fixed point algorithms: convergence

Proof:

Let x € D. Since (||x, — x||)nen converges, then (||x, — x||)nen and
thus (xp)nen are bounded.

We assume that (xp, )ken and (xp,)een are such that x, — X and
Xn, — X' where (X,X') € D2. For every n € N,

2(xn | X = %) = [lxn = X = lIxa = X'|I* = [IXI[* + [X']|*.

Because (||xn — X||)nen and (||xn — X'|| ) nen converge, there exists
« € R such that (x, | X' — X) — « and thus

(Xn, | X' = X) = (X | X' = X) = . Similarly, (X' | X' = X) = a.
Consequently, |X' —X||?=0=x =X
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Fixed point algorithms: Fejér-monotone sequence

Let D be a nonempty subset of a Hilbert space H.
Let (xn)nen be a sequence in H.
(xn)nen is Fejér-monotone with respect to D if

(Vx € D)(VneN)  |Ixpt1 — x| < [Ixa — x].

Let D C H.
Let (xn)nen be Fejér-monotone with respect to D then S "',,”‘ﬂ S

- for every x € D, (||xn — x||)nen converges , He7° P

> (Xn)nen is bounded. v/ 4‘6'—?

n N o~ !
ne v Hso/ " ”‘7 I l'@’b 4{% = #;:?04
o o
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Fixed point algorithms: Fejér-monotone sequence

Let D !e a nonempty su!set of a Hilbert space #H.

Let (xn)nen be a sequence in H.
(xn)nen converges weakly to a point in D if

(Xn)nen is Fejér-monotone with respect to D
and

every weak sequential cluster point of (x,)nen lies in D.

Lemma
Let C be a nonempty closed convex subset of H.
If (xn)nen denotes a sequence in C that weakly converges to X then X € C.
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Fixed point algorithms: Fejér-monotone sequence

Lemma
Let C be a nonempty closed convex subset of #.
If (x)nen denotes a sequence in C that weakly converges to X then X € C.

N —> Ml ,
Proof: V ""«L’”‘)‘J> —>7
Let Pc be the projection onto C? —g*)/m Pe ("‘
Since (Vn € N) x, € C, we have < [m - M)“ l{(' f‘p\)"

{xn = Pc(X) [ X = Pc(x)) < 0.

By using x, — X, it results that ||X — Pc(X)/> = 0, and thus
X = Pc(x) € C.


Mobile User


10/18

Nonexpansive operator: definition

Let C be a nonempty set of a Hilbert space H. Let T: C — H.
The set of fixed points of T is
FixT = {x e C | x= Tx}.

Let C C H be a nonempty set.
Let T: C — H.
T is a nonexpansive operator if (V(x,y) € C?) |[[Tx—Ty| <|x—y] .

Let C be a nonempty closed convex subset of a Hilbert space H.
Let T: C — H be nonexpansive.
Then FixT is a closed convex set.
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Nonexpansive operator: definition

Let C be a nonempty closed convex subset of a Hilbert space H.
Let T: C — H be nonexpansive.
Then FixT is a closed convex set.

Proof: Closedness:

Let (xn)nen is a sequence of FixT C C converging to x € H. Since T is
continuous, x € C and (Tx,)nen = (Xn)nen converges to Tx = x.

Thus x € FixT.



10/18

Nonexpansive operator: definition

Let C be a nonempty closed convex subset of a Hilbert space H.

Let T: C — H be nonexpansive.
Then FixT is a closed convex set.

Proof: Convexity:
Let (x,y) € (FixT)? and let a €]0, 1[. We have ax + (1 — a)y € C and

IT(ax+ (1 —a)y) —ax— (1 —a)y|?
= la(T(ax + (1= a)y) = x) + (1= a)(T(ax + (1 — a)y) = y)|®
= a?|| T(ax + (1 = a)y) = x> + (1 = a)?| T(ax + (1 - a)y) - y|I?
+20(1 - a)(T(ax+ (1 —a)y) = x| T(ax+ (1 —a)y) —y)
= o?|| T(ax + (1 = a)y) = x> + (1 = a)?| T(ax + (1 - a)y) - y|I?
—a(l = a)(|T(ax + (1 = a)y) = x = T(ax + (1 - a)y) +y|?
— [ T(ax+ (1= a)y) = x| = [ T(ax + (1 - a)y) - y|?)
= o T(ax+ (1= a)y) = x|> + (1 = @)l T(ax + (1 = a)y) = y[I* = a(l - a)llx - y|*.
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Nonexpansive operator: definition

Let C be a nonempty closed convex subset of a Hilbert space #.

Let T: C — H be nonexpansive.
Then FixT is a closed convex set.

Proof: Convexity:
Let (x,y) € (FixT)? and let o €]0, 1[. We have

IT(ax + (1 = a)y) —ax — (1 — a)yl?
= af T(ax + (1 - a)y) = x| + (1 = )| T(ax + (1~ a)y) = y|* = a(l — a)|x - y|*.
Since Tx = x, Ty = y and T is nonexpansive,

IT(ax + (1 —a)y) —ax — (1 — a)yl?
= af|T(ax + (1 —a)y) = Tx|> + (1 = )| T(ax + (1 —a)y) — Ty|I* — a(1 - a)lIx — y?
< aflax+ (1= a)y = x>+ (1 —a)flax + (1 - a)y — y|* - a(l — a)|x - y|?
= (a(1—aP + (1 - a)a® — a(l - a)x —y|> =0.

Hence T(ax+ (1—a)y)=ax+ (1 —a)y & ax+ (1 —a)y € FixT.
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Nonexpansive operator: fixed point algorithm

Proof:
X, — X = x € C and TXx defined. For every n € N,

X — TXI2 = |Ix0 = X2+ [|X = TR +2(x0 =X | X — TX)

%0 — TXII? = 1X0 — Txall®> + | Txa — TR|? 4+ 2 (xn — Txp | Txp — TX)

= % = TR = [0 — Txall? + [ T — TXII*  |[xn — ]
+2(xp— Txn | Txp— TX) —=2(xp — X | X — TX)
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Nonexpansive operator: fixed point algorithm

Proof:
1% = TX? =llx0 — Txall® + | Toxtn — T = [Ixn — X2
+2xn— Txn | TXn = TX) = 2(xp — X | X — TX).
Since T is nonexpansive, by using the Cauchy-Schwarz inequality,
1% = TXI? < lx0 — Txall® + 2]x0 = Txall[| T = TXI| = 2 (x, = X | X = TX)
< xn = Txall? + 2llx0 = Txall X0 = XI| = 2 (x0 = X | X = TX).

Xp — X = (Xn)nen bounded. The result follows by taking the limit.
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Nonexpansive operator: fixed point algorithm

Let C be a nonempty closed convex subset of a Hilbert space #.
Let T: C — C be a nonexpansive operator such that FixT # &.
Let xg € C,

(Vn € N)  xpq1 = Txp.

If xp — Tx, — 0, then (x,)nen converges weakly to a point in FixT.

Exercise :

Prove this result by showing that (x,)nen is Fejér-monotone with
respect to FixT.
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Nonexpansive operator: fixed point algorithm

Let C be a nonempty closed convex subset of a Hilbert space #.
Let T: C — C be a nonexpansive operator such that FixT # &.
Let xg € C,

(Vn € N)  xpq1 = Txp.

If xp — Tx, — 0, then (x,)nen converges weakly to a point in FixT.

Answer : For every n € N and y € FixT,

X041 =yl = [[Txn = Ty [l < llxn = ¥l

(xn)nen is Fejér-monotone with respect to FixT.

Let (xn, )ken be a subsequence of (x,)nen such that x,, — X where
xXeH.

By assumption x,, — Tx,, — 0 and thus, according to the
demiclosedness principle, X € FixT.

This shows the weak convergence of (x,)nen.
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Fixed point algorithms: Fejér-monotone sequence

KpacHocénbckuiti-Mann algorithm
Let C be a nonempty closed convex subset of a Hilbert space .

Let T: C — C be a nonexpansive operator such that FixT # &.
Let (An)nen be a sequence in [0, 1] such that

> An(l = Ap) = +o0.
neN
Let xo € C and (Vn € N) x,11 = xp + Ap(Txn — Xxp). Then,
» (xn)nen is Fejér-monotone with respect to FixT.
» (Txn — Xn)nen converges strongly to 0.

> (xn)nen converges weakly to a point in FixT.

Typical choice: (Vn € N) A\, = X €]0,1].




14/18

Fixed point algorithms: Fejér-monotone sequence

Proof :
For every n € N, by convex combination, x, € C.

Fejér-monotonicity with respect to FixT : (Vx € FixT)(Vn € N)

X1 — x]|?
=|Ix0 + An(Txn — xn) — x||?
=[1(1 = An)(xn — x) + An(Txp — X)||2
=(1 = Xn)?[x0 — x||% + X2|| Ty — x| = 2X0(1 = Xp) (X — X5 | Txp — X)
=(1 = An)|Ix0 — x|1% + Xl Txn — %[> = An(1 = X0)|| Txn — x + x — x5 |?
=(1—An)lxn — X||2 + Anl| Txn — TX||2 = An(1 = An)[[ Txn — Xn||2
<= An)lxn — X”2 + Anllxn — X”2 = An(1 = An)l[ Txn — Xn”2

<lxn — x|I2.
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Fixed point algorithms: Fejér-monotone sequence

Proof :
We want to prove that Tx, — x, — O.
We deduce from ||x, 11 — x> < [|x0 — x[|? = An(1 = An)|| T — Xa||? that

N
(YN €N) D~ Aa(L = Al Txo = Xall* < llxo = XII* = pvga — x|
n=0
:>Z)‘n(1 = )| Txn = xall* < [Ix0 — x]I?
neN
+oo
=3 A1 = M)l T — x> = 0
k=n
+00
:>k.gfn||Txk x|l kZAk(l ) = 0.
=n

The assumptions on the sequence (Ap)qen lead to
liminf, o0 || TXn — xa|| = 0.
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Fixed point algorithms: Fejér-monotone sequence

Proof :

Let (xn,)ken be a subsequence of (x,)nen such that x, — X.
According to the demiclosedness principle, Tx,, — xp, — 0 yields
x € FixT. The weak convergence of (x,)nen to X results from the
Fejér-monotonicity of (x,)nen with respect to FixT.
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a-averaged operator: definition

Let C C H be a nonempty set of a Hilbert space H.
Let A: C — H and let « €]0, 1].

Ais an «-averaged operator if there exists a nonexpansive operator
R: C — H such that

A=(1-a)ld+ aR.

Remark : When o« = 1/2, we say that A is firmly nonexpansive .
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Fixed point algorithms: a-averaged operator

Let T: H — H be an a-averaged operator with « €]0, 1] such that
FixT # @.
Let (Ap)nen be a sequence in [0,1/a] such that

Z An(1 — aXp) = +oo.

neN

Let xp € H and (Vn € N) xp11 = X + An(Txn — Xp).
The following properties are satisfied:
» (Xn)nen is Fejér-monotone with respect to FixT.
» (Txn — Xn)nen converges strongly to 0.
» (xn)nen converges weakly to a point in FixT.

Remark: since o < 1, one can choose (Vn € N) A\, =1, that is

(VneN)  xpp1 = Txp.
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Fixed point algorithms: a-averaged operator

Proof :

Since T is c-averaged, there exists a nonexpansive operator R such
that T = (1 — a)Id + aR.

Let (Vn € N) pp = ah, € [0,1].

Z)\n(l —al) =40 & Z,u,,(l — ) = +o0.

neN neN

The iterations can be written as

(Vn e N) Xnt1 = Xn + An( Txn — Xn)
= Xp + pn(RXn — Xn).

Moreover, for every x € H,
x€FixT & x=(1-a)x+aRx < xeFixR,

that is FixR = FixT.
+ Krasnosel'skii-Mann algorithm.
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Exercise

Let H be a Hilbert space. Let m € N, m > 2. For every i € {1,..., m}, let
T;: " — M be a nonexpansive operator. Assume that (7, FixT; # @.
Let (wi)1i<i<m € ]0,+oo[™ be such that > w; =1, and let

=3 wT

1. Show that, for every i € {1,..., m} and for every (x,y) € H x FixT;,
L 2
(Tix—x | x = y) < =5 Tox = x|

2. Deduce that FixT = (N, FixT;.
3. In the following, we assume that, for every i € {1,...,m}, T; is

aj-averaged with «; €]0, 1[. Show that T is a-averaged where « is a
constant to be precised.

4. Study the convergence of the iteration

m
(Vn € N)  Xpr1 = (1= An)xn + An Zw,- Tixn
i=1

where xg € H and A, € 10, +o0].
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Fixed point algorithms: Fejér-monotone sequence

Proof :
The assumptions on (Ap)nen lead to liminf, 4 || Txs — x|l = 0.
Moreover, as T is a nonexpansive operator

[ Txn+1 = Xng1ll = [[ TXns1 — T + (1= An)(Txa — Xn) |
< I Txns1 = Txall + (1 = A0) [ T — xa
< fxna1 = Xnll 4+ (1 = An)l[ Txa = Xal|
= Al Txn = xnll + (1 = An) | Txn — Xn|

= || Txn — Xn||.
Consequently, (|| Txn — xn||)nen converges and

Tx, — xp, — 0.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and v € |0, +o0]

v~ 'A is nonexpansive if (V(x,y) € C?) ||[Ax—Ay|| < v [x—y].

v~ LA is nonexpansive < A is v-Lipschitzian .

Lipschitz

Nonexpansive
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Nonexpansive operator: definition

Let H be a real Hilbert space.
Let A: C—> H.

Ais firmly nonexpansive if

(Vx € C)(¥y € C) [|Ax — Ay[P < (Ax = Ay | x —y) .
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.
Let A: C—> H.

Ais firmly nonexpansive if

(V0x,y) € C?)  [[Ax = Ay|? + [|(Id — A)x — (Id — A)y||* < [|Ix — y||* .

Proof: For every (x,y) € C?,

|Ax — Ay|> + [|(Id = A)x — (Id — A)y||* < |Ix — y||?
llAx — Ayl + x — yIP —2(x — y | Ax — Ay} + [Ax — Ayl < [lx — yI1
S| Ax — AyH2 <(x—y|Ax—Ay).
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.
Let A: C— H.

Ais firmly nonexpansive if

(V(x,y) € ) [|Ax = Ay|? + [|(1d — A)x — (Id — A)y[|> < x — y|I* -

> Ais firmly nonexpansive < Id — A is firmly nonexpansive.

> Ais firmly nonexpansive < 2A—1d is nonexpansive.
~——
Reflection of A
Proof: For every (x,y) € C?,
(24 - 1d)x — (A = 1d)y|* < [|Ix - y|
& 4JAx = Ay|P = 4(Ax = Ay | x —y) +[Ix = y|? < [Ix = y|?
& [Ax—Ay|? < (Ax— Ay | x—y).
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.
Let A: C — H.
A'is firmly nonexpansive if

(VOxy) € ) [ Ax = Ay|? + [|(Td — A)x — (Id — A)y|1* < [lx = y|1* .

A is firmly nonexpansive = A is nonexpansive.

Lipschitz

Nonexpansive

Firmly
nonexpansive
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of 7.
Let A: C — H and B € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two real Hilbert spaces, L € B(H,G) nonzero, and
A: G — G. Alis B-cocoercive = L*AL is ||L||=23-cocoercive.
Proof: For every (x,y) € H?,

(L*ALx — L*ALy | x — y) = (ALx — ALy | Lx — Ly)
> B||ALx — ALy

Furthermore, ||L*ALx — L*ALy||?> < ||L||?||ALx — ALy||?.
Then (L*ALx — L*ALy | x — y) > B||L*ALx — L*ALy|?/||L|]%.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of 7.
Let A: C — H and B € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

» Let H and G be two real Hilbert spaces, L € B(H,G) nonzero, and
A: G — G. Alis -cocoercive = L*AL is ||L||=2-cocoercive.

» Ais B-cocoercive = A is 37 1-Lipschitzian.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of 7.
Let A: C — H and B € 10, +o0].
Ais [-cocoercive if [BA is firmly nonexpansive, i.e.,

(Vx € C)(Vy € C) BlAx — Ay|? < (x —y | Ax = Ay) .

Lipschitz ]

Nonexpansive

Firmly
nonexpansive

Cocoercive
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.

Let A: C — H and let a €]0, 1[.
A'is a-averaged if there exists a nonexpansive operator R: C — H such

that

A=(1-a)ld+aR .
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of .
Let A: C — H and let a €]0, 1].
Ais a-averaged if

11—«
(V(x,y) € C?) IIAX—AyII2+TII(Id—A)X—(Id—A)yII2 < lx=yl%.

Proof: For every (x,y) € C2,

x — Ayl + 21— A~ (10 = A2 < x I
& alAx = Ay|? + (1 = )(|Ax — Ay[[> =2 {x = y | Ax = Ay) + |Ix = y|*)
< alx —y|?
& [Ax—Ay|? =2(1 —a) (x =y | Ax = Ay) + (1 = 2a)|Ix — y[I* < 0
& [Ax—Ay — (1 - a)(x = y)[* < a®|x -yl
& R= M nonexpansive.

[e%
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.
Let A: C — H and let o €]0, 1[.
A'is a-averaged if

11—«
- l[(Id— A)x — (Id = A)y|[* < [Ix—y|*.

(V(x,y) € C?) ||Ax—Ay|*+

> Ais a-averaged = A is nonexpansive.

> Als %-averaged < Ais firmly nonexpansive.

> Alis a-averaged = A is o/-averaged for every o’ € [o, 1].

> Let A €]0,1/a. Ais a-averaged = (1 — A)Id + MA is Aa-averaged.

Proof: If A is a-averaged, there exists a nonexpansive operator R such
that A= (1 — a)Id + aR. We have thus

(1 =NId+ M A=(1-AId+ \(1 - a)Id+aR)
=(1 - Aa)Id + AaR.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C be a nonempty subset of H.
Let A: C — H and let a €]0, 1[.

Ais a-averaged if

11—«
(V(x,y) € C?) HAX—Ay||2+TII(Id—A)X—(101—/\)y||2 < [lx—ylP?.

» Let (wj)i<i<n €]0,1]" be such that "7 ; w; =1 and let
(vi)i<i<n €]0,1[". If, for every i € {1,...,n}, Ai: C — H is
aj-averaged, then Y7 | wjA; is a-averaged with a = Y7 wic;.

> Let (ej)i<i<n €]0,1[" . If, for every i € {1,...,n}, Aj: C — Cis
aj-averaged, then Aj--- A, is a-averaged with
1

T )

(07
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Nonexpansive operator: recap

Lipschitz ‘

Nonexpansive
a—averaged
Firmly
nonexpansive
N | — -
N—] | —

Cocoercive
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Nonexpansive operator: main property

Let H be a real Hilbert space and let C be a nonempty subset of 7.
Let A: C — H.

Let 5 € ]0,+oc[ and ~ €]0, 24].

If Ais S-cocoercive, then Id — vA is v/(2/3)-averaged.

Proof :
A B-cocoercive < SA firmly nonexpansive.
There exists a nonexpansive operator R: C — H such that
BA=(Id+ R)/2.
Thus
Id —~A = (1 - —6)Id+ L(=R).

(—R) being nonexpansive, Id — A is v/(23)-averaged.
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{Nonexpansive operators ™  What is their use ? }
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Descent lemma

Let 7 be a real Hilbert space, f: H — R and v € |0, +o0].
If f is Fréchet differentiable and its gradient is v-Lipschitzian, then

(Vexy) € H2) F(y) < F(x) + (y = x| VFG) + 3y = X2

Proof : For every (x,y) € H? and t € R, let ¢(t) = f(x + t(y — x)).
¢ is differentiable and ¢'(t) = (y — x | VF(x + t(y — x))). We have then

A1) = 4(0) = [ o0
& ) = 1) = = x| TF) = [ by =x | Fx oty =) = D) e

In addition, according to the Cauchy-Schwarz inequality,

(y =x | VF(x +t(y = x)) = VF(x))
< ly = xIVF(x + tly = x)) = VA < tvlly — x|

This leads to

(Vx,y) € H2) F(y) < F(x) + (y = x| VF() + 5y =X
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Reminders on conjugation

Let H be a Hilbert space and : H — |—o0, +o0].
The conjugate of f is the function f*: H — [—00, +00] such that

(YueH) *(u) = igz ((x]uy—f(x)) .

» Property: Let To(?) be the class of proper lower-semicontinuous

convex functions from # to |—o0, 4+o0].
If f €Tlo(H), then f* € To(H).



10/18

Reminders on conjugation

Let H be a Hilbert space and f: H — ]—o00, +0o09].
The conjugate of f is the function f*: H — [—00, +00] such that

(VueH) *(u) = fgz ((x]u)y—f(x)) .

Fenchel-Young inequality : If f is proper, then
Lo (Y(x,u) € H?) f(x)+ *(u) > (x| u)

20 (V(x, u) € H?) u€edf(x)e f(x)+ f*(u) = (x|u).
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Baillon-Haddad theorem

Let # be a real Hilbert space, f € [o(H) and v € ]0, +o0l.
If f is Fréchet differentiable, then Vf v-Lipschitzian < Vf v~1-cocoercive.

Proof : Assume that Vf is v-Lipschitzian. According to Fenchel-Young
inequality, for every (x,y,z) € H3,

(Vi) 2 (z | VI(y)) - £(2)-
From the descent lemma,
FVEY)) > (2| VE(y) = V() + (x| V() = F(x) = 51z = x]
Moreover, using again the Fenchel-Young result,
(x| VF(x)) = F(x) = F(VF(x)).

Thus,

(V) 2 (2| VI(y) = VI(x)) + £ (VF(x) - %HZ —x||?
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Baillon-Haddad theorem

Let H be a real Hilbert space, f € [o(H) and v € ]0, +o0].
If f is Fréchet differentiable, then Vf v-Lipschitzian < Vf v~!-cocoercive.

Proof : Thus,
* * v
FVEW)) 2 (2| V() = VF() + F(VF(x)) = 51z = x]?
= (VF(x)) + (x| VI(y) = VF(x)) + (z = x | VF(y) = VF(x)) — %IIZ - x|
Taking the supremum with respect to z yields

(V) 2 7 (VF(x) + (x| V(y) = VF(x))
+ (Wl -1/2)"(VF(y) = V(X))
= (VX)) + (x| VE(y) = VI(x)) + 2%|\Vf(}’) = V()|

Consequently,

(V) 2 FH(VE(X)) + (x| VE(y) = V(X)) + %IIVf(y) — V)|
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Baillon-Haddad theorem

Let H be a real Hilbert space, f € I'g(H) and v € ]0, +oc].
If £ is Fréchet differentiable, then Vf v-Lipschitzian < V{ v~ cocoercive.

Proof : For every (x,y) € H?,
F(VI(y)) = £7(VF(x) + (x | VI(y) = VF(x)) + %Ilw(y) — V()|
and symmetrically
Fr(VE(x) = (V) + (v [ VE(x) = VI(y)) + %IIW(X) — VIy)|*.
By summing, we finally obtain
—{y =x | Vf(y) = VF(x)) + %HW(X) — Vi) <o,

which shows that V£ is 1/v-cocoercive.
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Nonexpansive operator: example

Baillon-Haddad theorem
Let H be a real Hilbert space, f € T'o(H) and v € ]0, +o].
If f is Fréchet differentiable, then V£ v-Lipschitzian < Vf v~ !-cocoercive.

Let # be a Hilbert space, f € [o(#), v € ]0,4+o00[ and v €]0,2/v[.
f Fréchet differentiable and Vf v-Lipschitzian =  Id —yVf  isyv/2-

~—_——
gradient descent
operator
averaged.
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of Ais

Ja=(d+ AL

Let H be a Hilbert space.
Let A:H — 2% and vy € 0, +o0].
The Yosida approximation of A of index 7 is

1
TA= —(Id — J,4).
'y( 7A)
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'o(H) and v € ]0, +o0|.
For every x € H, there exists a unique p € H such that

1 1
f “lp—x|? = inf f Ay — x||? .
(p)4-27HP | o, (y)4-27Hy x|

Let H be a Hilbert space. Let f € [o(H).
» The Moreau envelope of f of parameter v € |0, +oc| is

1
TF:H —R: x> inf f —ly — x|
X1 inf £(9) + 5 lly x|
P The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
YEH 2




14/18

Proximity operator: definition

Let H be a Hilbert space. Let f € [o(H).
» The Moreau envelope of f of parameter v € |0, +oc| is

1
TF:H =R x> inf f —ly — x|
M= Rexs inf £(y) + 5o ly = x|
P The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
YEH 2

f(x) prox(x)

Xy
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Proximity operator: definition

Let H be a Hilbert space. Let f € [o(H).
» The Moreau envelope of f of parameter v € |0, +oc| is

1
VF R: inf f —ly — x|I°.
H— XHy'gH (v)+ 27Hy x|

P The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
YEH 2

Remark: For every x € H,

Tf(x) < f(x).
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Proximity operator: definition

Let # be a Hilbert space and f € [o(H).

proxs = Jor .

Proof: By using Fermat's rule, for every x € H,

_ . 1 2 1 2
p = argmin f+§” —x||* & 0€3<f—i—§|\ —x|| )(p)
& 0e€df(p)+p—x
& xe (Id+of)(p)
& p=(1d+0f) (%),
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Proximity operator: properties

Let H be a Hilbert space, f € ['o(H) and (x, p) € H.

p=rprox;x & (VyeH) (y—p|x—p)+f(p) <fy)

Let H be a Hilbert space and f € 'o(H).
Then prox, is firmly nonexpansive .
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(#) and v € 0, +o0].
7f is differentiable and V7f is v~ !-Lipschitzian

(Vx € H) V:L: 77 1(Id — prox,¢) = l@ff;

Moreau Yosida
envelope approximation
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Proximity operator: properties

Lemma

Let #H be a real Hilbert space and let g: H — R.

Assume that there exists G: H — H continuous such that, for every x € H,
G(x) € 0g(x). Then g is Fréchet differentiable on 7 and Vg = G.

Proof: For every (x,y) € H?, (01 P /'( am‘) € (Z)
glx+y) = g(x)+(G(x) | y) (1«)
§00 > 8(x+y) - (Glx+) | 7) i O"Gfsdiz il
Then

0<g(x+y)—glx)—(G(x)|y)
<(G(x+y) = G(x) | y) <1G(x+y) = Gyl

We deduce that

i BV —80) — (60 1Y) _

y—0 y
= I
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Proximity operator: properties

Let H be a Hilbert space, f € I'g(#) and v € |0, +o0].
7f is differentiable and V7 f is v~ !-Lipschitzian

(Vx € H) V;’L: y71(Id — prox,s) = @

Moreau Yosida
envelope approximation

Proof: Since prox, is firmly nonexpansive, Id — prox. is also firmly
nonexpansive.
It is thus nonexpansive and v~ *(Id — prox. ) is 7~ *-Lipschitzian.
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Proximity operator: properties

Let H be a Hilbert space, f € Io(H) and v € ]0, +ocl.
7f is differentiable and V7f is y~1-Lipschitzian

(Vx € H) V\"L: y71(Id — prox,¢) = l@/f/

Moreau Yosida |
envelope approximation

Proof: Let (x,y,q) € H> and let p, = prox,¢x. We have

YF(q) = Y (px) +(q = px | x — px)
=9f(p)+(@—y+y —x+x—p| x—px)
="/f(px)+||Xpr||2+<ny‘X*px>+<qu|Xfpx>‘

We know that 7f(x) = infpcy f(p) + 25 1p — xIP = F(p) + & 1o — x|
Hence

7f(q)

1
> () +{y = x [ x =) + 5 lx = Pl + g =y [ x = py)



16/18

Proximity operator: properties

Let H be a Hilbert space, f € I'o(#) and 7y € ]0, +o0].
7f is differentiable and V7f is v~ 1-Lipschitzian

(Vx e H) V\'YLz y~1(1d — Prox,r) = l(?ﬁ

Moreau Yosida |
envelope approximation

Proof:  Let (x,y,q) € H3 and let p, = prox,¢x. We have

¥f(q) > vf(px) +{(q — px | x = px)
=9f(p)+(@—y+y —x+x—pc|x—px)
=f(p) + Ix = pulP + (y = x | x = p) + (g =y | x = px).

We know that 77(x) = infper F(p) + & 1p — x| = F(p) + &I« — x|
Hence

1
vF(a) +5la =yl

1 1
>y () + {y = x| x = po) + 5l = pd® + (g =y [ x = p) + 5lla =yl
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Proximity operator: properties

Proof: Let (x,y,q) € H3 and let p, = prox,sx. We have

F(q) > vf(px) + (g — px | x — px)
=f(p) +{(q—y+y —x+x=pc|x=px)
=9f(px) + Ix = pulP + (y —=x | x = px) + (g =y | x — px).

We know that 7£(x) = infer F(p) + =lp — x|2 = F(px) + 2 Ipx — x|
Hence

1

v (a) + 5lla - yI?
1 1

>y () +y —x [ x—p)+Slx—pel? +(g—y | x—po) + =llg -yl
2 2

Since 7f(y) = infaen f() + 55 1lg — %,

1
V() 2 RO+ {y = x| x = pa) + S lx =l

1
inf (q— - Zlg - ylIP.
+ngH(q ylx px>+2\|q vl

~Hlx=pel®
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Proximity operator: properties

2

Proof: Since "f(y) =infqen f(q) + %Hq -y

1
YY) =7 0+ {y = x| x = pe) + 5lx = pul®

1
inf (g — — Zllg = yl?.
+‘;2H<q y|x px>+2||q yll

-/

-~

—3lIx=pl1?
Consequently

Tf(y) > ”f(X)+%<x—pxly—X>,

which shows that v~ 1(x — px) € 9 7f(x).
Since v~ *(Id — prox,) is continuous, we deduce that 7f is Fréchet
differentiable and V 7f = v~ !(Id — prox ).
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Proximity operator: properties

Let H be a Hilbert space, f € I'g(#) and v € |0, +o0].
7f is differentiable and V7 f is v~ !-Lipschitzian

(Vx € H) V\'Y’f/= 771(Id — prox.¢) = @

Moreau Yosida
envelope approximation

Interpretation: 7f is a convex smooth lower approximation to f.
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Projection

Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of .

.1
(VxeH)  prox, (x) = argmln§||y —x||2 = Pc(x).
yeC
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Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

1
(Vx € H)  prox, (x) = argmin|ly — x||* = Pc(x).
yeC 2

Remark :
> p=Pc(x) & p=Jacx e x—pcdic(p) = Nc(p)
<opeCand (VWel)(y—p|lx—p) <0.
x—p€Ch

Particular case: if C is a vector space: p = Pc(x) & { cc
p .

» Yic = (2y)"1d2 where dc distance to the convex set C is defined by
dc: x —infycc|ly — x|| = ||x — Pcx||. We have then

Vd2 = V(2uc) = 2(Id — P¢).
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Exercise

For every i € {1,...,m}, let Aj: H — H and let 5; € |0, +o0].
1. Let (wj)i<i<m € ]0,+00[™ be such that > w; = 1. Show that, for

every (x,y) € H?, ’(fé 7 mm) € L adl)
Ly £ A— m m
) | vaian - am)|| <X sillan - A
i=1 i=1

2. Assume that, for every i € {1,...,m}, A; is Bi-cocoercive.
Show that > ", A; is S-cocoercice with B= Cm,ght

<Aé"2)/ 3>$ F - b\
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In the following, H is a real Hilbert space.

Let (v,7) € ]0,40c[?. Let f € To(H).
Let g € Mo(H) be Fréchet differentiable with a v-Lipschitzian gradient.
Let T = prox. ¢ o (Id —vVg).

1. FixT = Argmin(f + g).

2. If v €]0,2/v[, then T is 6~1-averaged with 6 = 2 — yv/2 €]1,2].

Proof: For every x € H,

x € FixT
& x = prox, (x — 7Vg(x))
< (Id —yVg)x € (Id 4+ ~of )x
< 0 € Vg(x) + 0f(x).

Consequently, FixT = zer (Vg + Of) = zer (a(g + f)) = Argmin(f + g).
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Let (v,7) € ]0,+o0o[>. Let f € [o(H).
Let g € Mo(H) be Fréchet differentiable with a v-Lipschitzian gradient.
Let T = prox,f o (Id —yVg).

1. FixT = Argmin(f + g).

2. If v €]0,2/v[, then T is 6 1-averaged with § = 2 — yv/2 €]1,2].

Proof: prox. ¢ is a; = 1/2-averaged.
v €]0,2/v[ = Id — Vg is ap = yr/2-averaged.
It follows that T is a-averaged with

o — 1 o + ar — 20100
I+ 1/(f 4 22) 1— a1z
1 1
2t T =257

_ il
1 2

1
2
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Forward-Backward with fixed step-size

Let f € To(H).

Let g € To(H) be Fréchet differentiable with a v-Lipschitzian gradient
where v € 0, +o0].

Let v €]0,2/v[ and 6 =2 — /2 €]1,2].

Let (An)nen be a sequence in [0, 6] such that > An(d — Ap) = 4-00.
We assume that Argmin(f + g) # @. Let xp € H and

Yn = Xn — YV g(Xn)
Xn+1 = Xn + An(DTOX£Yn — Xn).

(Vn e N) {

Then, (x,)nen converges weakly to a minimizer x of f + g.

Exercice: Prove this result.
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Forward-Backward with fixed step-size

Proof:
Let T = prox, o (Id —yVg). For every n € N,

Xnt1 = Xn + An(Txn — Xpn).

T is 0~ !-averaged and Fix T = Argmin(f + g).
The FB algorithm is thus have an instance of the generalized form of KM
iteration.
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Forward-Backward with fixed step-size

Let f € ro(H).

Let g € lo(H) be Fréchet differentiable with a v-Lipschitzian gradient
where v € 0, +o0].

Let v €]0,2/v[ and 6 =2 — yv/2 €]1,2].

Let (An)nen be a sequence in [0, 6] such that >° _ An(d — Ap) = +-00.
We assume that Argmin(f + g) # @. Let xp € H and

Yn = Xn — YV g(xn)
Xnt1 = Xn + An(PTOX£Yn — Xn).

(VneN) {

Then, (x,)nen converges weakly to a minimizer x of f + g.
In addition, if T = prox ¢ o (Id — yVg), then

(VneN) (Tx,—x|xs— Txp) > 7{(Txn— x| Vg(xn) — Vg(x)) .
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Forward-Backward with fixed step-size

Proof:
Let y = x — yVg(x).
Since Prox. s is firmly nonexpansive, for every n € N,

(Prox. syn — Prox,¢y | ¥n — y) > |Iprox.syn — prox.cy|?
& (prox,ryn — prox, sy | (Id — prox,s)y, — (Id — prox,¢)y) >0
S (Txn—Tx | Yn—Txan—y+Tx) >0
< (Txp — x| xp —YVg(xn) — Txp — x +Vg(x) +x) >0
S (Txn— x| xp— Txn) > 7 (Txp — x | Vg(xn) — Vg(x)).
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Forward-Backward with fixed step-size

Let f € To(H).

Let g € lo(H) be Fréchet differentiable with a w-Lipschitzian gradient
where v € 0, +o0].

Let v €]0,2/v[ and § =2 — yv/2 €]1, 2].

Let (An)nen be a sequence in [0,0] such that >~ An(0 — A\y) = +00.
We assume that Argmin(f + g) # &. Let xo € H and

Yn = Xn — ’ng(X,,)
Xp+1 = Xn + )\,,(proxvfy,, — Xp)-

(Vn eN) {

Then, (x,)nen converges weakly to a minimizer x of f + g.
In addition, (Vg(xn))nen converges strongly to Vg(x).
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Forward-Backward with fixed step-size

Proof:
Since T is nonexpansive, for every n € N,
lxn = x[[[[xn — Txnll = [| T — Tx][[[xa — Txnll
= [ITxn — x[[lxa — Txall
> (Txn — x| Xp — TXn)
>7(Txa — x| Vg(xn) — Vg(x))
=3{Txp — xn | Vg(xa) — Vg(x)) +7 (xa — x | Vg(xa) — Vg(x)).

By using the cocoercivity of Vg,

Ixa = xIlxn = Txall = =1 Txa = x| Vg (xn) — Ve (x)|l + 7071 Vg(xn) — Ve ()|
> || Txn = xalllxa = x| + 77| Ve(xa) = Ve (x)I1%.

This yields

W HIVe(xn) = Ve()I? < (1 +99)llxa = x[ll[x0 — Txal.
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Forward-Backward with fixed step-size

Proof:
This yields

Ve (xa) = VE(x)I? < (1 +92) %0 — x| [x0 — Txal.

Since x, — X, (Xn)nen is bounded and so is (||x, — X||)nen-
In addition x, — Tx, — 0.

Therefore Vg(x,) — Vg(x).
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Some lemmas

Three point inequality

Let (v,7) € 10,+oo[>. Let f € [o(H).
Let g € To(H) be differentiable with a v-Lipschitzian gradient.

Let h="f+g.
Let (x,z) € H? and let p = prox,¢(x — vVg(x)).
Then

1 1 v
o) < @)+ 2 (x—plx=2) - (1= 5 ) kol

Proof: According to the descent lemma,
£(p) < £(x) + (Ve(x) | p—x) + 5 lIp — x|
and, by the tangent inequality,
g(2) > g(x) + (Va(x) | z = x).
We have thus

£(p) < £(2)  (Ve(x) | 2= p) + Zllp — .
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Some lemmas

Proof: We have thus

g(p) < g(z) — (Ve(x) | 2= p) + Sllp — x|
In addition
p = prox,(x —7Vg(x))
& x—7Vg(x) — p € v0f(p)
=P Ve(x) € of (p).

We deduce that

f(2) = F(p) + (*2 = Ve 12 ).
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Some lemmas

Proof: We have thus

{g(p)<g(2)—
f(z) = f(p) +

(Ve(x) | z—p)+ 5lp —x|1?
Sx=plz=p)—(Vg(x) |z~ p)

= hp) < h) = (x=pl 2= p)+ Flp =l

1 v
< h(p)Sh(2)+;<x—p|p—><+><—2>+§||p—><||2

v

1 1
& h(p) < (=)t = plx— 2+ (5= 2 )lp X
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Some lemmas

Let h € To(H). Then, his weakly lower-semicontinuous .

Proof: h € To(H) if and only if its epigraph
epih={(x,n) € L xR | h(x) <n}

is nonempty closed and convex.

Let (xn, 7n)nen be a sequence of epiy, such that (x,,7m,) — (x,7).
Since epiy, is closed and convex, (x,n) € epi h.

This shows that epi h is weakly closed, that is h is weakly lower
semicontinuous.
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Some lemmas

Let h € To(H). Then, his weakly lower-semicontinuous .

Let h € Mo(#H) be such that inf h > —oc.

Let (xn)neny be a sequence in H which is a minimizing sequence , i.e.
limp—+00 h(xn) = inf h.

If x, — x, then x € Argminh.

Proof: Since h is weakly lower-semicontinuous,

infh= lim h(x,) = ',,'L'[li h(xn) > h(x).

n——+00

Then h(x) = inf h.
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Forward-Backward with varying stepsize

Let f € ro(H).

Let g € To(H) be differentiable with a v-Lipschitzian gradient where
v € ]0,+o0].

Let (vn)nen in [7,7] where 0 < v <7 < 2/v and

let (An)nen be a sequence in [, 1] with 0 < A < 1.

We assume that Argmin(f + g) # &. Let xg € dom f and

Yn = Xn — ’Yan(Xn)
(Vn e N) Pn = PTOX, ¥n
Xp+1 = Xp + )\n(pn - Xn)-

Then,
1. (Xn)nen is Fejér-monotone sequence with respect to Argmin(f + g).
2. If X € Argmin(f + g), then Y-\ [IVg(xn) — Vg(x)|? < +o00.
30 Y nen IXnt1 — xal|2 < +o0.
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Forward-Backward with varying stepsize

Proof: Let X € Argmin(f + g).
For every n € N, since prox, ¢ is firmly nonexpansive,

lpn = X112 = lIprox,,¢(xa = 79 Vg (xn)) — prox,, +(x — 7. Ve(x))|*

< %0 — 10 VE(xn) — X + 72 VE(X)I?
— [I%0 — 1VE(xn) = Pn — K+ 7aVE(X) + X|1?

= [Ixn = XI> = 27n (xa — X | V&(xn) — V&(X)) + 72l VE(xn) — V&(X)|I?
— 1% = ¥V &(*n) = Pn + 1 VE(X)I.

By using the v~ !-cocoercity of Vg,

lpn = X1 < llx0 = X1 = 7n(207F = 70)IVg(xn) — Ve(X)|®
— It = 1 VE(xn) = P + 1 Ve
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Forward-Backward with varying stepsize

By using the v~ 1-cocoercity of Vg,
[1Pn = X[ < [ = X1 = 7a(207F = 70) Ve (xn) — Ve (X)|?
- ||Xn - van(x,,) —pn+ 'ang()?)”2'
We deduce that
[Xn+1 = 3ZHZ = [[(1 = An)xa + Anpn — ;”2
< (1= 2n)llxn — )?”2 + Anllpn — )?”2
< lxa = XIP = Apva(20 ™ = 70) Ve () — Ve(X)|1?
= Anllxa = ¥ VEg(xn) — pn + 'Yan()?)Hz'
Since v, €]0,2/v[
s — %11 < o — %1
(20 = 30)[ Vg () = VER)I2 < 130 — K2 = [[xp — %I
AnllXn = 1aVE(Xn) = Pn + 10V ag8(X)IIP < lIxo — XI1* = [Ixa41 — XII*.
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Forward-Backward with varying stepsize

Since v, €]0,2/v],

[xn+1 = XI| < [Ix0 — X|
An¥n(20 = 7)1V (xn) — VE(R)I* < [Ix0 = XII* = lIxn41 — XII
Anllxn =¥V E(Xn) — Pn + 'anng(’?)”2 < |lxn — ’?”2 — IIxn+1 — ’?”2

This implies that (x,)nen is Fejér-monotone sequence with respect to
Argmin(f + g) and

M (2v™t =7) Y Ve (xa) ~ Ve(x)I?

neN

<Y A2 = )lIVE(n) — VeR)IP < o — x|
neN

A lxe — Ve () = Pa+ 1 VEX)|? < [x0 — |-
neN
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Forward-Backward with varying stepsize

This implies that (x,)nen is Fejér-monotone sequence with respect to
Argmin(f + g) and

M2t =7) ) IVe(xa) — VeR)I?

neN
< A2 = 70) Ve (n) = Ve(R)IP < [lxo — %17
neN
A " lxe — 10 Ve (xn) = pn+ 1 VEX)* < X0 — x|,
neN

Consequently, (Vg(xn) — Vg(X))nen € £3,(N) =

(7n(VE(xn) — VE(X))) e € £3,(N) and
(X0 = 1V 8(xn) = Pn + 1V E(X))nen € £3,(N) = (xo — pn)nen € £3,(N).

Since (Vn € N) [[xn+1 — Xn|| = Anl[xa — pall < [[xn — pall,
(Xn+1 - Xn)nEN € g%-[(N)
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Forward-Backward with varying stepsize

Let £ € Mo(H).

Let g € Io(H) be differentiable with a v-Lipschitzian gradient where
v € 10,400l

Let (vn)nen in [v,7] where 0 <y <% < 2/v and

let (An)nen be a sequence in [A, 1] with0 < A < 1.

We assume that Argmin(f + g) # @. Let xp € dom f and

Yn = Xn — F)/nvg(xn)
(Vn e N) Pn = PTOX., ¢¥n
Xnt1 = Xn + )\n(pn - Xn)~

Then,
1. (Xn)nen is Fejér-monotone sequence with respect to Argmin(f + g).
If X € Argmin(f + g), then 3oy Vg (xn) — VE(X)||> < 400.
D onen Xn1 = xal|? < +oo.
- (f(xn) + &(xn))nen is a decaying sequence.
nen((f + 8)(xn) — inf(f + £))? < +o0.

[ NN
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Forward-Backward with varying stepsize

According to the 3 point inequality, for every z € H and n € N,

1 1 v
(f+g)(pn)g(f+g)(z)+%<xn—pn|xn—z>—( )|

Setting z = x, yields

(F + 8)(pa) < (F + £)(x0) (Wi - 5) o — ol

Since v, €]0,2/v], (f + g)(pn) < (f + g)(xn). In addition, by convexity,

(f + g)(xnt1) = (f + &)((1 = An)xn + Anpn)

S (1 - /\n)(f + g)(Xn) + )\n(’r +g)(pn)'
Thus (f 4 g)(xn+1) < (f + g)(xn).

Besides, 0 < An((f + 8)(xn) — (F + &)(pn)) < (F + &)(xa) — (f + &) (Xn11)
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Forward-Backward with varying stepsize

Besides, 0 < An((f + 8)(xn) — (f + 8)(Pn)) < (f + &)(xn) — (f + &) (Xn+1)-
This yields

A ((F+8)(xa) = (F + 8)(pn)) < (f +&)(x0) — inf(f + g) < +o0.
neN

This shows that ((f + g)(xn) — (f 4+ &)(Pn))nen € £X(N) C 2(N).
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Forward-Backward with varying stepsize

Now, set z =X € Argmin(f + g) in the 3 point inequality.
For every n € N,

. 1 BN 1 v

(F -+ €)(pr) < 00(7+ )+ = pn 50 =20 = (= 3 ) o il
Yn Yoo 2

By using Cauchy-Schwarz inequality, this leads to

0 < (7 + £)(pn) ~ inf(F + &) < o — pullx, ~ 1.

Since (x»)nen is Fejér monotone with respect to Argmin(f + g),
0 < (7 + £)(p) — nf(F +£) < ~l1xa — polllx0 — .

As we have proved that (||x, — pal|)nen € £2(N),

((f + g)(pn) — inf(f + g))nen € 2(N).

Knowing that ((f + &)(xa) — (f + &)(Pn))ners € ((N),
we conclude that ((f + g)(x,) — inf(f + g))nen € 2(N).
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Forward-Backward with varying stepsize

Let f € Fo(H).

Let g € To(H) be differentiable with a v-Lipschitzian gradient where
v € 10, +o0l.

Let (Yn)nen in [y,7] where 0 < v <7 < 2/v and

let (An)nen be a sequence in [A, 1] with 0 < A < 1.

We assume that Argmin(f + g) # @. Let xg € dom f and

Yn = Xn — ’ang(X,,)
(Vn € N) Pn = PTOX, f¥n
Xn+1 = Xp + >\n(pn - Xn)-

Then,
1. (xn)nen is Fejér-monotone sequence with respect to Argmin(f + g).
2. If X € Argmin(f + g), then 3",y IV&(xa) — V&(X)|? < +o0.
3. 2 nen Ixnt1 — Xn”2 < +00.

- (f(xn) + g(xn))nen is a decaying sequence.

Y nen((f + 8)(xa) — inf(f + g))? < +o0.
6. (Xn)nen converges weakly to a minimizer of f + g.

ol
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Forward-Backward with varying stepsize

Since ((f + g)(xa) — inf(f + g))nen € F2(N), (xn)nen is @ minimizing
sequence.

Let (xp, )ken be a subsequence of (x,)nen converging weakly to x € H.

It is also a minimizing subsequence and, since f + g € o(H),

x € Argmin(f + g).

Thus, every weak sequential cluster point of (x,)se n belongs to
Argmin(f + g).

It follows from the monotone convergence theorem that (x,)nen converges
weakly to a point in Argmin(f + g).
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Forward-Backward with varying stepsize

Let f € To(H) be strongly convex .

Let g € T'o(H) be differentiable with a v-Lipschitzian gradient where
v € 10, 4o0].

Let (Vn)nen in [7,7] where 0 < v <% < 2/v and

let (An)nen be a sequence in [\, 1] with 0 < A < 1.

Let xg € H and

Yn = Xn — YnVE&(Xn)
(Yn e N) Pn = DPTOX., ¢¥n
Xn+1 = Xp + )\n(pn - Xn)-

Then, (x,)nen converges linearly to the unique minimizer of  + g.
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Forward-Backward with varying stepsize

Proof: If f is strongly convex, there exists € ]0,4o0[ and ¢ € I'o(H) such
that

n 2
f=0+ 5” |5
This implies that f + g is strictly convex and coercive, hence has a unique
minimizer X.
In addition, for every x € H and v € 10, +o0],

X
IroX, X = TOX — .
ProXyr P 11—671 (1 + ’YT])

For every n € N,

llpn — %17

=[pros, (0 — 10 V8 (xn)) — Pros, (% ~ 7, V&)
sa;%mﬂm—wswua—?+%vaﬂm2
< = %I =22 =) Ve(x) ~ V)IP)

1 o
@A
n
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Forward-Backward with varying stepsize

Proof: Therefore, for every n € N,

— ¥l < -
[Pn X”_1+177HX" x|
and
[Xn+1 — X[ < (L= Aa)llxa — XI| + Anllpn — X]|
m ~
<(1-2,—2 ) -
< (1=, ) I3
< xllIxn = X|
with
0<y =1- A2 1.
1+9m

We deduce that, for every n € N, ||x, — X|| < x"||x0 — X
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Forward-Backward with varying stepsize

Let f € To(H).

Let g € I'g(H) be differentiable with a v-Lipschitzian gradient where
v € 10, +oo].

Let (Yn)nen in [y,7] where 0 <y <7 < 1/v.

We assume that Argmin(f + g) # &. Let xo € H and

Yn = Xn — 'Yan(Xn)

Xn+1 = prox,ynfy,,

(Vn eN) {
Then, there exists M € [0, 00| such that, for every n € N\ {0},

(f +g)(xn) —inf(f +g) < %
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Forward-Backward with varying stepsize

Setting z = X € Argmin(f + g) in the 3 point inequality yields, for every
neN,

. 1 ~ 1 v
(F+€)() < R4+ = 3 |50 = 20 (2 = 5 ) I

Since v, €]0,1/v], v, —v/2 > ~,1/2 and
(f + &)(Xny1) — inf(f + &)

1 ~
< _2—(_2 <Xn — Xnt1 | Xn — X> + ”X” - X"+1”2)
Vn

1 N ~
= _2,yn(||xn = Xn+1 — Xn +X||2 — [Ixn — X||2)
1

< 5 (e = X% = llxns1 = X1%)-
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Forward-Backward with varying stepsize
Since v, €]0,1/v], v, —v/2 > ~,1/2 and

(f + &)(xat1) — inf(f + g)

1 N ~
< 5 a = 12 = I = 5IP).

We deduce that, for every N € N,

N
. 1 N N
D_(F +8)(xn1) — inf(F +) < 5 (I = FI ~ owss — 7).
n=0 L

Since ((f + g)(xn) — inf(f + g))nen is a decaying sequence, we have thus

(N+D((f + &)(xn+1) —inf(f + g)) < %I!Xo — x|
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Accelerated version

Let £ € o(H).

Let g € To(H) be differentiable with a v-Lipschitzian gradient where
v € 10,400l

Let v €]0, 1/v ] and ¢ € [2, +o0].

We assume that Argmin(f + g) # @. Let xg = zg € H and

Xpt1 = Prox,¢(zn — 7Vg(2a))
n

(Yn e N) )\nzm

Zn41 = Xp+1 + >\n(Xn+1 - Xn)'

Then, there exists M € [0, +oo[ such that, for every n € N'\ {0},

(F +8)(x) ~ in(F +8) < 5.

In addition, if > 2, then (x;)nen converges weakly to a minimizer of f+g.




10/17

Projected gradient algorithm

Let C be a nonempty closed convex subset of H.

Let g € To(#H) be differentiable with a v-Lipschitzian gradient

where v € 10, +o0].

Let v €]0,2/v[ and § =2 — yv/2 €]1,2].

Let (An)nen be a sequence in [0, 0] such that Y An(d — Ap) = +o00.

We assume that Argmin g(x) # @. Let xo € H and
xeC

(¥ € N) Yn = Xn —YVg(Xn)
Xnt1 = Xn + )\n(PCyn - Xn)-

Then, (xp)nen converges weakly to a minimizer of g over C.
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Gradient descent algorithm

Let g € [o(H) be a differentiable function with a v-Lipschitzian gradient
where v € 10, +o0[.

Let (7n)nen in [v,7] where 0 < v <7 < 2/v.

We assume that Argmin g # @. Let xo € H and

(‘v’n € N) Xp+1 = Xp — ’)/nvg(xn)

Then, (xp)nen converges weakly to a minimizer of g.
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Proximal point algorithm

Let f € To(H).
Let (vn)nen be a sequence in ]0,4-o0[ such that ) _y7vs = +o0o. We
assume that Argminf # &. Let xg € H and

(Vn e N) Xp+1 = PIOX, £Xp.

Then, (xn)nen converges weakly to a minimizer of f.
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Reminders on the proximity operator

Let H be a separable Hilbert space.
Let (bj)iecs be an orthonormal basis of .
For every i € I, let p; € I'p(R) such that ¢; > 0. For every x € H,

if
F(x) =Y pil(x| bi))

i€l

then
prox,(x) = e prox,, (x| bi))b:

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(#) and v € |0, +o0].

(Vx € H) ProxX,s+X = X — Yprox,—1¢(y 1x) .
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Reminders on the proximity operator

Let H be a Hilbert space and C C H.
oc is the support function of C if

(YueH) oc(u) = sup (x| u)
xeC

= 1¢(u).

A Uc(u)

\J
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oc is the support function of C if

(YueH) oc(u) = sup (x| u)
xeC
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A Uc(u)
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Reminders on the proximity operator

Let H be a Hilbert space and C C H.
oc is the support function of C if

(YueH) oc(u) = sup (x| u)
xeC

= 1¢(u).

A L[51,52] (X) A Uc(u)

|
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Reminders on the proximity operator

Prox of support function
Let H be a Hilbert space and C C H be nonempty closed convex.

(VxeH)  prox,. =1d— Pc.

Soft-thresholding : ‘H =R, é; = inf C and 0, = sup C. For every x € R,

oix ifx<0 x—01 ifx<dp
oc(x) =40 ifx=0 = prox, (x) =softc(x) = ¢ 0 ifxeC
dox ifx>0 x—02 if x> 65.

Pc(x) prox,(x)

70 SN
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Reminders on the proximity operator

Prox of support function
Let H be a Hilbert space and C C H be nonempty closed convex.

(Vx € H) prox,. =Id — Pc.

Soft-thresholding : H =R, §; = inf C and d, = sup C. For every x € R,

dx ifx<0 x—01 ifx<d
oc(x) =<0 if x=0 = prox,.(x) =softc(x) = {0 ifxeC

dox x>0 x — 0y if x > do.
(*-norm : Let || - ||; designate the /*-norm of RX.

For every x € ]0,+oc[ and x = (£));<<k,

K
Ixll =D 1N = proxy (%) = (softiy,q(€")y <o
k=1
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Iterative thresholding

Let G be a Hilbert space and let L € B(RK,G).
Let y € G and let x € ]0,+oo[. We want to

L. 1
minimize = |Lx — y|* + x||x|1.
x€RK 2

Algorithm

Let v €]0,2/||L|I?[ and & = 2 — ~||L|?/2.
Let (An)nen be a sequence in [0, 6] such that Y An(6 — ) = +o0.
Let xg € ‘H and

Yo = X0 — L (Lo — ¥) = (08 )1<he
(Vn e N) Pn = (SOft[—wxnx](U'gk))) 1<k<K
Xnt1 = Xn + An(Pn — Xn).

Then, (xn)nen converges to a solution to the problem.
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Iterative thresholding

Let 7 €]0,2/|[L[[ and 6 = 2 7||L?/2.
Let (An)nen be a sequence in [0, 4] such that 37 An(0 — Ap) = +00.
Let xp € H and

Yn=Xn — 7L (Lxy — y) = (ng))lgkgK
(VnEN) 3 pn= (softi-xa(th))1cpcn
Xnt1 = Xn + An(Pn — Xn)-

Then, (x)nen converges to a solution to the problem.

Proof: Set f = x| - |1 and g = 3|IL- —y|?.
f +g € To(RK) and is coercive, then Argmin(f + g) # @.
In addition, g is Fréchet differentiable and
(vx e RK)  Vg(x) = L*(Lx — y).
For every (x,x') € (RK)?,
IVe(x) = Va(x)|| = [IL*(Lx — L) < [|L°L[[|x = X]|.
Thus Vg is v-Lipschitzian with v = ||L*L|| = ||L||.

By noticing that, for every n € N, p, = prox. ., (va), we recognize a FB
algorithm for which the conditions of convergence are met.
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Exercise

Let m € N, m > 2. Let (Ci)1<j<m be nonempty closed and convex subsets
of a Hilbert space H. We want to

m

minimize E de.(x)?
xeCy i—
i=

1. Show that, if there exists j € {1,..., m} such that C; is bounded, then
a solution exists.
2. Let .
1 2
g:H—-R:ix— EZ;dCi(X) .
i=
Show that g is a Lipschitz-differentiable function.
3. Propose an algorithm to find a solution to this problem when it exists.
. Study the case when N7, C; # @.
5. Deduce convergence results about the POCS algorithm defined as

~

(Vn € N) Xpn+1 = PC1 PC2Xn

with xg € H.
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Optimization strategies

Motivation
Let f € To(H) and g € [o(#H). We want to

minimize f(x) + g(x).

xXEH

Possible solutions :

b gradient descent algorithm =- f 4 g needs to be smooth
b proximal point algorithm =- f 4+ g needs to be “proximable”

> Forward-Backward algorithm = g needs to be smooth

Can we find a splitting algorithm when both f and g are nonsmooth?
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Reflection of the prox

Let v € ]0,4o00[ and let f € To(H).
The reflection of the proximity operator defined as

rprox. s = 2prox,¢ — Id

is nonexpansive.
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Let v € ]0, +oo], let f € To(H) and let g € To(H).
We have

zer (Of + Og) = prox, . (FixT)

where T = rprox. o Iprox.,.
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Let v € ]0, +oo], let f € To(H) and let g € To(H).
We have

zer (Of + Og) = prox, . (FixT)

where T = rprox. o Iprox.,.

Proof: Let x € H.

0 € ~v(9f(x) + 9g(x)) « (Fy € H) x —y € v0f(x) and y — x € y0g(x)
< (Fy e H) 2x —y € (Id + v0f)x
and x = prox,(y)
< (FyeH) x= proxvf(rprox,yg(y)) and x = prox,,(y)
& (3y € H) rprox. ¢ (rprox,z(y)) = 2x — rprox 4(y) = y
and x = prox,(y)

& (Jy € FixT) x = prox,(y).
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Douglas-Rachford algorithm

Let H be a Hilbert space.
Let feTlp(H) and g € To(H) .

.yn = prOX—ngn
(Vn e N) Zy = prox,¢(2yn — Xn)

Xn+1 = Xp + )\n(zn - yn)-
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Douglas-Rachford algorithm

Let H be a Hilbert space.
Let f elo(H) and g € To(H) .
Let v € ]0,+oo[ and let (Ap)nen be a sequence in [0,2] such that

> nen An(2 — Ap) = +o0.
We assume that zer (Of + 0g) # @. Let xo € H and

Yn = PrOX, X,
(Vn € N) Z, = proxvf(2yn — Xn)

Xn+1 = Xp + )\n(zn - )/n)-

The following properties are satisfied:
1. Xy = X
2.y = prox, X € Argmin(f + g)
3. zp—yn— 0.
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Douglas-Rachford algorithm

Proof: Let T = rprox.s orprox,,. T is nonexpansive and
@ # zer (Of + 0g) = prox,(FixT) = FixT # @.
Moreover, for every n € N,

Xn+1 = Xn + An (prox f(2prox (x,,) — Xp) — proxvg(x,,))

An
=X, + — (2prox,yf(2proxvg (Xn) = Xn) — 2Prox. 4 (Xn) 4+ Xa — Xn)

2
An
=x,+ = 5 (2prox7f(rpr0X (X)) — rproxX. o (Xs) — Xn)

—x,,+)\2 (Tx,,—x,,)

= Krasnosel'skii-Mann algorithm with relaxation factors (A,/2)nen.
We deduce that Tx, — x, — 0 and x, — X € FixT.
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Douglas-Rachford algorithm

Proof: For every n € N,

1
Zy — Yn = Prox, £(2prox,,(xn) — xp) — prox. z(x,) = 5( Txp — xn) — 0.

In addition, y = prox,,(X) € zer (Of + Jg).
Since
0f(y) + 0g(y) C o(f + g)(¥),

y € zer (O(f + g)) = Argmin(f + g).
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Douglas-Rachford algorithm

Let H be a Hilbert space.
Let f €Tlo(H) and g € [o(H) .
Let v € ]0,4o00[ and let (A;)nen be a sequence in [0,2] such that

Y onen An(2 = Ap) = 400.
We assume that zer (Of + 0g) # &. Let xp € H and

.)/n = prOX»ngn
(Vn € N) Zy = prox,(2yn — xn)
Xp+1 = Xp + >\n(zn - }/n)'

The following properties are satisfied:
1o xp = X
2.y = prox, X € Argmin(f + g)
3.z —yn—0
4

Yn = YiZn =Y.
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Douglas-Rachford algorithm

Proof: For simplicity, assume that # is finite dimensional.
prox,, being continuous (since nonexpansive), we have

Yn = ProX,,X =Y.

Because z, — y, — 0, we deduce that z, — proxyg)? =y.
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Douglas-Rachford algorithm

Let H be a Hilbert space.
Let f €To(H) and g € To(H) .
Let v € ]0,+oo[ and let (An)nen be a sequence in [0,2] such that

Y onen An(2 — Ap) = Fo0.
We assume that zer (Of + 0g) # @. Let xp € H and

Yn = PrOX,zXn
(Vn € N) Zp = proX,¢(2yn — Xn)
Xn41 = Xn + An(Zn — Yn)-

The following properties are satisfied:

1 Xy = X

2. ¥ = prox, X € Argmin(f + g)

3. zZn—Yn—0

LYn =Yz =Y
Remark: The limit case when (¥n € N) A, = 2 is the  Peaceman-Rachford
algorithm. Its convergence is only guaranteed under some additional
assumption (e.g. strong convexity of g).
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Parallel form of Douglas-Rachford

Let H and G be two Hilbert spaces.
Let L € B(G,H).
Then L is weakly continuous.

Proof: Let (x,)nen be a sequence of G such that x, — x € G.
Then, for every y € H,

(xn | L*y) = (x| L*y)
& (o ly) = (Lx|y).

Thus Lx, — Lx.



Parallel form of Douglas-Rachford

8/12

Let 4 and G be two Hilbert spaces.

Let v € ]0, +oo[ and let (Ap)nen a sequence in [0, 2] such that

> nen An(2 = An) = +oo0.
Assume that zer (L* o g o L) # @. Let xp € H, vo = (L*L)"1L*x0 and

Yn = PrOX,gXp

Ch = (L*L)_lL*y,7

Xn+1 = Xn + An(L(2¢h — va) — yn)
Vntl = Vp + )\n(cn - Vn)-

(Vn e N)

Then ¢, — vand v, — Vv where v € Argmin(gol) .

Let g € To(H) and L € B(G,H) be such that L*L is an isomorphism .
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Parallel form of Douglas-Rachford

Proof: Let E =ranlL. E is closed.
Indeed, let (Lw,)nen be sequence of E converging to z € H.
By continuity,

L'Llw, = L*z = w,— (') HU*'z=w
=  Lw, — Lw.

This shows that the limit of any convergent sequence of elements of E
belongs to E.
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Parallel form of Douglas-Rachford

Proof: Let E =ran L. Since E is closed, tg € I'o(H) and

zer(L*odgol)# @ (3veg)0e L*0g(Lv)

(3x € E) 0 € L*0g(x)

(3x € E)(3u € 0g(x)) 0= L*u

(3x € E)(3u € 9g(x)) —u € KerL* = E*+
(3x € H)(Fu € 9g(x)) — u € Ne(x) = due(x)
(3x € H) 0 € Oee(x) + Og(x)

zer (Oue + 0g) # 2.

KR R O

We next apply Douglas-Rachford algorithm with f = (.
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Parallel form of Douglas-Rachford

Proof: f =1g = prox,r = Pg. The DR algorithm reads

Yn = PrOX. Xn
(VHEN) zn:PE(zyn_Xn):2PEYn_PEXn
Xp+1 = Xp + )‘n(zn - Yn)'

For every n € N, Pey, = Lc,
with

¢, = argmin ||y, — Lc||?
ceg

< L*(Len—yn) =0
& = (L),
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Parallel form of Douglas-Rachford

Proof: f =1 = prox,s = Pg. The DR algorithm reads

Yn = prOX'ngn
(Vn e N) zn = Pe(2yn — xn) = 2Pgy, — Pexy
Xp+1 = Xp + )\n(zn - )/n)-

For every n € N, Pey, = Lc,

with ¢, = (L*L)"1L*y,

and Pgx, = Lv, with v, = (L*L) "1 *x,.
In addition

Lvny1 = Pexpi1 = Pexa + An(PEZn — PEYn)
= Pexp + >\n(zn - PEYn)
= Pexn + An(Pgyn — PEXn)
= L(vyp + An(cn — vi)),

which vyields vpi1 = vp + Ap(cn — va).
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Parallel form of Douglas-Rachford

Proof: In summary

(Vn € N)

We know that

Yn = PIOX,gXn

&= (L") Ly

zp = L(2¢ch — vp)

Xp+1 = Xp + )\n(zn - }/n)
Vat1 = Vp + An(Cn — Va).

Yo —y € Argmin(tg + g)
&y =Lvand (Vy € E) g(y) = g(¥)
& y=Lvand (Vv eg)g(Lv) > g(Lv)
<y =Lvand vV e Argmin(go L).
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Parallel form of Douglas-Rachford

Proof: In summary

Yn = PIOX.  Xp

cn = (L*L)1L*y,
(VneN) zn = L(2¢h — vn)

Xn+1 = Xn + An(zn - }’n)

Vnt1 = Vo + An(Cn — vp).

We know that
Yn = y=Lvand vV € Argmin(go L).
Because of the weak continuity of Pg,
Peyn =Ly — PEy =3 = Ly
and, by using the weak continuity of (L*L)~1L*,

¢n — V € Argmin(go L).
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Parallel form of Douglas-Rachford

Proof: In summary

(Yn = Prox,gXn

cn = (L*L)tL*y,
(VneN) zp = L(2¢cy, — vp)

Xpt+1 = Xp + )\n(zn - )’n)
(Vi1 = Vi + An(Cn — Vi).

In addition
zn=LQ2ch—vy) =~ y=1Lv

and, because of the weak continuity of (L*L)~1L*,

26p —Vp =V = v, — V.



Parallel form of Douglas-Rachford

Let 4 and G be two Hilbert spaces.

Let v € ]0,4o0[ and let (Ap)nen a sequence in [0,2] such that
ZneN )\n(2 - )\n) = +00.
Assume that zer (L* o 0g o L) # @. Let xg € H, vo = (L*L)"*L*xo and

Yn = PIOX.  Xn
cn = (L*L)~ Ly,

Xn+1 = Xn + An(L(2¢n — Va) — yn)
Vat1l = Vi + An(cn — Vi).

(VneN)

Then v, — V where v € Argmin(golL) .

Let g € To(H) and L € B(G,H) be such that L*L is an isomorphism .

Question: Give the particular case of the algorithm when
H=Hix - XHn

(Vx = (x1,...,xm) € 1) g(x) = >, &i(xi)

L: v (Lyv,...,Lyv).

10/12
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Parallel form of Douglas-Rachford

Let Hi,...,Hm and G be Hilbert spaces.

For every i € {1,...,m}, let gi € To(H;) and let L; € B(G,H,) .
Assume that Y7, L¥L; is an isomorphism.

Let v € ]0,4o00[ and let (A;)nen a sequence in [0, 2] such that

> nen An(2 — An) = +00. Assume that zer (-7, L o Ogjo L) # @.
Let (XO,i)lgigm EHi X XHm o = (27;1 LTL,')fl 27;1 LTXO,i and
Yn,i = ProxX,.(xni), i€{l,...,m}

e = (C7 L) YT Ly

Xn+1,i = Xn,i + A,,(L,-(2c,, —Vp)— y,,,,-), ie{l,...,m}
Vntl = Vp + )\n(Cn - Vn)-

(Vn e N)

Then v, = vV € Argmin) " giol;.
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Exercise

Let G be a real Hilbert space. Let me N, m > 2.

1. Forevery i € {1,...,m}, let g; be a function in I'4(G) such that
dom gi N (N, int (dom g;)) # @.

Propose a parallel algorithm for finding a minimizer of Y " ; gj when
such a minimizer exists.

2. Let pe {1,...,m—1} and let (Gj)i<j<m be nonempty closed convex
subsets of G. We assume that ()7_; int (C;) # &, and for every
je{p+1,...,m}, G is bounded.

Propose a parallel algorithm for solving the problem

m

minimize Z oc(x)

xeﬂle G j=pt1

when this problem admits a solution.
3. Let G = RN. Deduce an algorithm to

minimize |x||1.
xeNf_, G

i=1 “i
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Fenchel-Rockafellar duality

Primal problem

Let H and G be two real Hilbert spaces.
Let f: H — |—o00,4+00], g: G — |—00,+00]. Let L € B(H,G).
We want to

inimize f Lx).
mininize (x) + g(Lx)

Dual problem

Let  and G be two real Hilbert spaces.
Let f: H — |—o0,+¢], g: G — |—00,+x]. Let L € B(H,G).
We want to

miniengﬂze f*(=Lv) + g*(v).
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Fenchel-Rockafellar duality

Weak duality

Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to |—oo,+00], g be a proper function
from G to |—oo, +oc], and L € B(H,G). Let

= inf f L d * — inf f(—L* *(v).
p = inf F()+g(Lx) and W = inf £*(=L"V) +&"(v)

We have pu> —p* . If p € R, p+ p* is called the duality gap .
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Fenchel-Rockafellar duality

Weak duality
Let H and G be two real Hilbert spaces.
Let f be a proper fonction from H to |—oo,+00], g be a proper function

from G to |—oo, +oc], and L € B(H,G). Let

= inf f L d * — inf f(—L* *(v).
p = inf F()+g(Lx) and W = inf £*(=L"V) +&"(v)

We have pu> —p* . If p € R, p+ p* is called the duality gap .

Proof: According to Fenchel-Young inequality, for every x € H and v € G,

f(x)+g(lx)+ *(—L"v)+g*(v) > (x| =L*v) + (Lx | v) = 0.
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Fenchel-Rockafellar duality

Strong duality

Let H and G be two real Hilbert spaces.

Let f € To(H), g €To(G), and L € B(H,G).

If int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # &, then

p = infxez f(x) + g(Lx) = —minyecg F*(=L"v) + g"(v) = —p" .
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Example 1: Linear programming

Let L € RKXN b e RX, and c € RV,
The primal problem

Primal-LP : minimize (c|x) st. Lx>b
x€[0,4-00[N

is associated with the the dual problem

Dual-LP : maximize (b|y) st L'y<c.
y€[0,+0o[¥

In addition, if the primal problem has a solution, then strong duality holds.
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Example 1: Linear programming

Let L € RKXN b e RX, and c € RV,
The primal problem

Primal-LP : minimize (c|x) st. Lx>b
x€[0,4-00[N

is associated with the the dual problem

Dual-LP : maximize (b|y) st. L'y <c.
y€[0,+0o[¥

In addition, if the primal problem has a solution, then strong duality holds.

(x € H =R £(x) = (c | x) + o, peepr ()
Proof: Set (Vze G =RKX) g(z) = 1ptoo<(z — b),
y=—v.
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and h;: H —] — oo, +0o0].
The consensus problem is given by

mlmmlze E gi(x).
(Xl 5 7Xn7
X1=" =Xm

The sharing problem is given by
m
maximize Z hi(u;), ueH.

(U1, um)EH™
ntetup=a =

If, for every i € {1,...,m}, h; = —g*(- — T/m), then sharing is the dual problem
of consensus.
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and h;: H —] — oo, +0o0].
The consensus problem is given by

mlnlmlze E gi(x).
(Xl 5 7Xn7
X1= =Xm

The sharing problem is given by
m
maximize Z hi(u;), ueH.

(U1, um)EH™
et lg=a =

If, for every i € {1,...,m}, h; = —g*(- — T/m), then sharing is the dual problem
of consensus.

Exercice: Prove this result.
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Example 2: Consensus and sharing

Proof: Set (Vx = (x1,...,xm) € H™) g(x) =
Ay = {(Xl,...,Xm) GH’" ‘ X1=... :xm}.
The consensus problem reads

2721 8i(xi) and

minimize  p, (x) +g(x).
X=(X1500Xm) EHT S~
f(x)

The dual problem is thus (L = Id)

imize £ (— ‘().
minimize (—v)+g*(v)

where, for every v = (vi)1<i<m € H™,

fr(v) = XSGUP (v | x)= sup Z vi | x1) = sup <Z vi | X1> = L{O}(ZW)-

€M o aEH \ oy i=1
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Example 2: Consensus and sharing

Proof: The dual problem is thus (L = Id)

imize £*(— ‘().
minimize (—v)+g*(v)

where, for every v = (vj)i<i<m € H™,
m m
f*(v) = sup (v | x) = sup Vi | x1) = sup Vi | x1) =t ( v-).
xENm X1€'H; l x1€H ; : {0} ; I
The dual problem reads

minimize E g, V,

(Vlv 7Vm EHm
Vit +vm=0 i=1

Setting (Vi € {1,...,m})u; = v; +4/m and h;(u;) = —g/ (u; —a/m)
yields the sharing problem.
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Fenchel-Rockafellar duality

Let H and G be two real Hilbert spaces.
Let f: H — ]—o0,4+0o0], g: G — |—00,+0x], and L € B(H,G).
If dom g N L(dom f) # @, then

(VWx € H)  9f(x) + L*dg(Lx) € O(f + g o L)(x).

Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G). Ifint (dom g)NL(dom f) # &
or dom g Nint (L(dom f)) # @, then

Of +L*0gl =0(f +goll).
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + L*0gl) # @ & zer ((—L)Of*(—L*) + 0g*) # @.
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + L*0gl) # @ & zer ((—L)Of*(—L*) + 0g*) # @.

Proof:
(Ix € H) 0€ Of(x) + L"0g(Lx) < (Ixe H)(Fv€g) {;Le*gge(if)()()
& (IeH)(Evel) {)L(xeeag:*z‘f; !

& (Gved) 0e-—-Loff(—L"v)+0g"(v).
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Fenchel-Rockafellar duality

Duality theorem (2)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G).
> If there exists X € H such that 0 € 0f(X) + L*0g(LX), then X is a
solution to the primal problem. Moreover, there exists a solution v to
the dual problem such that —L*v € 9f(X) and Lx € dg*(V) .

> If there exists (X, V) € H x G such that —L*v € 0f(x) and
Lx € 0g*(V) then X (resp. V) is a solution to the primal (resp. dual)
problem.

If (x,V) € H x G is such that —L*v € 9f(X) and Lx € 9g*(V),
then (X, V) is called a Kuhn-Tucker point .
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Fenchel-Rockafellar duality

Proof:
0 € Of(X) + L*0g (LX) C 9(f + g o L)(X).

Then, according to Fermat's rule, X is a solution to the primal problem.
In addition, there exists v € G such that

0eHR LV [-LVEHR)
V€ 0g(Lx) L% € 0g* (V).

We have also X € 9f*(—L*V), which implies that
0 € —LOf*(—L"V) + 9g*(V).
On the other hand,
0€ —LOF(—L"V)+ 0g" (V) C9(f o (L") + g")(V)

= V solution to the dual problem.
The second assertion is shown in a similar manner.
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Fenchel-Rockafellar duality

Particular case:
If f =@+ 1| —z||> where ¢ € To(H) and z € H, then

—L'Vedf(X)e —L'Vedp(X)+x—z
S 0eX+ L'V —z4 0p(x).

Hence,

X = prox,(—L*V + z).

©
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Link with Lagrange duality

Minimax problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o0,+0o0], g: G — ]—00,+0o0], and L € B(H,G).
The primal problem is equivalent to finding

= inf  supL(x,y,v
(Xzy)EHXg Veg ( )

where L is the Lagrange function defined as

(Vo v) €H X G7) Llxy,v) = F(x) + g(y) + (v | Lx — ).
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Link with Lagrange duality

Minimax problem

Let H and G be two real Hilbert spaces.

Let f: H — |—o0,+0], g: G — ]—00,+0o¢], and L € B(H,G).
The primal problem is equivalent to finding

= inf  sup L(x,y,v
'u (Xry)e,ng Veg ( )

where L is the Lagrange function defined as

(V(x,y,v) € H X G?) L(x,y,v)=F(x)+gly)+(v|Lx—y).

Proof: — inf f Lx)= inf f Lx —
Froot p= inf f(x) +g(Lx) L (x) + &) + ¢y (Lx — y)
= inf f(X)+g(y)+sup<v | Lx —y)
(x,y)EHXG

— f f Lx —y).
(xy)lgﬂx Sup (X)+g(y)+< | x y>
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Link with Lagrange duality

Maximin problem

Let H and G be two real Hilbert spaces.

Let f: H — |—o0,+0], g: G — ]—00,+o0], and L € B(H, G).
The dual problem is equivalent to finding

—u* =su inf  L(x,y,v
’u veg (x,y)EHXg ( 4 )

where L is the Lagrange function defined as

(V(x,y,v) € H x G*) L(x,y,v)=Ff(x)+g(y)+{v|Lx—y).

Proof:
*=inf F(=L"v)+g"(v) = inf (sup (x| —=L"v) — f(x)) + (su v) —
W= inf (L) +87(v) = inf (sup (x| ~L7v) = () + (sup y [ v) — &(¥))
. . L
——v'gfg—((xyy;gfng(X)+g(y)+<VI x=y))

= —su inf  f(x)+ vl Lx— ).
VEFQ)(XJ)E’HXQ () +&(y) +(v| y)
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Link with Lagrange duality

Maximin problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o0,+0o0], g: G = ]—00,+0o0], and L € B(H,G).
The dual problem is equivalent to finding

—u* =sup inf  L(x,y,v
veg (x,y)EHXG ( )

where L is the Lagrange function defined as

(Vo v) €H X G7) Llxy,v) = F(x) + g(y) + (v | Lx — ).

Remark: v is called the Lagrange multiplier associated with the
constraint Lx = y.
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Link with Lagrange duality

Let (X,y,V) € H x G2.
(X,y,V) is a saddle point of the Lagrange function L if

(VOx,yv) €HXG?)  L(X,¥,v) < L(X,Y,V) < L(x,y,V).

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). Let (X,y,V) € H x G2.
Assume that int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # .

(x,y,Vv) is a saddle point of the Lagrange function

)

(x,v) is a Kuhn-Tucker point and y = LX.
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Link with Lagrange duality

Proof (=): If (X,y, V) is a saddle point of L, then

0 € L(R,7,7V) = OF(R) + L'V
0=V, L(X,7,7) =L~y
— 1V € Of(X)
& v e dg(y)
7 =1L
—L*V € Of(R)
& Lx € 0g*(V)
y=Lx.
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Link with Lagrange duality

Proof («): Conversely, assume that (X, V) is a Kuhn-Tucker point
and y = LX. Since X (resp. V) is a solution to the primal (resp. dual)
problem, then

w= inf  supL(x,y,v)=supL(X,Y,
(x.y)EHXG veg ( ) veg ( V)

—p* =su inf  L(x,y,v)= inf L(x,y,V).
2 veg (x.y)EHXG by v) (x,y)EHXG (V)

By strong duality, sup,cg L(X, ¥, v) = inf(, yerxg L(x,y, V), which
can be rewritten as

(V(Xaya V)GHng) E(S(\,_S/\,V)SE(X,}/,V)
or equivalently

(V(X,y, v) € H X 92) L(x,y,v) < L(X,y,V) < L(x,y, V).
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Alternating-direction method of multipliers

Idea: iterations for finding a saddle point (X, y, V):

Xp € Argmin L(-, ypn, V)
(Vn € N) Ynt+1 € Argmin L(x,, -, vp)
Vnt1 such that £(xn, Ynt+1, Vat+1) = L(Xn, Yn+1, Va)-

But the convergence is not guaranteed in general !
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Alternating-direction method of multipliers

Idea: iterations for finding a saddle point (X, y, V):

Xp € Argmin L(-, yn, V)

(Vn € N) Ynt+1 € Argmin L(x,, -, vy)
Vp41 such that »C(Xm}/n—i—l, Vn+1) > »C(Xna}/n-i-l: Vn)-

But the convergence is not guaranteed in general !

Solution: introduce an Augmented Lagrange function .
Let v € ]0, +oo[, we define

(V(x,y.2) € H x G?) L(x,y,z) =f(x) +gly) +7(z | Lx—y)
+ 3Lx - y|?

The Lagrange multiplieris v =~z .
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Alternating-direction method of multipliers

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). Let (X,y,V) € H x G2.
Assume that int (dom g) N L(dom f) # @ or dom g Nint (L(dom f)) # .

(X,¥,Z) is a saddle point of the augmented Lagrange function

)

(X,72z) is a Kuhn-Tucker point and y = LX.
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Alternating-direction method of multipliers

Proof (=): If (%,7,2) is a saddle point of £, then

0 € OL(X,7,2) = OF(X) + YL*Z + yL*(LX — 7)
0€9,L(%.7.2) = 0g(y) — 12+ 7 - LX)
0=V.L(x,y,2) =(Lx - )
0 € 0L(X,7,72)

& 0€9,L(X,y,7Z)
0=V, L(X7,72).
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Alternating-direction method of multipliers

Proof («<): Conversely, if (x,7Z) is a Kuhn-Tucker point and y = LX,
then it is a saddle point of L. In addition,

(v(x,y,2) € Hx G?) L(xy.2) = £(x,y,72) + 2| Lx = |2
It can be deduced that

L(%,7,2) = L(X,7,72) < L(X,7,72) = L(X,7,2)
< L(x,y.72) < L(x,y,2).
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Alternating-direction method of multipliers

Algorithm for finding a saddle point:

Xp = argmin E(X,}/m zp)
xXEH _
(Vn € N) Ynt+1 = argmin L(xp, y, zn)
yeg

Zp41 such that E(Xn7}/n+17 zn+1) > Z(Xnayn-i—ly Zn)~
By performing a gradient ascent on the Lagrange multiplier,
xp = argmin f(x) + v (za | Lx — yn) + %] Lx — yall?
xeH
(Vn € N) Y1 = argmin g(y) +7 {zn | Dxa —y) + 3Lxa = yI?
ye
Znyl = Zn + %Vz‘c(xny}/nwtly Zn)
X, = argmin % IILx — yn + z,,||2 + %f(x)
XEH
< (VneN) Ynt1 = proxe (z, + Lxp)
v

Znt1 = Zn t+ LXn — Yn+1-
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Unrelaxed Douglas-Rachford algorithm

Let H be a Hilbert space.

Let f € To(H) and g € To(H).

Let v € ]0, 400

We assume that zer (Of + 0g) # @. Let up € H and

Vp = PIOX,,Up
(Yn e N) Wy = ProX.¢(2vy — up)

Upt1 = Up + Wp — V.

The following properties are satisfied:
Tou, = u
2. Vp = V =prox,,u € Argmin(f + g).




Dual form of unrelaxed Douglas-Rachford algorithm
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Let H and G be Hilbert spaces.

Let f €Tlo(H) and g € To(G) .

Let £ € B(G,H) . Let v € ]0,+o0].

We assume that zer (0(f* o (—L*)) + 0g*) # &. Let ug € G and

Vi = ProX. .« Unp

g
(Vn e N) Wi = PrOX, feo(—1+)(2Vn — Up)

Upt1 = Up + Wp — V.

The following properties are satisfied:
1ou, —u
2. Vp = V= DPIrox. .U € Argmin(f* o (=L*) 4 g*).
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Equivalence between DR and ADMM

Let H et G be two Hilbert spaces. Let f € ['o(H) et g € ['9(G).
Let L € B(H,G) be such that L*L is an isomorphism and let v € ]0, 400,
The dual form of the unrelaxed Douglas-Rachford algorithm

Vy = Prox. ,«Up

Vg
(Vn € N) Wiy = ProX,feo(—r#)(2Va — Up)
Upt1 = Up + Wy — Vp
can be reexpressed as

Xp = argmin % ||Lx — Yo+ Zn”2 i %f(x)
xXEH

(Vn € N) sn = Lxp
Yn+1 = Proxs (zn + sn)
Zn41 = Zn + Sn — Yn+1

by setting v, = v 1 (un — vs) and z, = v Lv,.
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Equivalence between DR and ADMM

Proof: We have

Wi = PIOX, feo(— 1) (2Vn — Un) € 2Vn — Up — Wy € 7O(F* 0 (=L"))(wp)
L*L isomorphism = ran L* = # and

dom f* Nint (ran L*) = dom f* # @.

D'oll O(f* o (—L*)) = —Lo df* o (—L*) and we can define x, such that

2Vy — Up — wp = —yLxy & wp = 2v, — up + yLx,
Xy € OF*(—L*w,) & —L*w, € Of (xp)
= L"(up—2vy — ylxy) € OF (xn)

Since y, = (up — vp)/7v et zp = v/,
* 1 * 1
L*(yn— zn — Lxp) € aaf(x,,) & 0el*(Lxn—yn+2zn)+ ;af(x,,)

1 !
& X, =argmin — [|[Lx —y, + Zn||2 + —f(x).
XEH 2 v
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Equivalence between DR and ADMM

On the other hand,

Un
Vp = PIOX, g« Up < Vy = Uy — YPIOXe | —
T\

Up — v u
@yn=%:prox% <;")

Futhermore,
Upt1 = Up+ Wp — Vp
2vp — Up — Wy = —yLxp & Uy + Wy = 2v, + yLx,

Unt1 _ Vn + Lx, = zp + Lx,.
v Y

Hence
Upt1

Yn+1 = Proxg < ) = proxe (2, + Lxp) .
y Y
Finally

Vn+1 Up+1
Zpp1 = B = T Y1 = Zn + Lxn — Ynt1-
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Augmented Lagrangian method

ADMM (Alternating-direction method of multipliers)

Let H and G be two Hilbert spaces. Let f € ['o(#) and g € ['o(G) .

Let L € B(#,G) such that L*L is an isomorphism and let v € ]0, +oo[.

We assume that int (dom g) N L(dom f) # & or dom g N int (L(dom f)) # &, and that
Argmin(f + go L) # @. Let up € G, vo = prox_ . to, yo =7 (o — v), 20 =7 ‘o,

and
Xn = argmin 3 ||Lx — y, +z,|* + %f(x)
xEH
(Vn € N) Sp = Lx,
Yn+1 = Proxg (zn + sn)
We have: Znyl = Zn + Sp — Yni1.

> X, — X where X € Argmin(f + go L)

> yz, = V where V € Argmin(f* o (—L") + g*).




26/36

Recall

Lemma

Let H be a Hilbert space.

Let f € [o(H).

If (Xn, Vn)nen is a sequence of H? such that v, € 9f(xj),
Xp — X and v, — V then v € 9f(X).
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Augmented Lagrangian method

Proof: For simplicity, we consider the finite dimensional case.

int (dom g) N L(dom f) # @ or dom g Nint (L(dom f)) # &
= O(f +gol)=0f + L*0OglL.

We deduce that
zer (Of + L*0gl) = zer O(f + g o L) = Argmin(f + go L) # @
In addition, zer (Of 4+ L*0gl) # @

= zer ((—L)Of*(—L*) + 0g*) # @.
= zer (O(f* o (—L*)) + 0g*) D zer ((—L)Of*(—L*) + 9g*) # 2.
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Augmented Lagrangian method

Proof:  We deduce from the convergence properties of the associated
dual form of the DR algorithm that
Zn = '7_1Vn — '7_1/‘/\1 Yn = 7_1(Un —Vp) = '7_1(3_ v) =y and
Sn = Zn+1 — Zn + Yn+1 — y
where V € Argmin(f* o (—L*) + g*) and V = PrOX. g U.
In addition
sn = Lxy = xp = (L*L)"*s, — (L*L)" Iy =X and LX = .
On the one hand, V = prox, .U < 7y = U — v € y0g*(V)
& Lx € 9g*(V).

On the other hand, x, € Argmin(L L —y, + z|*> + “lrf)

& 0€ L*(Lxn — yn + 2n) + 7 20f (xn)

& L*(Yp — zp — Sn) € v LOF(xn).
We have x, — X and L*(y, — z5 — sp) — —y 1L*V = —L*V € Of(X).
In conclusion, Lx € dg*(y) and —L*V € 0f(X), that is
(X, V) is a pair of primal/dual solutions.
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Augmented Lagrangian method

ADMM (Alternating-direction method of multipliers)

Let H and G be two Hilbert spaces. Let f € [o(#) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, +o0l.
We assume that int (dom g) N L(dom f) # & or dom g N int (L(dom f)) # &, and that

Argmin(f + go L) # @. Let (y,20) € G*> and
X, = argmin 1 ||Lx — y, + za||* + %f(x)
xEH

(Vn € N) sn = bxa
Yn+1 = Proxg (20 + sn)
We have: Zn+1 = Zn + Sn — Yn+1-

> X, — X where X € Argmin(f + go L)

> vz, = V where vV € Argmin(f* o (—L") 4+ g").
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Primal-dual methods

Problem

Let  and G be two real Hilbert spaces, f € [o(H), h € To(H), g € To(9),
and L € B(H,G).

It is assumed that h is differentiable and has a B-Lipschitzian gradient with
B € 10, +oo].

We want to

miniryl_tlize f(x) + g(Lx) + h(x).
S
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Primal-dual methods

» ADMM algorithm: Let v € ]0, 400l

Xp = argr;in SILx — yn + zn|? + %(f(x) + h(x))
Xe
(Vn € N) Ynt1 = proxe (z, + Lx,)
Y

Znt1 = Zn + LXn — Yny1.
> Limitations:
> Computation of x, at iteration n € N may be complicated.
> Convergence requires L*L to be invertible.

» The smoothness of h is not exploited.
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Primal-dual methods

> Idea 1: the optimization problem is reformulated as finding

XlgL f(x)—l—h(x)—i—ilép(v | Lx) — g*(v).

/

g(LX)
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Primal-dual methods

> Idea 1: the optimization problem is reformulated as finding

inL sup f(x) + h(x) + (v | Lx) — g"(v).
X€H yeg

> Arrow-Hurwicz method: Let (7,)nen and (op)nen be sequences in
10, +o0l.

tn € OF (n)
Xpt1 = Xn — Tn(tn + Vh(xn) + L*vp)
sn € 0g*(vn)

Vh4+1 = Vp — Un(sn - LXn—H)

(Vn e N)

~> requires stringent conditions on the choice of the step-size (e.g. decaying
to zero)
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Primal-dual methods

P ldea 2: Use implicit updates

tn € Of (Xp+1)
Xnt1 = Xn — Tn(tn + Vh(xs) + L*v,)
Sn € 0g*(Vny1)
Va1 = Vo — 0n(Sn — Lxnt1)
{O € Xpt1 — Xn + Tn(Vh(xn) + L*vy) + 700f (Xn+1)
0 € Vpt1 — Vo — 0nlxni1 + 0,08 (Vat1)

(Vn e N)

X1 = 1o, ¢ (xn — 7a(Vh(xn) + L))
Vnt1 = PIOX,, g+ (v,, + 0,,Lx,,+1)

~ still does not converge for constant values of the step-size.
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Primal-dual methods

> Idea 3: Use the approximation Xxp4+1 ™~ 2Xp+1 — Xp

Xn+1 = Prox,, ¢ (xn — Ta(Vh(xn) + L*v))

Vpil = PIOX, o« (v,, + onl(2xp+1 — x,,)).

(Vn e N) {
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let 7 and G be two Hilbert spaces. Let L € B(H,G).
Let f € [o(H) and g € To(G). Let h € To(H) have a S-Lipschitzian gradient.

Xnt1 = prox,¢ (X, — 7(Vh(xp) + L*vy))
Vnt1 = PrOX, g (v,, + oL(2xp41 — x,,)).

(Vn e N) {
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let 7 and G be two Hilbert spaces. Let L € B(H,G).

Let f € To(H) and g € ['o(G). Let h € To(H) have a S-Lipschitzian gradient.
Let 7 € ]0,+oo[ and o € ]0, 4o0].

We assume that 77! — o||L||> > 3/2 and zer (8f + Vh + L*0gl) # @.

Let xo € H, vp € G, and

(Vn e N) {

Xnt1 = prox,¢ (X, — 7(Vh(xp) 4+ L*vy))

Vnt1 = PrOX, g (v,, + oL(2xp41 — x,,)).
We have:

» X, = X € Argmin(f+ h+gol)

> v, — V€ Argmin((f + h)* o (—L*) + g*).
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let 7 and G be two Hilbert spaces. Let L € B(H,G).

Let f € To(H) and g € ['o(G). Let h € To(H) have a S-Lipschitzian gradient.
Let 7 € ]0,+oo[ and o € ]0, 4o0].

We assume that 77! — o||L||> > 3/2 and zer (8f + Vh + L*0gl) # @.

Let xo € H, vp € G, and

(Vn e N) {

Xnt1 = prox,¢ (X, — 7(Vh(xp) 4+ L*vy))

Vnt1 = PrOX, g (v,, + oL(2xp41 — x,,)).
We have:

» X, = X € Argmin(f+ h+gol)

> v, — V€ Argmin((f + h)* o (—L*) + g*).

Sketch of the proof: rewrite the algorithm as a Forward-Backward iteration for
solving a saddle point problem in the space H X G.
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let 7 and G be two Hilbert spaces. Let L € B(H,G).

Let f € To(H) and g € ['o(G). Let h € To(H) have a S-Lipschitzian gradient.
Let 7 € ]0,+oo[ and o € ]0, 4o0].

We assume that 77! — o||L||> > 3/2 and zer (8f + Vh + L*0gl) # @.

Let xo € H, vp € G, and

(Vn e N) {

Xnt1 = prox,¢ (X, — 7(Vh(xp) 4+ L*vy))

Vnt1 = PrOX, g (v,, + oL(2xp41 — x,,)).
We have:

» X, = X € Argmin(f+ h+gol)

> v, — V€ Argmin((f + h)* o (—L*) + g*).

Remark: when g = 0, we recover the Forward-Backward algorithm.
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Relaxed form of PD algorithm

Let 7 and G be two Hilbert spaces. Let L € B(H, G).
Let f € [o(H) and g € [o(G).
Let h € To(H) have a S-Lipschitzian gradient with 5 € ]0, +o0o[
Let 7 € ]0,+oc[ and o € ]0, +o0].
We assume that 771 — g||L||> > B/2. and zer (Of + Vh+ L*9gl) # @.
Let 6 =2—B(r 2 —o|L|?) " /2 € 1,2
Let (An)nen be a sequence in [0, 6] such that D An(6 — Ap) = +o0.
Let xp € H, vy € G, and
Pn = DProX, ¢ (x,, — T(Vh(x,,) + L* vn))
(VneN) Gn = ProX, g« (Vo + oL(2pn — X))
(Xn+17 Vn-l—l) = (Xm Vn) + An(pn — Xn,qn — }/n)'

Then, (xp)nen converges weakly to a solution to a minimize of f +h+golL.
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Exercice

Let % and (Gi)1<i<m be real Hilbert spaces. Let f € To(H), let h € To(H),
and, for every i € {1,..., m}, let gi € To(G;) and L; € B(H,G;).

It is assumed that h is differentiable and has a -Lipschitzian gradient with
B € 10,400[. Propose a primal-dual algorithm to solve

inimize f (L h(x).
minimize (x)+§g( x) + h(x)



