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Isentropic Nozzle Flow

Thrust Performance

Total-to-Static Relations:
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Mass Flow Rate:

m(x) =1 = pu*A*
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AThis is valid for any choked nozzle.

Normal Shock Relations: (M = Mach before shock)

Shock Wave Normal to Flow

Direction of Flow

Upstream Downstream
Region1 Region 2
Total Relations:
¥ 1
ptz_[ (y + 1) M? ]v—l y+1 y=1
P, [r—1DM2+2 2yM?2 - (y — 1)
To
Ttl

Shock Jump Relations:

Py _2yM’-(y—-1)

o y+1
T, _[2yM? - (y = DIy - DM* + 2]
T, (y +1)2Mm2
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Thrust Equation:
T= mpVe + (pe - Poc)Ae
*First term is jet (momentum) thrust, the second term is
pressure thrust.
T =1,V
*Valid in all cases

Equivalent Velocity:
(pe — poo) Ae _ 1

Vg =V + m m

q
P P
*Would be the exit velocity from a fully expanded nozzle

that produces same thrust as actual nozzle.

Specific Impulse:

(-
sp = T T
Jo MpYo

*Equivalent time that 1 Ibf of combustion products could
produce 1 Ibf of thrust, units of seconds

Isentropic Area-Mach Number Relation:

ly+1
2y-1

e e
A MU\y+1 2
*Find j—fgiven Exit Mach number or solve numerically to

find Exit Mach from %

*Once M, is known, can solve or T, and p, using
isentropic relations (above).

Nozzle Choking Criterion:
Y
+ 1\r—1

£ = (y_) at M* =

p 2
*Unchoked if,

i
Pe < (y T 1)y—1

P’ 2
Exit Velocity:
V,=a, M, where, a, =,/YRT,
1
=1\ 2
2y IAYE
V,={——RT,|1— (—)
° {V -1 Pe
Where,

T Mw Mw
*Therefore, lower MW gives higher V, — higher thrust

Oblique Shock Jump Relations:

Shock at Oblique Angle to Flow

Direction of Flow ¥
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Deflection Angle

0 Shock Angle

Angle-Mach Relations:
(r + DME
COt(é‘) = tan(9) [m -1
(y — 1)MZsin?(0) + 2

260200 _ S —
M s =) 2yMZsin2(9) — (y — 1)

Total Relations:

v A
P, [ (r+1)Misin’(6) |1 y+1 y-1
P, | —DMsin2(0) +2]  |2yM7sin?(0) - (y — 1)

Shock Jump Relations:

P2 2yMisin’*(6) —(y - 1)

Py y+1
T, [2yM7sin*(8) — (y — D][(y — 1)MZ sin*(6) + 2]
W G + 1)?M?sin*(6)

p2  (y +DMFsin*(6)

p1 (y — DMZsin?() + 2

Thrust Coefficient:

T
(er)actuar = oA

1
Y+ r-11)2
, ( 2 )( 2 )v—l 1_(&)7 +(pe—pm)ﬁ
y-1\r+1 Pt Pt A
y+1

2 \( 2 vl a5 :
(er)igear =¥ ()/Tl) (m) [1 - (E) ]

*Isentropic and fully expanded nozzle flow (p, = p.,)
1

y+1\2

2 2 1
(CT)ideal vacuum = ¥ ()/——1) (m)

(CT) isentropic =

*Fully expanded flow in a vacuum (infinite nozzle length)

Trajectories

Tsiolkovsky Rocket Equation (velocity increment):
M,
AVburn = Veq In ﬁf — 9ol

- Larger velocity increment due to high thrust for short
burn time than due to lower thrust for long burn time.
- Short burn at high thrust reduces energy consumed
lifting propellant (for vertical launch)

Aerodynamic Drag:
1
D= EpVZACD
2

. " . . ™
*Circular cross-section with diameter d has area A = ;d

Isentropic Model of Atmosphere:
v
p@ [1 _ Q(i)]y'l
Ds - 2 \z*
*Where surface pressure, p, = 101.3 (10%) %
z* =8404m

Summerfeld Separation Criterion:
When nozzle flow is “highly” over expanded, when :—e

gets too small, flow in nozzle separates when,
e SK
Poo

for 0.25<K <0.4

*Boundary layer separation can cause highly turbulent
recirculating flow

Nozzle Expansion:

Fully Expanded Flow
Pe=Px
(Maximum Thrust)

Under-Expanded Flow
Pe=Px

o &

Over-Expanded Flow
Pe<Px

Gravitational Force:
R,
9() = g (RE + Z)
*As a function of altitude z in m,
earth radius R, = 6378 (10%) m,
and acceleration of gravity at surface g, = 9.8 m/s?

2

Time and Altitude at Burnout:

In(R) 1,
thVEq 1_R—1 tb_Egetb
Mo

*First term is dependent on Mass Ratio R = (M—)

¥
M
"
My

ty = (t_to)

Maximum Vehicle Altitude (vertical launch):

1 (AV,)?
hmax =hy, + E .
e
V2(n(R))? R
Ponas = =~ Vigty {7 In(R) ~ 1}

*Minimizing t, maximizes hy,q,




Rocket Staging

Staging Methods:

Series Staged Rocket i i
( Three-Stage Example )
T
A f— Payload
= | 3rd Stage
- Propellant Mass
\ T 3rd Stage
7 — Structural Mass
== — . J
3rd Stage = 2nd Stage Payload
2nd Stage
! Propellant Mass
[ [ " 2nd Stage
— — — Struetural Mass

2nd Stage = Ist Stage Payload

st Stage
Propellant Mass

U ) T IstStage
Structural Mass

1+ Stage = M, 2 Stage = My, 31 Stage = My
M, = Payload (final)
M,,= Payload = Mg, = Structural
M, = Payload = p,= Propellant

Mg, = Structural

Mp,= Propellant

Mg = Structural

Mp, = Propellant

*For Parallel Staging: Mass of 1t stage propellant from
large tank is equal to the total mass of the large tank’s
propellant times the fraction of the 1t stage burn time
over the total burn time of the 15t and 2"d stages.

Velocity Increments for an Optimally Staged Rocket:
AV due to burnout of the it-stage,

W) = (Veq)i In(R;) — go(ty);
Final AV imparted on final payload M, of stage N,
N

T, = Z(tb)i

@ow =) [02),m (G5 5)] - o7

i=1

1 -1

M, |~

(AV)y =VgNIn{e+ (1—¢) [ﬁ] — 9,1y
0

Ideal Case (infinitely many stages):
M,
OV, = Vig (1= ) [ 2] = 00T,
L

. . T
*Equivalent Velocity V,, = — =~ same for all stages
m.
P

Circular Orbits: 7(0) = R = constant, e <0, € =0
Velocity:

Period:

Escape from Circular Orbit:

AVIZ(\/E—l)\/g

Orbital Dynamics

Gravitational Parameter:

mZ

N .
u=GM' where G = 6.67 X 10711 ———
kg

Parabolic Trajectories: (not orbit)e =0, a =, e =1
V,=0
Escape Velocity:

R

planet

Hyperbolic Trajectories: (not orbit) e > 0

Radial Position (from vehicle to center of planet):
a(l—¢&?)
r=———"
1+ ecos(0)

Semimajor Axis:

1 1
a=rmm1—_s a=§ (ra+rp)
T = 7 Tmi
e==—F e= e=1-—2
T B a

*Where b = semi-minor axis
e <1 - ellipse
e =1 - parabola
& >1 - hyperbola
=0 - circle

Excess Velocity:

V., = V2e v = [

)

Asymptote Angle:

M| =

6, =m—cos™t (
Turning Angle:
1
8 =2sin?! (—)
£
Miss Distance:

A=—-aye? -1

Orbital Maneuvers

Vis-Viva:

Stage Mass Relation: N-stage vehicle, the ith-stage has,
My; = Mp; + Mg; + My,

Circularization Burn:

Circularize at 7y

AV, =

=
[
|
N
45
&

Circularize at r,:

2r,
AV, = =

<3 =
[
|

Tat+ 1

Payload Ratio:

b= Mo My M
YT Mo — Moy Mo — My Mp+ Mg;
*Equal for all similar stages, A; = A1) = =+ = Ay
1
M /N
("/u,)
Aoptimal = 1/

(1 _ ML/MO)l/N

Apogee Radius:
r,=a(l+¢)

Structural Coefficient:

Apogee Velocity:

Inclination Change: (circular orbits)

v
Yy AV,

\9

<

*Both other angles are: %n -0

—, [Bq 9)
AVl—Z\/;sm(z

o Me My Mg
Y Mo — Moy Mo — My Mg+ Mpy
*Equal for all similar stages, &; = €(11) = =+ = &y
Mass Ratio:
My, My 1+ 4

R;

T My —Mpy T Mg+ My, g+

Ener er unit mass):

Orbital Rendezvous:
Lead Angle:

Transfer Time:

TTX = THohmann -

Intercept Opportunity Times:
1 1 1
T (T, (T,

i

R
where (T;); = 2 ;




Orbital Transfers

Hohmann Transfer:

-
-
g -,
¥ n=GM
N 3 AV,
()| Rapx=Ryx h )
Ry =Rpry
Ry =Ry

Circular Orbit Velocities:

Ve = \[RZ Ve, = \/RE

Transfer Orbit Parameters: (Trans time, see Rendezvous)
T, = Ry
Ta = RZ
U 2R,
»~ |RiR R,

U 2R,
R,R, + R,

Velocity Increments:

2R,
R +R,

AV, = =1

2R,
R, +R,

AV, = 1-

ERNERS

Standard Gravitation Parameters

m3

Body uw=GM’ [?]
Sun 1.327 x 10%°
Mercury 2.203 x 1013
Venus 3.249 x 10
Earth 3.986 x 10
(Moon) 4.903 x 10*2
Mars 4.283 x 10*3
Jupiter 1.267 x 10%7
Saturn 3.793 x 10%¢
Uranus 5.794 x 10%5
Neptune 6.837 x 10'°
Pluto 1.108 x 102

Propellant Feed Systems

Bielliptic Transfer:

-
i =GM
AV, * O AV, AVy
(+) Rerx| =Rerx2 =Rrx ) )
Ry=Rorx;

:

Ry=Rprx2
Circular Orbit Velocities:
14 H
(Vc)1 = R_1 (Vc)z = R_z

Transfer Orbit Parameters: (R can be chosen)

Ry = Rpry,
RTX = Ra'rx1
R, = RPsz
RTX = Ra'rxz

1
Arx1 = E(R1 + Rry)

Qrxz = %(Rz + Rrx)
Transit Time:
Ty = (aTx1 +/(ary,)?
\/ﬁ

Velocity Increments:

AV, = (2 1) i
S Ry arx Ry

AV ( 2 1 ) ( 2 1 )
= |u(—- _ =
a Rrx  Qrxz Rrx  arx

b
AV, = | = — -
: R, asz

Pressure-Fed Systems:

High-Pressure
Tank
(He, Ne, Ar,...)

Pressure

P
™ Regulators <

PR Pr Pox -
= Tank Pressures =

Fuel Oxidizer

L J

vy

Delivery Pressure > Tank Pressure

Py =p(g + a)h

a = vertical acceleration of vehicle

Deliver Pressure > Tank Pressure,

Combustion Tap-Off Systems:

N

*Uses combustion product gas from combustion chamber
to drive gas turbine that then drives pumps.
Open Systems:
- Turbine exit gas pressure low, dumped overboard
Closed Systems:
- Turbine exit gas dumped into nozzle at low pressure
location to add m,, at nozzle exit
*Moderate/high thrust (Saturn I-B/Blue Origin)

Gas Generator Systems:

*Part of fuel and oxidizer are burned in preburner to
produce high-pressure gas that drives turbopumps.

P, =p(g+a)h - Preburner operated very fuel-rich to keep
p [kg/m?] Cy [//kg - K] T [K] temperature sufficiently low
102 1141 1669 20 - Fuel-rich .exhaust dumped overboard (open) or
dumped into nozzle (closed)
LH2 708 9668 20 - Power controlled by adjusting fuel/ox rates into
LCH4 422 4216 111 preburner
RP-1 810 2188 300 - Can achieve higher CC pressure than expander sys.

Expander Systems:

*Fuel is expanded to gaseous form to drive turbine that
powers pumps which then push propellant into CC.

- Low/moderate thrust applications

- Often used for upper stage engines

Staged Combustion Systems:

Preburner

*All propellant is burned in two stages (nothing wasted).
First in fuel-rich preburner, then in main CC.

- Allows very high CC pressures (high thrust)

- Can be used with any liquid propellants

- More efficient than gas generator (all fuel burned)

- Requires very high-pressure turbopumps




Propellants and Aerothermochemistry

Propellant Types:

Liquid Propellants:
Fuels:
a) Cryogenic
- LH2 - liquid hydrogen (20 K) “deep cryogen”
- LCH4 — liquid methane (111 K)
b) Non-cryogenic
- RP-1 - kerosene [C; H, o]
- ethyl alcohol - [C,H;OH]
c) Hypergolic (E, < 0) (reacts on contact with oxi.)
- hydrazine [N,H,]
- monomethyl hydrazine (MMH)
- unsymmetrical dimethyl hydrazine (UDMH)
Oxidizers:
a) Cryogenic
- LOX - liquid oxygen
- LF2 = liquid fluorine
- FLOX — fluorine-enhanced LOX
- N204 — dinitrogen tetroxide
b) Non-cryogenic
- N20 — nitrous oxide
- N204 — dinitrogen tetroxide
- CIFs — chlorine pentafluoride
Monopropellants:
* Both fuel and oxidizer are contained in the same
molecule; contact with a catalyst bed initiates reaction
(breaks oxidizer and fuel components apart).
* Usually used for RCS and in-space propulsion at low-mid
thrust applications.
- hydrazine (N2Ha) + granular Al w/iridium coating
- hydrogen peroxide (H202) + many possible catalysts
- nitromethane (CH3NO3)
- ethylene oxide (C2H40)
- nitrous oxide (N20)
- hydroxylammonium nitrate (HAN) (HaN20a4)
Solid Propellants:
* Both fuel and oxidizer are initially in solid form.
Homogenous Propellants:
* Fuel and oxidizer are contained in the same
molecule or in a homogeneous mixture.
- nitroglycerine + nitrocellulose
C3Hs(NO2)s + CeH702(NO2)3
- Single/Double/Triple base propellants
Metal powders often added to increase heat of
combustion.
Heterogeneous (composite) Propellants:
* Heterogeneous mixture of oxidizing crystals held in
an organic plastic-like fuel “binder”
a) Fuel Component (common binders)
- hydroxyl-terminated polybutadiene (HTPB)
- rubber/asphalt
b) Oxidizer Component (ground crystals of one or
more of the following)
- ammonium perchlorate (AP)
- ammonium nitrate (AN)
- nitronium perchlorate (NP)
- potassium perchlorate (KP)
- potassium nitrate (PN)
- cyclotrimethylene trinitomine (RDX)
- cyclotetramethylene tetranitramine (HMX)
* The combination of fuel/ox specifies the propellant
(e.g. AP-HTPB, KP-HTPB, ...)
Many possible combinations.

Hydrocarbon Combustion:
Overall Stoichiometric Reaction:

1C,H +@+ﬁy)ena7+ﬁH0
ntim 4 2 2 2 2

n = carbon atoms, m = hydrogen atoms

M
r=|=-2
M;
Stoichiometric Mixture Ratio:

_ 32n+8m
T 12n+4m

Mixture Ratio:

Equivalence Ratio:

a9

<P=7

@ =1 - stoichiometric combustion
¢ > 1 - fuel —rich combustion
¢ <1 - fuel — lean combustion

z Bond Energy]
i

Ah; < 0 = exothermic
Ah; > 0 - endothermic

Molar Enthalpy of Combustion:

Z Bond Energy] =
i

react

ARy =

prod

Convert to mass-specific enthalpy:
Ak
T MWy

kcal
MWHC =12n+1m I:T

Ahg

Convert to [kJ /kg]:

kcal] (1000 cal) (IOOOg) (4.1814]) ( 1k )
g kcal kg cal 1000/

Ak

Turbopumps and Turbines

Turbopumps:
Shaft Power from Turbine:

W=1-0Q

Ideal Pump Work:
1
Wligear = E(P:z —Pe1)
Ideal Pump Power:
1
Wligear = MIWigeq = mE(ptZ —Pu)
Pump Efficiency:

_ [Wligear _ [Wligear

P — - .
Wlactuar  Wlactua

Non-Ideal Pump Work:

11
|W|actual = E; (ptz - ptl)
Non-Ideal Pump Power:
. . C11
|W|actual = mlwlactual = m__(ptz - ptl)
Np P
*from the above
p
Ap, = = = il
D = (D2 —Dr) = Wp Mp B
1st Law for Liquid Flow Through Pump:

1 1
oy =T, =T +;(pz —p1) +E(V22 —VE) = |w|

1
o =(T-T) +;(ptz —pu) = [wl
Temperature Change Across Pump:

1 — -
(T,-T) = ( 77P> (e : Pe1)
Mp pcy

Turbines:
Application of 1st Law:
(Aht)l,z =q1,— W12 =0

> hy—hy=0
- Cp(th - Tn) =0
T =Ty

Turbine Work:

1
|W|nonideal =Nr ;Apt

Temperature Change Across Turbine:
Ap

_ _ t
AT = (1=np)

Turbine Work: (per unit mass)
[wr| = |CP(Tte =Tl
Turbine Power:
WT = m|wy|
Turbine Stage Efficiency:

ns = [wl|
s (wls
Total Turbine Efficiency:
Ty
B 1_(3)
Nr=—" y=1
Pes) v
1 —_ 2
(pn)

Turbine Total Temperature Ratio:

y-1
To Ly fio(2)7
Ty T Pt1

Turbine Total Pressure Ratio:

.
2B
Pt Nr Ty

Total-to-Static Temperature Relation:
-1 -1
T3 =Ty [1 +YTM32]
Total-to-Static Pressure Relation:

b4
y—1 -1
D3 = Pt3 [1 +TM32]

Entropy Change Across Turbine:
i
As =s3—8§; = Cpln(ﬁ) —Rln(&)

Ty Dt1
-1
=6 (1)
Y
R= Cv(y - 1)
Temperature-Velocity Relation:
VZ
T.—T)=—r
T-D=7¢
Nozzle Design
Simple Conical Nozzles:
\ a
........................................ o

Axial Thrust:

1+ cos(a) .
Taxial = fmpve + (pe - Pm)Ae

*See notes for Rao and TOP nozzle stuff




Combustion Chamber Performance

DOF and Molecular Energy

Non-Isentropic Nozzle Flow

Combustion Chambers:

Thrust Coefficient:

Thrust:

C* “Characteristic Velocity”:

A
=2

. De2 2 \r-
ideal = p_;\/ RT, |v (m)

C* Efficiency:

T] — a*ctual
¢ C::ieul
Specific Impulse:
Isp = C*C !
SP T g
Pressure Ratio:
P2 _ 1 +ymp)
P1 (1 + YMZ)

Temperature Ratio:
T, [1 + ny] (Mz)2

T, |1+yMZ| \M,
Total Temperature Ratio:
1
Ter _ 1+y2 M3 1+yMZZ(MZ)
T 1+y21M2 1+yMz) \M,
T,
Rz 91,2 1
Ttl Cthl

Total Pressure Ratio:

y V
Pa_ |1t MZ _<1+ny)

Pu 1+Y MZ 14 yMZ

Combustion Chamber—to—Throat Area Ratio:
1y+1

A 1 2 y—1 2y-1
ol el
Thermal Choking Criterion:
th 1 (1 +yM?)?
T, 2(1+7y) [1 +r=2 MZ] M?

*subtract 1 from result to get max allowable T,

Monatomic Molecules:
(DOF)trans =3
(DOF)yy, =0
(DOF),0r =0
= (DOF) gyay = 3

Diatomic Molecules:
(DOF) trans =3
(DOF)yp =2
(DOF) o = 2
= (DOF) gyay =7

Polyatomic Molecules:
(DOF)trans = 3
2 if linear (CO,)
3 if nonlinear (all others)
2(3n —5) if linear
2(3n — 6) if nonlinear
5+ 2(3n—5) if linear
6 + 2(3n — 6) if nonlinear

(DOF) = {
(DOF), o = {

= (DOF) gyait = {

Energy Stored in One Molecule:

1
e' = _kT(DOF)active

R 8.314//mol - K
k=—= S— (Boltzmann Constant)
A 6.022 x 102520
1.
é=A, e ==RT-(DOF),utive (per mole)

2
1
e=¢/MW = ERT - (DOF)gcrive  (per mass)

*(DOF) 4crive depends on temperature
- Low T = only trans. active
- Med T = trans. and rot. active
- High T = trans., rot., and vib. are active

Application of 1t Law:
(Aht)z,e =qze — Wie = 0

- hy—he =0
- Cp(th - Tte) =0
v T =T
Temperature-Velocity Relation:
VZ
T,—T) =—
(. =-T) =5 o
Total Pressure Ratio:
pte ,E
— =€ R

Dtz
*where, p;e < Py, and As > 0

Total-to-Static Pressure Ratio:

-
Pe _ {1 L[_-vm ]}
Pr2 Ny [2+ (y — 1M?
Noazzle Efficiency:
-1
1-[1+55= 1 3|
Ww=—"  v1

1-(De) 7™

Area-Mach Relation:

1 -1y 1 1 Y7
2y— y - y-1
M, {(y + 1) [ + + ) 2 ¢

*from resulting M,, get:

- p, from total-to-static (above)
=i

-1
-5 T, =T, [1+ MZ]
y—1
- a, =,/YRT, where,R =C, (T)

_)Ve=Me'ae
_)T:mpVe_i'(pe_poo)Ae

Specific Heat and Gas Constant Relations:
Specific Heat - Constant Volume:

< 1
Cy = RE(DOF)active

1
CV =R E (DOF)active
Specific Heat - Constant Pressure:

o1
Cr=R [1 i (DOF)acm]

1
CP =R [1 + E (DOF)active]
Gas Constant Relations:
R=Cp—Cy
R=Co—C,

*given Cp and y

r-a(1-8)-a(1-) -0 ()

*given C, and y

G
R=6—C,=6(L-1)=60-1
v
Specific Heat Ratio:
=1+ 2
= (DOF)active

Monatomic:
(DOF) getive = 3 (independent of temp.)
Sy=1+—--=1.667
(3)
Diatomic:
- Medium temp

(DOF)activeZS _>y_1+ﬁ_1'4
- High temp
(DOF)getive =7 —y=1+ m = 1.286

Non-Isentropic Thrust Coefficient:

1

y+1 -17)2
¢ =yln ( 2 )( 2 )v-l 1_(1)_3)77 4 PemP)Ae
r "\y-1U\y+1 Pt2 P2 A

Injectors and Droplet Vaporization

Droplet Characterization:

Droplet Diameter Probability:
1
Prob (D +5dD)
ab

*Sauter Mean Diameter (SMD): the droplet diameter with
same surface-to-volume ratio as the entire spray.

P(D) =

*Weber Number: ratio of inertia (mass) to surface tension
*Ohnesorge Number: ratio of friction to surface tension

SMD
5 =c WeP - Oh?
Lo\ (Wecee\P (Ohee
(SMD)¢; = (SMD) (—)( ) (—)
“ e Liap/ \Weygy Ohygp

Droplet Vaporization:
Heat of Vaporization: (heat flux into droplet)

1y - Ahy = Qi where,
00 =k anre
=—k— T
dr R(t)

dR
my = —4mp, Rz(t)a

Droplet Diameter: (as function of time)

8k
D2(t) = Dy — (—) In(1+B) ¢
pLCp
Cp(T, — T,
B = P( V)
Ahy
Vaporization time:
PLCp Do

v =D e+ B) ky




