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Introduction

The Functional Analysis, apeared in the beginning of last century from more old mathe-
matical fields as the variational calculus, the theory of partial differential equations, the
numerical analysis and the theory of integral equations, can be considered as a generaliza-
tion and a geometrical interpretation of the mathematical analysis (calculus). Functions
with some chosen caracteristic properties are considered as points or vectors of “functional
spaces”, in the most cases, infinite dimensional. Therefore, the notion of covergence from
the calculus was generalized for the abstract functional spaces and it was related with
topological properties of the functional spaces.

Let X be a set. There are two equivalent ways to define topological properties of a set X:

1. to define a convergence on X (which will implies the corresponding definition of a
topology on X)

2. to define, in an axiomatic way, a topology on X, i.e. to define all open sets on X.

In the framework of this course we will be essentially restricted on the theory of metric spaces
and the topology induced by a distance. An introduction of abstract topological spaces is
given in Appendix [Al and can be consulted as a suplemental material. However, the most
usefull questions - comparison of topologies, convergence, continuity and compactness- are
advised to be read for having a more complete vision of the Functional Analysis.

Once the open sets are defined in X, the closed sets are their completions:
U C X is open iff X \ U is closed.

In addition to the open and closed sets in X, we need to define a neighborhood of an element
x € X. For the clearity, we will consider only open neighborhoods of z (see Appendix [A]
for Definition [A.1.6] and for the discussion about), i.e. open sets in X containing the point
(element) . The set of all open neighborhoods of z is denoted by O(x).

We will keep in mind (see Problem [A.1.2] Appendix [A]) that a subset M of X (a topological
space) is open if and only if every point = € A has a open neighborhood contained in A.

Now, we can define the convergence in our topology:

Definition 0.0.1 Let (x,) be a sequence of elements of X. We say that (z,,) converges to
re X if
vV € O(x),3N € N such that V/n > N = x, € V.

We see that the convergence is uniquely defined by open sets, i.e. the topology on X.
Therefore, if we define the convergence, we fixe a topology on X.
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In Chapter 2 we will introduce on X a distance (a metric) and a norm. Each time, it
will modify the definition of open sets, but not the definition of the convergence. Abstract
topological spaces are the most general spaces, which include metric spaces. Again, the
metric spaces include all normed spaces, which include all pre-Hilbert spaces. In other
words, all inner products define a norm, all norms define a distance, all distances define
a topology, but not inverse! We will see an example of a convergence (weak convergence)
which defines a nonmetrizable topology (cannot be associated with a distance). An other
example is the space of infinitely differentiable and continuous functions with compact
support (see Section [7T]), which is a topological space which cannot be metrizable too.

After the convergence, the property almost the most studied and important in Functional
Analysis is the compactness. We refere to Appendix [Blfor the compactness in the topological
spaces. From this abstract theory we need to know at least the main definitions and results,
which will be updated and precised in the framework of metric spaces in Section 2.3l
Actually, one of the main goals of this course is to clearly understand why and in what
the compactness property is important and to be able to distinct it in the framework of
different topologies as strong, weak and weak* (see Chapter [).

We will be also particularly focused on the theory of linear operators on Banach and Hilbert
spaces, considered in Chapters [l and M in the aim to consider in Chapter [ spectral prop-
erties of compact operators, which are important in various applications, for instance in
solving boundary valued problems for partial differential equations (PDEs). To be able
to solve them, it is also important to be familar with the general theory of distributions,
Chapter [7, and Sobolev spaces, Chapter [8l Two typical examples for solving the Poisson
equation is given in Appendix [F] and the spectral properties of the Laplacian is considered
in the class (see “TD 77).

The LP spaces are supposed to be assumed in the course “Analyse” of Lionel Gabet [8] and
we also refere to Appendix [Dl for the additional study of these spaces. The results on LP
spaces can be assumed without proof but need to be known and will be used in numerous
examples.

In the framework of this course, the generalities on the Hilbert and Sobolev spaces for
Appendixes [C] and [E] can be omitted.



Chapter 1

Notations

X is a set or a space.
& is the empty set.
T is a topology.

(X,T) is a topological space: a set X equiped with a fixed topology T (i.e. a defined family
of open sets on X, see Definition [A.1.])) is called the topological space (X, T).

O(x) is the set of all open neighborhoods of z.

is the closure of a set X in the space G.

M if M a subset or subspace of X, M is the closure of M in the topology of X.

Qf

if a is a complexe number or a complexe valued matrix, then @ is its complexe conju-
gated, i.e for a = 1+ 27 we have @ = 1 — 2i.

A C B means that a set A is a subset of a set B and A can be equal to B.
A C B means a set A is a proper subset of B (A # B).
Im A is the image of an operator A.
Ker A is the kernel of an operator A.
= means the uniform convergence.
— means the strong convergence.
— means the weak convergence.
— means the weak™ convergence.
supp f means the support of a function f (see Chapter [T).
is a metric space: a set X equiped with a distance dx.

denotes a distance between two elements = and y in the metric space (X, dx).

)
)

B..(a) is an open ball of radius r centered in the point a.
)

is a closed ball of radius r centered in the point a. In a normed space B¢(a) = B,.(a),
but it can be not true in a metric space.
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Il x
L(X,Y)

X*
(f,9)

Span(e)

D/

DCM

is a norm on a vector space X.

is usualy used to denote a Hilbert space.

is the space of all linear continuous operators from X to Y.
is the dual space to X: X* = L(X,R).

can be an inner product if f, g € X and X is a Pre-Hilbert space. If X is not a
Pre-Hilbert space, then it means that f € X*, g € X and (f, g) = f(g) (the value of
the functional f on the element g).

is the set of finite linear combinations of elements of e.

is the identity operator I(z) = .

is the dual space to the space D = (§°, named the space of distributions.
is a regular distribution defined by a function f € L},..

is the derivative in the sense of distribution (a € N™).



Chapter 2

Reminders on the topology in metric
and normed spaces

2.1 Distance or metric

2.1.1 Definitions and examples

Definition 2.1.1 Let X be a set and d : X x X — R be a function. d is a distance
(metric) on X if:

1. V(z,y) € X x X, d(x,y) > 0; (positivity)

2. V(z,y) € X x X, d(z,y) =0 if and only if x = y; (identity of indiscernibles)
3. V(z,y) € X x X, d(z,y) =d(y,z); (symmeiry)

4. Y(x,y,2) € X x X x X, d(z,y) <d(x,z)+d(z,y) (triangular inequality).

If point 2 does not hold, d is called a pseudodistance. If point 3 does not hold, d is called
a quasidistance.

The first condition of the positivity follows from the last three conditions, since

Ve,ye X x X d(z,y) +d(y,x) > d(z,x) (by triangle inequality)
— d(z,y) + d(x,y) > d(z,z) (by symmetry)
— 2d(z,y) > 0 (by identity of indiscernibles)
) =

= d(x,y) > 0.

Definition 2.1.2 Set X with a given distance defined on it, i.e. the pair (X,d), is a
metric space (if there no ambiguity in the notations, we will also use simply X instead
of (X,d)). If d is a pseudodistance on X, then (X,d) is a pseudometric space. If d
is a quasidistance on X, then (X, d) is a quasimetric space (by a quasidistance d it is
possible to define a distance d' by the formula d'(x,y) = (d(x,y) + d(y,x))/2).
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Remark 2.1.1 [f (X, d) is a metric space and if M C X is a subset of X, we can consider
the restriction of d to M, what allows to equipe M with the structure of a metric space. In
this case the metric on M is called the induced metric on M.

Example 2.1.1 Setting

1 ifx#y,

where x and y are elements of an arbitrary set X, we obtain a metric space (X,d) (a
discrete space or space of isolated points). Indeed, by definition of d, the first three points
of Definition [21.1l are satisfied. For the last point we have

ﬂ%@z{o v

1. If x =y the triangle inequality becomes:

0<2 dfz#x or 0<0 ifz=u.

2. If x # y the triangle inequality becomes:

1<2 ifz#zandz#y or 1<1 ifz=xo0rz=y.

Therefore the triangle inequality is satisfied.

Example 2.1.2 Consider the space C([0,1]) of all continuous functions on [0,1]. Let us
verify that

d(f,g9) = max [f(x) — g(z)|

z€]0,1]
is a distance on C([0,1]):

1. As the modulus is a positive function on R:
VeeR |z| >0,

we have that

v(f,9) € C([0,1]) x C([0,1]), d(f,9) = 0.
2. We have for all (f,g) € C([0,1]) x C(]0,1])

df,.9) =0 <<= max|f(z) —g(@)|=0 <= Veel0,1] 0<|f(z)-g(@) <0

= veel01] |f(z)-g@)]=0 <= Vrel,1] f[flz)=g(x)

3. Forall (f,g) € C([0,1]) x C([0,1]) we have

d(f,9) = max [f(z) = g(@)| = max | = [f(z) — g(@)]| = max |g(x) — f(z)] = dlg, f).

z€]0,1] z€[0,1] z€[0,1
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4. Forall (f,g,h) € C(]0,1]) x C([0,1]) x C([0,1]) we have
d(f,9) = max [f(z) = g(w)| = max [f(z) = h(z) + h(z) = g(2)|
< s (1) — ()] + [b(a) = g()]) < ma 190) — i) + mas [1(2) = g(a)

~ z€[0,1]

=d(f,h) +d(h,g).

We conclude that (C(]0,1]),d) is a metric space.

Example 2.1.3 Consider X = R" with n € N* and p € [1,00[. Let’s define for x =
(1,...,2p) €EX andy = (y1,...,yn) € X

1
n P
dp(z,y) = (E | —in”> and doo(x,y) = Jnax |z — il
i=1 !

..... n]
1. We can easily see that d, satisfies the assertions of Definition [Z.1.1] and hence, d,
is a metric in R™.

2. Let us prove that d, is a metric. It is obvious that points 1-3 are true for d, for all
p € [1,00[. We need to prove the triangle inequality 4.

Let x,y, z be three points in R" and let A=x—2, B=z2—vy. Thenx —y=A+B
and the triangle inequality 4 takes the form of Minkowski’s inequality

(;‘Ai +Bz‘\p>% < (;\Aﬁ’)% + (g |Bl.|p>%. (2.1)

The inequality is obvious for p = 1. Suppose that p > 1. To prove Minkowski’s
inequality (2Z11), we use Holder’s inequality:

1
Y

1
Siam< (Sar) (Sier)” 22)
i=1 i=1 i=1
where 1—1) + 1% =1, and the following indentity for any a and b in R or C:

(lal + [61)" = |al(la] + B[ + [bl(lal + [b])~".

Thus, we can write
DAL+ IBiD? =D [Al(JAl + [Bi)P~H 4+ D Bl (JAil + Bl )P~

=1 i=1 1=1

We apply Hdélder’s inequality to each sum in the right-hand part of the equality, using
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the fact that (p — 1)p' = p:

1
I

> 1404l + Bl < (Zw) (S0 + 1o )

- (314 r)(z al+isir)” @)

=1

from where with

=

S IBI(AL + B < (2\8\?) (S04t +1m0r)"

=1

we find that

i(|Ai|+|Bi|)p§<§:(|A|+|B| ) ([pr] [g&'p]%)'

i=1 i=1
L
7

Dividing both sides of this inequality by (31—, (|A:| + |Bi|)P)?", and noticing that 1 —

z% = }D we finally obtain that

Z\Ai!p] +l2\3i\p] :
=1 =1

To finish the proof, we use the fact that |A;+ B;| < |A;|+|B;| for alli and consequently
we have (Z1)).

. Consider X = R" with the metric

(Sual+ \Binp)% <

=1

) = (Yoo - y»?)% .

i=1
This metric is the Euclidean distance function.

. Consider X = { functions from R to R defined in 0}. For f and g in X, we define

d(f,g) = |9(0) — f(0)].

Let us prove that d is a pseudodistance. For f(x) = 2% and g(x) = 23 (f # g), by
definition of d, d(f,g) = 0, so point 2 of Definition [Z11] does not hold. Points 1, 3
and 4 are true thanks to the properties of the modulus. Hence we conclude that d is a
pseudodistance.

Problem 2.1.1 1. Prove the inequality

/

al b
abZ——l——/,
p p

where a >0, b> 0, p €]0,1] and p' = 25 <0.
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2. Consider d, for p €]0,1[. Is it a metric on R™?

Definition 2.1.3 Let (X,d) be a metric space. Let A C X. The distance between a
set A and a point v € X is defined by d(A, x) = inf,ca d(a, ).

Remark 2.1.2 If A is closed (A= A), then
dz,A)=0 <= ze€A
Problem 2.1.2 Let there be two subsets of a metric space (X,d).Then the number

24, B) = (a,b)lgfxde(a’ 2
is called the distance between A and B. Show that z(A,B) = 0 if AN B # &, but not
conversely. Hence, z(A, B) is not a distance on P(X), the set of all subsets of X. (A ¢ X
but A C X, thus A € P(X)).

Show that for A and B two non-empty closed subsets of a metric space (X, d), the following
function
du(A, B) = max{sup inf d(a,b), sup inf1 d(a,b) },
b

i
acA beB €B a€

is a distance on the set of all closed subsets in X (dy is a pseudodistance in X ). Note that
du(A, B) is called Hausdorff distance.

2.2 Underlying topology to a metric space. Completeness

2.2.1 Topology in a metric space

Definition 2.2.1 Let (X, d) be a metric space. Given x in X, define the open ball around

x with radius r > 0 by
By (x) = {y € X[ d(z,y) <r}.

The set BS(x) = {y € X| d(x,y) < r} is called the closed ball around x with radius r > 0.

A subset U of X 1is called open in (X, d), if for all x € U there exists a radius v > 0, such
that B,.(x) C U. The set of all open sets in (X, d) is called the topology associated to
the metric d, denoted by T,.

Attention : The same notation 7, in Appendix [Alis used for the discrete topology.

Let us also recall (see Appendix [Al and [8]) that
e A finite intersection and an arbitrary union of open sets in (X, d) are open in (X, d),

e A finite union and an arbitrary intersection of closed sets in (X, d) (the completions
in X of open sets) are closed in (X, d).

Problem 2.2.1 LetY C X be a subset of a metric space (X, d). Prove that V CY is open
in (Y,d) (i.e., in the reduced topology on 'Y ) if and only if there exists a open set U C X of
(X,d) such that V =UNY.
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Example 2.2.1 Let us consider on Z the distance d(z,y) = |x — y| induced by the usual
distance on R. For all x € Z the set {x} is in the same time a open and a closed set in
(Z,d). More generally, all subset of Z is open and closed in the same time in (Z,d).

We adopt the following definition of a closure of a set in a metric space:

Definition 2.2.2 The closure of a subset M C X in a metric space (X, d), denoted by M,
is called the smallest closed set containing M which can be also defined by the intersection
of all closed sets containing M :

M = Ny closed,MCVV

Its more general version is given in Definition [A.T1.6l and for its properties see Problem [A.1.3]
and Theorem [A.T.1]

Attention : Since, by definition, the open ball B,.(x) C B¢(x) we have all times the
inclusion B,(x) C B¢(x), but not necessary the equality, i.e. the closure of the open ball
can be different to the closed ball taken in the same point with the same radius.

For example, if we take (Z, d), defined in Example 2.22.7] then B;(0) = {0} and B;(0) = {0}

but B(0) = {—1,0,1}.

Definition 2.2.3 Let (X, d,) and (Y, dy) be two metric spaces. A map f: X — Y is called
an tsometry or distance preserving if for any a,b € X it holds

dy (f(a), f(b)) = dx(a,b).

An isometry is automatically injective.
A global isometry, isometric isomorphism, is a bijective isometry.

Definition 2.2.4 Two metric spaces (X,d,) and (Y,dy) are called isometric if there is
a bijective isometry from X to Y.

Problem 2.2.2 Give an example of two isometric metric spaces.

Definition 2.2.5 Given two metric spaces (X,dx) and (Y,dy), the function f : X — Y
is said to be Lipschitz continuous if there exists a constant K > 0, called a Lipschitz
constant such that,

Vxl, To € X, dy(f(.l’l), f(.TQ)) S de<l’1,x2).

If 0 < K < 1 the function is called a contraction.

Example 2.2.2 If f : X — Y is a bijection of two metric spaces (X, dx) and (Y, dy) and,
in addition, f and f~' are Lipschitz continuous (f is bi-Lipschitz):

ElKl > 0 and K2 >0: Kldx(l'l,l’g) S dy(f(l’l), f(l‘g)) S Kgdx(l‘l,l’g) VIl,ZL’Q - X,

then f is isomorphism of (X,dx) on (Y,dy). If, in addition, Ky = K; = 1, then f is an
1sometry.

Definition 2.2.6 Two distances are equivalent if they define the same topology (the same
open and closed sets).
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Example 2.2.3 Let us consider two different metrics on X: dy and dy. Thus we have
two metric spaces (X, dy) and (X,dy). If the mapping [ : (X,d;) — (X, ds), for example
f(x) = 3x, is bi-Lipschitz, then two metrics di and dy are equivalent.

Example 2.2.4 (Product of two metric spaces) If (X,dx) and (Y,dy) are two metric
spaces, we can define on the product space X x 'Y the sum distance d, given by

ds((w1,91), (T2, y2)) = dx (71, 22) + dy (Y1, Y2),
and the product distance d, given by
dp((1, 1), (22, 92)) = max(dx (w1, 22), dy (y1, y2))-

We can see that ds and d, verify Definition 211 and allow to define the metric structure
on X X Y. In addition, they verify

Vz,we X XY  dy(z,w) < ds(z,w) < 2d,(z,w),

Then, by Ezamples (223 and [Z2Z3, the metrics ds and d, are equivalent (define the same
topology). In addition, the set Ox x Oy, the product of a open set Ox in (X,dx) and of a
open set Oy in (Y, dy), is an open set in (X X Y,d,).

2.2.2 Convergence and continuity

The definition of the convergence introduced for abstract topological spaces (see Defini-
tion [LO]) can be now updated for a topology induced by a metric:

Definition 2.2.7 A sequence of points (x,) in a metric space (X,d) converges to a point
x € X if every open ball B.(x) of x contains all points x, starting from a certain index:

Ve>0 INeN, n>N =d(z,x) <e.

The continuity of an application between two metric spaces (see also Appendix [Al Sec-
tion [A.2]) is given by:

Definition 2.2.8 Let (X,dx) and (Y, dy) be two metric spaces. A function f: X —Y is
called continuous at the point v € X if for all € > 0 there exists § > 0 such that

dx(wo,r) <6 = dy(f(z0), f(2)) <e
The function f is called continuous on X if f is continuous at every point of X.
Now, we refer to theorems of continuous mappings in topological spaces from Section [A.2]).
Clearly, in a metric space
Proposition 2.2.1 1. (z,) converges to x in a metric space (X, d) if and only if
lim d(xp,x) = 0.

2. a function f : (X,dx) — (Y,dy) is continuous, if from z, — x forn — oo in X
follows that f(x,) — f(z) form — oo inY.
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It is an immediate consequence of the definition of a limit that
1. No sequence can have two distinct limits;
2. If a sequence (x,) converges to a point z, then so does every subsequence of (z,,).
Problem 2.2.3 Let (X,dx) and (Y, d,) be two metric spaces and f : X — Y. Prove that
1. If f is an isometry, then f is continuous.
2. If f is a Lipschitz continous function, then f is continuous.
3. If f is a contraction, then f is continuous.

Let us precise the closed sets and the closure of a set in a metric space using the notion of
the convergent sequence:

Proposition 2.2.2 A subset M C X is closed in (X,d) if and only if the limit of any
sequence of elements of M, which converges in X, belongs to M :

M is closed in (X,d) <= Y(z,)C M 2z, —>xin X, z€&M.

Example 2.2.5 To prove that Q is not closed in R equiped with the usual distance, we can
construct the decimal approzimations of /2, i.e. a sequence of rational numbers converging

toward v/2 in R and v2 ¢ Q.

Proposition 2.2.3 The closure in (X, d) of a set M C X is equal to:
1. the set of limits of all sequences of elements of M ;

2. the set of x € X such that for all e >0 M N B.(x) # &.

2.2.3 Dense subsets of metric spaces

The notion of the density is general and can be formulated in the case of abstract topological
spaces (see[A.1.3]). Restricted to the metric spaces, we have

Definition 2.2.9 Let M C X be a subset of a metric space (X,d). The set M is dense
in X if M = X. Equivalently, M is dense in (X, d) if M meets all nonempty open sets of
(X,d).

Thanks to Proposition 2.2.3] we can caracterize the dense subsets of a metric space in the
following way:
Proposition 2.2.4 A subset M C X is dense in (X, d) if and only if

Vee X, Ve>0, MnNB/(x)#a.
This means, that M is dense in (X, d) if and only if M meets all nonempty open balls of
(X, d).
We also have

Proposition 2.2.5 A subset M C X is dense in (X, d) if and only if for all element x € X
there ezists a sequence (y,) of elements of M such that lim,,_, ;o d(z,y,) = 0. This means,
that M is dense in (X,d) if and only if any element x € X is the limit of a sequence of
elements of M.
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Example 2.2.6 The set of all rational numbers Q is dense in R for the usual distance.

During our course we will see a lot of examples of dense subsets in different metric spaces.

2.2.4 Complete metric spaces

Definition 2.2.10 In a metric space (X,d), we call Cauchy sequence, a sequence (u,)
such that

Ve >0, AN >0, Vm,n > N = d(up,u,) < €.

Remark 2.2.1 In the equivalent way, which sometimes more useful, a Cauchy sequence
(un) satisfies
Ve >0, IN >0, Vm,n > N = d(tpim, ) < €.

Definition 2.2.11 A metric space (X, d) is called complete if all Cauchy sequences of
elements of X converge in X.

Example 2.2.7 1. R is complete. Q isn’t.

2. (C(la,b]),d) is complete. (C([a,b]),ds) isn’t. Here dy is the distance from Exam-
ple[Z1.2 and dy(z,y) = \/f; |z(t) — y(t)|?dt (see also Example [Z1.3).

Proposition 2.2.6 1. Every convergent sequence (x,) in (X,d) is a Cauchy sequence
in (X,d).

2. If (z,,) is the Cauchy sequence in (X, d) and if there exists a subsequence (x,, ) such
that z,,, — x for k — +oo in (X,d), then x, — x for n — +oo in (X, d).

Proof. Ideas for the proof are given in Figure 2.1l

T T
® ®
<e€ €> _-7h
€ > V< 2e
T, @ !
. ng \
.4———"' Tm € > ‘
€T < 26

Figure 2.1 — As distances d(z,,x) < € and d(x, z,,) < €, then by the triangle inequality d(z,,, x,,) <
2¢ (the left-hand schema). As d(zy,,zx) < € and d(z,,,2) < € then by the triangle
inequality d(xg,z) < 2¢ (the right-hand schema).

Lemma 2.2.1 The product of two complete metric spaces (X,dx) and (Y, dy) equiped with

the sum distance ds or the product distance d, (see Example is a complete metric
space.

Proof. Let d, be the product distance on X x Y. We notice that if (2, y»)nen is a Cauchy
sequence in (X x Y,d,), then the sequences (x,)nen and (y,)nen are Cauchy sequences in
(X,dx) and (Y, dy) respectively. Since (X,dx) and (Y,dy) are complete, the sequences
(Zn)nen and (Y, )nen converge to a limit:

x, > € X and y, syevY.
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Therefore, the sequence (z,,yn)nen converges toward (z,y) in (X,Y). This finishes the
proof. [J

Let us prove the following very important two theorems:

Theorem 2.2.1 (Nested sphere theorem) A metric space (X, d) is complete if and only
if every nested sequence of closed balls in (X, d)

By =B, (r1) DBy =By (v2) D...D B, =By (zn) D ...,
such that r, — 0 as n — oo has a nonempty intersection in X :

< B,={z} foraxeX (d(z,,x)—0, n—+400).

Proof = Let (X, d) be complete and (B,,) be any nested sequence of closed balls in (X, d)
such that for all n € N r,, is the radius and =z,, is the center of the ball B,. Then the
sequence (z,,) of centers of the balls is a Cauchy sequence, since d(x,,, T, ) < r, for m >n
and r,, — 0 as n — oo. Since (X, d) is complete, the Cauchy sequence (x,,) has a (unique!)
limit in X, denoted by z. Then x € N2, B,. In fact, B, contains every point of the
sequence (x,) except possibly the points xi,xs,...x,_1, and hence z is a limit point (see
Definition [A.1.6]) of every ball B,,. But B, is closed, and hence z € B,, for all n.

Let us proof the unicity of the point which belongs to the intersection of B,,. If x and y
belong to Ny, B, then for all n r,, > d(z,y) and thus d(z,y) = 0 which implies that z = y.

<« Conversely, suppose every nested sequence of closed balls in (X, d) with radius converging
to zero has a nonempty intersection. Let (x,) be any Cauchy sequence in (X, d). Let us
prove that then (x,) converges in (X, d).

By definition of the Cauchy sequence, we can choose a term z,, of the sequence (z,) such
that

N | —

Vn>mny d(x,, T,,) <

Let B; be the closed ball of the radius 1 with center x,,. Then we choose a term z,, of
(x,,) such that
ne >ny and Vn >mng d(x,, x,,) < 5

Let By be the closed ball of the radius % with center z,,. Continue this construction
indefinitely, i.e., once having chosen terms z,,,, Tp,, ..., Ty, (1 <ng < ... <ny), choose a

term z,, , such that
Nkr1 >y and V> ngp d(Tn, Ty, ) < pyug

which defines the center of the closed ball By, of radius 2%, and so on. This construction
gives a nested sequence (By) of closed balls with the raduis r, = 2,%1 converging to zero. By
hypothesis, these balls have a non-nonempty intersection, i.e., there is a point x € N2, B.
This point is obviously the limit of the sequence (z,,). But if a Cauchy sequence contains
a converging subsequence, then the sequence itself must converge to the same limit (see
Proposition [Z2.0), i.e., toward z. [
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Definition 2.2.12 A subset M of a metric space (X,d) is said to be nowhere dense in
(X, d) if it is dense in no (open) ball at all, or equivalently, if all open balls B in X contains
an other non trivial ball S such that SN M = @ (check the equivalence).

Remark 2.2.2 [f a subset M of a metric space (X, d) is not nowhere dense in (X, d), then
there exists r > 0 and x € X such that the open ball B,(x) C M. But if M is nowhere
dense in (X, d), it means that M does not contain any non trivial open ball in (X, d).

This concept plays an important role in Baire’s Theorem:

Theorem 2.2.2 (Baire) A complete metric space (X,d) cannot be represented as the
union of a countable number of nowhere dense sets.

Proof. Suppose to the contrary that
X - UzolenJ

where every set M, is nowhere dense in (X, d). Let By be a closed ball of radius 1. Since
M is nowhere dense in By, being nowhere dense in X, there is a closed ball B; of radius
less than % such that

31CBO andBlﬂMlzg.

Since M, is nowhere dense in By, being nowhere dense in By, there is a closed ball Bs
of radius less than % such that Bo N My = &, and so on. By this way, we get a nested
sequence of closed balls (B,) with radius converging to zero such that B, N M, = &
(n = 1,2,...). By the nested sphere theorem, the intersection N>° B, contains a point
x € X. By construction, x cannot belong to any of the sets M,, and thus x ¢ UX | M,. It

follows that, contrary to the assumsion, X # U2, M,. O

We will see in Chapters [ and [ the importance of Baire’s Theorem.

2.2.5 Completion of a metric space

Definition 2.2.13 Let (X,d) be a metric space. A complete metric space (G,d) is called
a completion of X if X C G and its closure X¢ = G, t.e., if X is a dense subset of G.

Example 2.2.8 The space of all real numbers R is the completion of the space of all
rational numbers Q.

Theorem 2.2.3 FEvery metric space (X,d) has a completion. This completion is unique in
the following sense: if there are two completions Ey and Es, then they are isometric.

For the proof see [16] (can be omitted).

2.2.6 Separable spaces

Definition 2.2.14 A metric space is said to be separable if it has a countable dense subset.

Example 2.2.9 e R" for n € N* contains the countable dense set of all points x =
(x1,...,2,) with rational coordinates.

o Let us consider the space of sequences (* such that for all x = (x1,...) € (? and
y = (y1,...) € €% the distance da(x,y)*> = Yi>1 |2 — ys]* < 00. The space (* contains
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the countable dense set of all points x = (x1,...) with only finit number of nonzero
coordiantes, which are rational.

e The space C([a,b]) of all continuous functions on [a,b] with a metric

d(g, ) = max |g(x) — f(z)]

z€la,b]
contains the countable dense set of polynomials with rational coefficients.

o et
0%° = {bounded sequences x = (x1,...)| doo(x,y) = sup |z — yi|}.
k

(> is an example of a nonseparable space. Let us show that £°° contains an uncountable
dense set.

In fact, consider the set F' of all sequences consisting exclusively of zeros and ones.
In this case, F' has the power of the continuum, since there is a bijection between F
and the set of all subsets of the set of natural numbers N: for all A C N we associate
TA = x, Such that

. { 1, ifn€ A,
"0, ifnégA

We note that the distance between any two points of F equals 1:
doo(va,p) =1 if A#B.

Suppose we surround each point of F' by an open sphere of radius %, thereby obtaining
an uncountably infinite family of pairwise disjoint spheres. Then if some set M 1is
dense in £°°, there must be at least one point of M in each of the spheres. It follows
that M cannot be countable and hence that £*° cannot be separable.

2.3 Compactness in metric spaces

Since metric spaces are topological spaces, all results and definitions of the compactness
in the topological spaces (see Definition [B.1.2)) hold for metric spaces as well. Let us just
detail the specific properties of compactness in metric spaces.

Since all open sets in a metric space are defined by the open balls (by their (arbitrary)
union and by a finite intersection), we can update the notion of the open cover (see Defini-
tion [B.11)) in the framework of the metric spaces:

Definition 2.3.1 Let (X,d) be a metric space containing a subset M and ¢ > 0. A set
A C X 1is said to be an e-net for the set M if,

Vo € M there is at least one point a € A such that d(x,a) < e.

In particular, M can be equal to X.

It is possible that AN M = @, but if A is an e-net for M, it is possible to construct 2e-set
B C M.
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Example 2.3.1 The set of all points with integer coordinates is a %—net of R2.

Definition 2.3.2 In a metric space (X, d) a subset M is called totally bounded if for all
e > 0 there exists a finite e-net of M.

M

Figure 2.2 — An example of a finite e-net for a set M C R2.

Example 2.3.2 Let us illustrate the existence of a finite e-net using Fig. (2.2 with an ex-
ample of a (compact) set M in R%. We see that A, = {ay,...,as} is the e-net of M and in
particular that M C US_, B.(a;).

Remark 2.3.1 If a metric space (X,d) is totally bounded, then (X,d) is separable.

Indeed, for all n € N we have a finite %—net, denoted by A,. Thus UyenA, is a countable
dense set in X.

We notice that:
1. If a set M is totally bounded, then its closure M is also totally bounded.
2. Every subset of a totally bounded set is itself totally bounded.

Every totally bounded set is bounded, being the union of a finite number of bounded sets.
The converse is not true, as shown in the following example:

Example 2.3.3 The unit sphere S in the space (*

S:{x:(xl,,xn,) E€2|d2<x‘70): in:l}
n=1
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s bounded but not totally bounded. In fact, let us consider in S the points

er = (1,0,0,...,0,0,...),
e; = (0,1,0,...,0,0,...),

where the nth coordinate of e, is one and the others are all zero. The distance between any
two points e, and e,, (n# m) is /2. Hence S cannot have a finite e-net with e < ?

Example 2.3.4 In the Euclidean space R™, total boundedness is equivalent to boundedness.
In fact, if M is bounded in R™, then M is contained in some sufficiently large cube Q.
Partitioning QQ into smaller cubes of side €, we find that the vertices of the little cubes form
a finite (@)—net for @ and hence for any set contained in Q).

Example 2.3.5 Let P be the set of points x = (x1,2s,..., Ty, ...) in £? satisfying the

inequalities
1

1
71| <1, fag| < o1

57 e ey
The set P, called the Hilbert cube, gives an example of an infinite dimensional totally
bounded set. Let us prove it. Given any e > 0, we choose n such that

|| <

1 - €
n-1 = 97
We associate each point x = (x1,...,%,,...) in P with the point
" = (11,79,...,7,,0,0,...) € P. (2.4)

Then

d(x,x*):\l Yo oar< JZ% < inl <3

i=n-+1

The set P* of all points in P of the form (27)) is a bounded set in the n-dimentional space,
and, consequently, P* is totally bounded. Let A be a finite (e/2)-net in P*. Then A is a
finite e-net for the whole set P.

We give now the main theorems on the compactness in the metric spaces. The proofs can
be found, for example, in [16].

In a metric space, compact (see Definition [B.1.2) and sequentially compact (see Defini-
tion [B.1.9)) are equivalent:

Theorem 2.3.1 Let (X, d) be a metric space. Then a subset M is compact if and only if
it 1is sequentially compact.

In particular for the finite dimensional spaces there is the Theorem of Heine-Borel
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Theorem 2.3.2 (Heine-Borel) In R" (or C" ) a set is compact if and only if it is
bounded and closed.

What can we say about the infinite dimensional case? To understand it, let us prove
Theorem 2.3.3 Let (X,d) be a compact metric space. Then X is totally bounded.

Proof. Let X be a compact. By Theorem 2.3.1] X is sequentially compact. Let us suppose
that X is not totally bounded:

Jeo > 0 : P a finite ¢g — net A, of X.

Let a; € X. Thus, there exists (at least one point) ay € X such that d(ai,as) > €
(otherwise ay € A, ). Thus, there exists ag € X such that

d(ay,a3) > €y and d(ag,az) > ¢ (otherwise, a1, as € Ag)-
Given ag, ..., ag, we chose a1 € X such that
Vi=1,...,k d(ajaxi1) > €.
This construction gives an infinite sequence of distinct points aq, as, ... in X with no limit

points, since
d(CLZ’, aj) >e€ if 7£ J-

But then X cannot be sequentially compact. [

Example 2.3.6 The total boundedness is a necessary condition for a metric space to be
compact (see Theorem[2.3.3), but not sufficient. For example, let

X={¢eQge[0,1]}, Va1, € X d(g1,9) = |01 — ¢|.

The metric space (X, d) is totally bounded, but not compact. In fact, the sequence of decimal
approzimations of the irrational number v/2 — 1

0, 0.4, 041, 0.414, 0.4142,

is a sequence in (X, d), which does not converge in X (has no limit point in X ).

Necessary and sufficient conditions for compactness of a metric space are given by

Theorem 2.3.4 A metric space (X,d) is compact if and only if it is totally bounded and
complete.

Proof.

=

Let (X,d) be compact. Then, by Theorem 233 (X,d) is totally bounded. Let us prove
that (X, d) is complete. As (X, d) is compact, thus all sequences in (X, d) have a convergent
subsequence. Let (z,) be a Cauchy sequence in X. By the compactness of X, there exists
a subsequence (z,,) which converges to a € X. Thanks to Proposition point 2, it
implies that x,, — x for n — oo in X. Hence, all Cauchy sequences in X converge in X,
and thus (X, d) is complete.
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=

Let (X, d) be totally bounded and complete. We want to prove that (X, d) is compact. Let
(x,) be any infinite sequence of distinct points in X.

Let us consider the 1-net of X (in X!) A; = {y1,...,¥yn, }. By definition of a total bounded
set,

nq is finite  and X = U, Bi(y;).

Thus, there exists ip (1 <9 < ny) such that the ball Bi(y,,), denoted by Si, contains an

infinite subsequence (x,(gl)) of the sequence (x,).

As 5] is a subset of a totally bounded set X, then S; is itself totally bounded.
Let A% ={z1,..., 2, } be the 3-net of S;. Then

ny is finite  and S C U2, B ().
As previously, it follows, that there exists a closed ball E% (zj,) (1 < jo < ng), denoted by
S, which contains an infinite subsequence (x,(f)) of the sequence (x,(gl)).
Let Ai be the 1-net of S;. Then there exists a closed ball S3 of radius ; containing an
infinite subsequence (x,f”) of the sequence (;z:,(f’).
Continue this construction indefinitely, we find a sequence of closed balls S, of radius 2,%1
containing an infinite number of terms of the sequence (z,,).

Let V,, be the closed ball with the same center as S, but with a radius r, twice as large

(i.e., equal to 5=7). Then clearly

Vi2Vh2V52..2Va2..

and moreover r, = Qn% — 0 as n — oo. Since X is complete, it follows (by the nested
sphere theorem) that

and thus there exists x € X such that
Moy Vi = {1‘}

Consequently, z is a limit point of the original sequence (z,), since every neighborhood of

x contains some ball S; and hence some infinite subsequence (x,(g )). Therefore every infinite
sequence (x,,) of distinct points of X has a limit point in X. It follows that X is countably
compact and hence sequentially compact and hence compact, by Theorem 2.3.11 [J

For the relatively compactness (see Definition [B.3.1]) we have the following result:

Theorem 2.3.5 A subset M of a complete metric space (X,d) is relatively compact if and
only if it is totally bounded.

Proof.

We notice that M is a closed subset of a complete metric space (X,d). Thus, (M,d) is a
complete metric space. Consequently, according to Theorem [Z3.4] M is compact iff M is
totally bounded. Moreover, M is totally bounded iff M is totally bounded. [J
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Example 2.3.7 Any bounded subset of R™ is totally bounded and hence relatively compact
(this is a version of the Bolzano-Weierstrass theorem,).

Example 2.3.8 (Relatively compact sets in C([a,b])). If (X,d) = (C([a,b]),d)
there is a criterion for relative compactness, called Arzela’s theorem.

Theorem 2.3.6 (Arzela’s theorem) A set @ of continuous functions defined on a closed
interval [a,b] is relatively compact in (C([a,b]),d) if and only if ® is uniformly bounded:

3C > 0 such that Vx € [a,b] and Vo € & |p(x)| < C,
and uniformly equicontinuous:

1) Voe @

Ve> 030 >0 such that 2) Vai,z9 € [a,b] such that d(xq1,29) < § [P(21)—¢(z2)] <.

Example 2.3.9 1. Arzela’s theorem says that ® can contain a subsequence, uniformly
converging to a continuous function, but not necessary from ®. For example, let

B = {én(z) = 2|z € [0,1], n € N,

T
Then ¢, (z) = 0, but 0 ¢ ®.

2. Let
® = {cos(nz), x€][0,1], neN}

® is uniformly bounded, since for all x and n |cos(nz)| < 1, but not uniformly
equicontinuous.

Lete=1. Then

V6 >0 dneNandIzry,zy € [0,1]:  |cos(nxy) — cos(nxs)| =2 > €.

3. Let L > 0 and o €]0,1] be fized. The set

d={¢:[0,1] = R |¢(x1) — ¢(x2)| < L|zy — x5]%}

contains all constant functions, thus ® is not uniformly bounded. But ® is uniformly
equicontinuous: Ve > 0 30 > 0, which can be found from Lé* < €, such that

1) Vo € O
2) V1,79 € [a,b] such that d(xy,72) < & |p(z1) — p(22)]| < e

Proof of Arzela’s theorem.
=

Let ® be a relatively compact set in C([a,b]). We recall that (C([a,b]),d) is a complete
metric space. By Theorem [Z.3.7]

Ve >0 4 aﬁnite%—netof@,
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denoted by A. = {¢1,..., ¢} S C([a,b]). Therefore, for all i = 1,...,k ¢; is bounded on
la, b]:

|9i(z)] < K.
We denote .
K = max K; + —.
1<i<k 3
By definition of a £-net, we have
€
VOB 30:: dul,6) = max |6(z) — du(a)] < 3. (2.5)

Then

6(2)] = 16(2) = 91(x) + 6i(0)] < 16() — Si(@)] +19u(2)| < 1u(o)| + £ < Ko+ S < K

The inequality |¢(z)] < K holds for all ¢ € ® and all z € [a,b]. Thus ® is uniformly
bounded.

Let us prove that ® is uniformly equicontinuous.

As for all t = 1,...,k ¢; are continuous on a compact [a,b] C R functions, it follows that
¢; are uniformly continuous on [a, b]:

Ve>0 30,(6)>0: |o1—mo| <& = |os(z1) — dilas)| < %
We take 6 = min<;<; d; and for all i (1 <i < k) we have
Ve>0 36(€)>0: |- <8 = |os(w1) — dila)| < %

Using (2.0), we obtain for |27 — x| < 6

[p(z1) — d(@2)| = [@(21) — @i(@1) + ¢i(1) — Pi(w2) + dilw2) — P(w2)]
< 16(@) = dulwn)] + [ox(ar) = dlwa)] + [dulwe) = dla)| < 5+ 5+ 5 =¢
from where it follows that ® is uniformly equicontinuous.

=

Let ® be uniformly bounded and uniformly equicontinuous subset of C([a, b]). Let us prove
that @ is relatively compact in C([a,b]). By Theorem we need to prove that & is
totally bounded: for all € > 0 there exists a finite e-net.

From the uniform boundedness of & we have
Vo € @, V€ la,b] |o(x)] <K,
and from the uniform equicontinuity of ® we have

Ve>0 30>0: Voed oy -z <o = |p(x1)—o(xg)] <

(G20 e
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We divide the interval [a,b] along the x-axis into subintervals of length less than ¢, by
introducing points of subdivision xg, 1, 2, ..., x, such that

a=20<T1<Tgy<...<x, =0,

and then draw a vertical line through each of these points. Similarly, we divide the interval

[~ K, K] along the y-axis into subintervals of length less than £, by introducing points of
subdivision yo, y1, Y2, - . ., Ym such that

—K=y<y1 <y2<...<ym=K,

and then draw a horizontal line through each of these points. In this way, the rectangle
la,b] x [-K, K] is divided into nm cells of horizontal side length less than ¢ and vertical
side length less than .

We now associate with each function ¢ € ® a polygonal line y = ¢(x) which has vertices
at points of the form (xy,y;) and differs from the function ¢ by less than £ at every point

xy (see Fig. 23)): ’
Yk [6(wn) = ()] < 5.

A
Y
K
SRR il el Sl el Sl el e
1 1 1 1 1
"'r---r---r---r---r-)/1
1 1 1 1 1 1
R I el ) -=
1 1 1 1 1 1
R il el S el Pl S
0 1 1 1 1 1 R
1 1 1 1 1 1 e
a| 1 |/| 1 |b X
"F"'F"'?/"F"'F"ﬂ
1 1 1 1 1
RN T e
;z’ﬂ—’,l 1 ! '
i - il el it il el I W
K 1 1 1 1 1 ltg
________________________ :
)

Figure 2.3 — An example of a ¢ € ® in red and of its approximation ¥ in green.

Since by our construction

0(e) = (@) < £, [B(@en) = blawa)| < . o) - o)l < £

we find that
3e

(k) — P(Tpi1)] < 5
Since ¥(x) is linear on [z, g1 1], then

3€

Vo € ok, o] (o) —¥(a)] <
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Let x € [a,b] and k be such that |zp — x| = ming<;<, |2; — 2|, i.e., let x5 be the nearest
point on the left to x for 0 < k < n. Then

€ € 3¢
-4+ -4+ ==

[6(x) = ¥(@)] < |¢(2) = Plan)| + |@(an) = V(@) + [d(ar —d(@)| < o+ -+ 7

Consequently, the set of polygonal lines (¢(x)) forms an e-net for ®. But there is exists
only a finite number of such lines. Therefore ® is totally bounded. [J

Analysis of the proof of Arzela’s Theorem shows that it is not really important that all
functions are defined on an interval [a, b], but it is crucial that the interval [a, b] is compact
in R. Thus, it holds the following Theorem (the proof is almost the same as for Arzela’s
Theorem):

Theorem 2.3.7 (Ascoli-Arzela Theorem) A set ® of continuous complez-valued func-
tions functions defined on a compact metric space K is relatively compact in (C(K), dw) if
and only if ® is uniformly bounded and uniformly equicontinuous.

2.4 Normed vector spaces

2.4.1 Definition and examples

Definition 2.4.1 Let X be a vector space and N : X — R a function. N is called a norm
on X if

1.Vxe X, Nz)=0 <= x=0
2. V(x,\) € X xC, N(\x)=|\N(x)
3. ¥Y(z,y) e X x X, N(z+y)<N(z)+ N(y) (triangular inequality)

If point 1 does not hold, (nevertheless, assertion 2 implies N(0) = 0) N is called a semi-
norm.

Remark 2.4.1 1. Assertions 1 and 3 imply N(x) > 0 for all x in X (take y = —z in
assertion 3).

2. By the mathematical induction from assertion 3, it follows that
N(xi+...4+x,) < N(z1)+ ...+ N(x,).

From a geometrical point of view, the last inequality can be interpeted as the length of
a segment between two points x1 and x1 + x9 + ... + x, is smaller than the length of
the broken line based on the points y; = x1 + ...+ x; fori=1,...,n (see Fig.[24).

X2

Iy T+ ...+ x,

Figure 2.4 — Generalized triangular inequality
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Definition 2.4.2 Let N be a norm on a vector space X. The couple (X, N) is called a
normed vector space. For elements x in X N(x) is usually noted ||z x.

Example 2.4.1 1. The modulus of a linear function f: X — R is a seminorm in X:
forze X N(x)=|f(x)] satisfies 2) and 3), but not 1) in Definition [2.41]

In particular, if X =R (or C), the seminorm N(x) = |x| is a norm in X (here it is
important that the dimension of X equals to 1). Thus, the notion of a norm can be
considered as a generalization of the notion of modulus.

2. InR™ || - || and || - |le= for 1 < p < 0o also define the norms. For p =2 we find the

Fuclidean norm
n
]l = (| D |l
k=1

3. Consider X = (> introduced in Example[ZZ9. Foru € X, define N(u) = sup;ey |uil.
Then N(u) is a norm on (°°.

4. Let us consider the space of sequences 7 = {x = (z1,...)] Yis1|2ilP < oo} for
1
1 <p<oo. Then ||z|w = (Ei21 |xi|p>” is a norm on (P,
5. For the space C([a,b]) of continuous functions on |a,b] we can consider

Nelh) = Il = s @k N0 = U7l = ( [ 1 |pdx),

a<z<b

where 1 < p < oo. Then the spaces (C([a,b]), Noo) and (C([a,b]),N,) are normed
spaces.

6. Let us consider the space Lip of all Lipschitz continuous functions f from a normed
space X to R. We can define the norm by

| fllLip = | f(zo)| + sup M

oty e =y

We can directly verify that

Proposition 2.4.1 Let (X, | -||) be a linear vector normed space. Then the ball
Bi(0) ={z e X| |zl <r}

is convex and symmetric set in X.
Problem 2.4.1 Prove that a function N(z) : X — R is a norm if it satisfies:

1. N(x) is a positive homogeneous function :

N(Az) = |A\|N(z) VAeR.

2. The set {x € X|N(z) < 1} is convex.
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3. N(x) >0 if x #0.
(If we don’t have 3), then N is a semi-norm.)

Remark 2.4.2 Using Problem[27.1], it is easy to verify that || - ||, is a norm on C([a,b]):
|z|P for p > 1 is a positive homogeneous function, which is conver and strictly positive if
x # 0, what implies that || - ||, is a norm.

We can see that in the same linear vector space X we can define different norms. In the
next Section we will answere the question: if there are two different norms || - [|; and || - ||2
on X, what about the properties of (X, || - ||1) and (X, |- ||2)?

2.4.2 Converging sequences and continuous applications

Let us precise the notions of the convergence and the continuity in the framework of normed
spaces:

Definition 2.4.3 1. (X, | - ||) be a normed linear vector space and (x,) be a sequence
of elements of X. We say that (x,) converges to x € X if

d(xp,x) = ||z, — || = 0 forn — +oo.
2. Let f be a mapping of a normed space (X, || -||) to a normed space (Y,|| -||). The

mapping f is continuous if from the convergence of x,, to x in X for n — 400 follows
that the sequence (f(x,))nen converge to f(z) inY:

|z, —z||x = 0 forn — 400 = |f(z,)— f(x)|ly = 0 forn — +o0 (2.6)

Example 2.4.2 Let (X, | - ||x) be a normed linear vector space. The norm || - ||x is a
continuous function on X :

if  Nan —zllx =0 forn— 400 = |z.|x — [|z||x for n — 4o0.
To prove it is sufficient to notice that for all x and y in X it holds the following inequality:
| lzllx = llyllx] < fle = yllx.

Therefore, we have that
| zllx = lznllx] < [z — znllx

and, since ||z — .|| x — 0 for n — 400, it implies that ||x||x — ||zn||x — 0 for n — +o0.

Remark 2.4.3 Any linear continuous mapping f : (X, | - |lx) = (Y, || - |ly) @s Lipschitz

continuous:
3K >0 |f(z)— fWlly < K|z —y|x Vz,yeX.

If in addition, K < 1, f is a contraction.

2.5 Underlying metric and topology to a normed space

We can recognize in Example 2.4 the formulas of the metrics given in Example 2.1.3
written for a distance between x and 0.
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2.5.1 Metric and a norm

Proposition 2.5.1 Let (X, || -||) be a normed space. Then the function

plz,y) = llz —yl| for (z,y) € X x X (2.7)
is a metric in X. Moreover, the metric p is absolutely homogenous, i.e.
p(Az, Ay) = [Alp(z,y) for (z,y,A) € X x X xC, (2.8)
and invariant by translation (see Fig.[2.7)
plz+z,y+z)=plx,y). (2.9)
)
Y

Figure 2.5 — Translation of two vectors = and y by a vector z.

Proposition 2.5.2 A metric d in a space X is defined by a norm in X by formula (Z71)
if and only if d satisfies (2.8) and (2.9).

Problem 2.5.1 Ifd satisfies (2.8) and (2.9), prove that N(z) = d(x,0) is a norm.

This time the closure of an open ball is equal to the coresponding closed ball:

Proposition 2.5.3 Let (X, || -||) be a normed space. Then
B,(z) = B(x).

Proof. See [9] p.19 (can be omitted).

2.5.2 Equivalent norms

Definition 2.5.1 Let || - ||y and || - ||2 be two norms in a vector space X. The norm || - |2
is called stronger than the norm || - ||1 if there exists a positive constant C > 0 such that

Vee X |zl < Ol

Example 2.5.1 Let us consider the space C([a,b]) of continuous functions on [a,b] with
two following norms:

1

Il = o 1@ = ([ 17@Ras)

a<z<b
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We find that || - ||e is stronger than || - ||2:

Il < ([ 100) o 1700 = VBl

A stronger norm will provide a stronger topology, i.e. more open/closed sets. If there are
two norms || - ||; and || - || on X and || - || is stronger than || - ||;, it means that

1. the convergence in (X, || -||2) implies the convergence in (X, || - /1) (but not converse!)
2. if a set F is dense in (X, || - ||2) then F' is also dense in (X, || -||1) (but not converse!)

Definition 2.5.2 Let || - || and || - ||2 be two norms in a vector space X. The norms are
called equivalent if there exist two positive constants ¢ > 0 and C' > 0 such that

Ve e X el < Jalli < Cllee.

We notice that norms are equivalent iff associated balls can be included in one another
(after a possible homothetic transformation).

Theorem 2.5.1 If X is a finite-dimensional vector space dim(X) < oo, then all norms in
X are equivalent.

Proof. Since X is a finite-dimensional vector space, there exists a basis {u;, 1 <i < n}
such that for all z € X there exist unique «; (i = 1,...,n) such that

n
xr = Z AUy
1=1

Let us denote by || - ||2 the usual Euclidean norm:

n n %
lalls = IS asuslls = (Z |ai|2> .
=1 =1

We want to prove that any norm || - || in X is equivalent to the Euclidean norm || - ||o. We
start with the proof of the existence of ¢ > 0 such that c||z|| < ||z]|2. Using the triangular
inequality, we have that

n n
el = 11> vl < D e -
i=1 i=1

As for all i ||u;|| are positive numbers, we apply the Cauchy-Schwartz inequality in R",

1
2

2 2 2
|rxusz|a@-|uu@-us(z|a@-|) (Zuum) ~ el (Zuum)
=1 =1 =1 1=1

[N

We set ¢ = (30, ||u;]|?) "2 and finally obtain that

clle] < flll2-

Let us justify the existence of C' > 0 such that ||z||2 < C||z||. The inequality c||z| < ||z||2
implies that if a sequence (x,) converges with respect to || - ||2, then (x,) converges with
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respect to || - || too. Consequently, the norm || - || is continuous in (X, || - ||2) (as application
from X to RT) and attains its minimum m > 0 on the unit sphere

S1(0) = {z e X||lz]2 =1},
(which is compact by the Heine-Borel theorem):

" ” ||x|| =m > 0.

We can thus write that for ||z|s =1
fallam =1-m < |l (2.10)

Suppose now that z = -, i. e |z]|]2 = 1, but ¥ is not necessary in S;(0). Consequently,

from (2.I0) we find using the linear property of the norm that

: Iyl
yllz < < fllilylls = H Huym Ljgpliede _ Ly,
m I vl

Now we choose C' = 1/m. O

Corollary 2.5.1 Let X be a finite-dimensional vector space. There is only one topology
induced by the norms.

2.5.3 Compactness
There is a very important statement about the compactness of unit balls in normed spaces:

Theorem 2.5.2 Let (X, |- ||) be a normed linear vector space of infinite dimension. Then
the closed unit ball B{(0) = {z € X|||z|| < 1} is not compact.

To prove it, we need the following Lemma of Riesz about the quasi-perpendicular:

Lemma 2.5.1 (Riesz, quasi-perpendicular) Let E be a closed subspace of a normed
space (X, || - 1|), such that E # X. Then

Ve €]0,1] Jze ¢ E, |lz]| =1 such that d(z.,E) > 1—¢,
where d(z., F) = infcp ||z — u||.

Remark 2.5.1 Let X = R3, E be a plane containing zero and let = € X be a perpendicular
vector to E with ||z|| = 1. Then for all u € E we have (see Fig. [Z.0)

[ = 2] > []z]] = 1.

Proof. Let x ¢ E (since E # X then 3z ¢ E). We denote inf,cp |z —ul| =d. Asxz ¢ E
and, in addition, F is a closed subspace of X, then d > 0. Moreover, by the definition of
the infinum, we have

d
Ve €]0,1] Ju. € E such that d < ||u.—z| < 1o
—€

We consider
Ue — X
ze=—=, |zl = 1.
[ue — ]
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Figure 2.6 — For all vector u in E we have ||u — z|| > ||2]| = 1, since the length of the perpendicular
z is smaller than the length of any vector u — z.

Let us prove that z. ¢ E:

if z. € E, then u, — x € E and consequently, x € F/, what is the contradiction.
Finally, let us prove that d(z, F) > 1 —e¢:

forallu e F

1
= mm = (ue — ullue — [,

Ue — X

e — ul = \ u

lue — 2]
and, since u, — uljue — z|| € F and, in addition, ||z — w|| > d for all w € E, we obtain

1—
¥:1_6 0

lze — ull >
Let now prove Theorem
Proof (Theorem [2.5.2))
Let y; € B$(0) such that ||y;]] = 1. Suppose y1,...,y,—1 € Bf(0) such that
Vi Jlyill=1 and E,_;=Span(yi,...,yn_1), dimE, ;=n—1<oc.

Since F,_; is finite dimensional, then it is a closed proper subspace of X (FE,_; # X). By
Riesz Lemma, it follows that

. 1
yp & Enr ynl|=1: Vi=1,...n—1 |]yi—yn|]>§.

Consequently, there exists a sequence (y;)ien C B$(0) such that for all i # j it holds
lyi —y;ll > % Therefore, the sequence (y;);en does not contain any convergent subsequence,
what implies that B{(0) is not compact. [

The following proposition is a direct corollary of the non compactness of the balls in an
infinite dimensional normed space:

Proposition 2.5.4 A subspace E of a normed space (X, || - ||) is locally compact (the in-
tersection of E with any closed ball in X is compact) if and only if E is finite dimensional.

We finish with the following corollary:

Corollary 2.5.2 Let (X, ||-||) be infinite dimensional normed space. Then all compact sets
in (X, | -1|) are nowhere dense in X :

if M is compact, then for any open ball B C X there exists a non trivial ball S C B such
that SN M = @.
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Proof. Let M be a compact in an infinite dimensional normed space (X, | - ||). Suppose
the converse, that M is not nowhere dense in X: there exists a ball B,(a) in X such that
any ball containing in B, (a) has a nonempty intersection with M. Let us show that in this
case M D B,(a).

We take xy € B,(a) and consider a sequence of balls B, (zq) with r, = M, n € N*.
If ||x — zo|| < 7p, then

|z —all < [l — ol + |lzo — all < 7w+ [lzo —al <7
Consequently, B, (z¢) C B.(a) and then, by the assumption, for all n € N*
Brn(ZL'Q) NnM 7& .

Let x,, € B, (x9) N M. Obviously, x, — xo for n — 400 in (X, || - ||). Since for all n > 1
T, € M, then g € M. Thus, B,(a) C M and hence B,(a) C M. As M is compact, then
M and B, (a) are compact too. Therefore, using Proposition 2.5.4] the compacteness of the
ball B,(a) implies that X is finite dimensional, contrary to the assumption. [J

2.6 Banach spaces

Definition 2.6.1 A normed vector space that is complete is called a Banach space.

Example 2.6.1 1. R™ is a Banach space for any norm defined on it.
2. (C(la,bl,|| - ||z2) is not a Banach space.
3. (C([a,b], || - lloo) is a Banach space (|| flloo = maxXa<z<p |f(x)]).

4. forp e [l,00], Q C R™ LP(Q) with the LP-norm is a Banach space (see Fischer-Riesz
Theorem in Subsection[D.1.2).

See "TD1’ for the proofs and more examples.

Problem 2.6.1 Prove that the space C([0,2]) of continuous function on [0, 2] equiped with

the norm L
191 = ([ 1rpar)

Indication: Consider the limit of the sequence (f,) of elements of C([0,2]) defined by

is not a Banach space.

0, 0
ful)={ 1T4nt-1), 1
1 1

INIA A
N ~ =
AN
——

IA T IA
S+~ 3|~

Definition 2.6.2 We say that

1. Y272, i is convergent in X if there exists x € X such that S,, — x for n — 0o in
X:||Sn—zl[x =0 n— oo.

2. 3% xx is absolutely convergent in X if Y52 ||zk||x < 0.
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Thus it holds

Theorem 2.6.1 The normed space (E, || - ||g) is complete if and only if every absolutely
convergent series in F,
ie. 1, €E 1 ) |laa|lp < oo,

converges in F.

Proof. = If F is complete and (z,,) is absolutely convergent, let show that the sequence
of partial sums S, = >")_; x) is a Cauchy sequence in E.

Indeed, thanks to the absolute convergence,

Ve >0 3dngle) e N:  Vn,p > ng(e)

[Sn1p = Sulle = 21 + - + Taiplle S lznnlle + -+ longlle <e

Thus, (S,,) is a Cauchy sequence in E. As E is complete, it implies that (S,,) converges in
E.

<« To show that if every absolutely convergent series x,, € E converges in £ then FE is
complete, first, we see that (z,) is a Cauchy sequence in E. Consequently, it is possible to
extract for a fixed € > 0 a subsequence (x,, ) such that

[, = | < o
Indeed, we define n; such that
|Tn, — zn|| <€ forall n > ny = ng(e),
we define ny, > ny such that

||£L‘n2 - l‘n” S fOl“ aH n Z N9y = no(g)’

[NeNINe

and so on.

Let also introduce the following sequence:

Let show, thanks to the absolute convergence of (x,,), that the partial sums of the sequence
(yn) converge in E/ and consequently (z,,) converges in £.

Firstly we notice that by our construction

€
YYo= +y+...+y=2, and |n] <e [y < ,...,Hypﬂgﬁ,

NSNS
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Thus, as (z,,) is absolutely convergent,
Z Yk
k=1

is absolutely convergent too:

o o €
Sl <3 o
k=1 k=1

where (57) is a geometrical sequence. By the assumption, it follows that >72 ; v, converges
in £/, which implies that

m
Zyk:xnm—)xEE m — 00.
k=1

To conclude, we use the fact that if (z,,) is a Cauchy sequence containing a convergent (in
E) subsequence, then the sequence converges in E. [






Chapter 3

Linear operators

3.1 Definition of a linear continuous and bounded opera-
tor in normed spaces

Definition 3.1.1 (Linear and densely defined operator) Let (X, | - ||) and (Y, - |)
be two normed vector spaces. Let D be a vector subspace of X .

A mapping A: D C X — Y is called a linear operator (or a linear function, or a linear
mapping) if for all w and v in D and all X in R

A(u+v) = A(u) + A(v)
A(Au) = MA(u)

D is called the domain of A. We say that A is densely defined if D is dense in X.

L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 3.1 — Graphe of the function g(t) = e~ /(1=) if |t| < 1 and 0 if |t| > 1.

Example 3.1.1 Let X = L'(R) and Y = L=(R).
Define g(t) = e /=) 4f [t| < 1 and 0 if |t| > 1 (see Fig[31). The function g is in C*°
We define the convolution operator

F: XY
Fo R—R ,
[z f(y)g(z —y)dy
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which can briefly be written as

F(f) = (F+9)(@) = [ g(z =) f(y)dy. (3.1

F is a linear form or a linear functional.
Let us justify that f x g € L*(R).
It is easy to see that g € C*°(R) and bounded. Thus, g € L>(R). Therefore,

(0@ < [ lote — I F)ldy < maxlg@)] [ 1F@)ldy < gl e

Definition 3.1.2 (Bounded operator) A set X is bounded if there exists r > 0, such
that X C B,(0).

Let X and 'Y be two normed vector spaces. Let A: D C X — Y be a linear operator. We
say that A is bounded if the image of any bounded set in X is a bounded set in'Y .

Remark 3.1.1 Linear operator A : X — Y is bounded if and only if A is bounded on a
non-trivial ball B,.(0) centered in 0 in X.

Proof. If A is bounded, it is obvious that AB,.(0) is bounded for all » > 0. (Note that
AB,(0) means A applied to B,.(0)).

Suppose that A is bounded on B,.(0) for a fixed r # 0. We proceed in two steps:

e Let R > 0 and R # r. For Br(0) = AB,(0) with A = £, we see that ABg(0) is
bounded.

e Let M be a bounded set in X. Thus
dR>0: M C Bg(0)

and therefore, AM C ABRr(0). Since ABr(0) is bounded, it implies that AM is
bounded too. U

Proposition 3.1.1 Let X and Y be two normed vector spaces. For a linear operator
A: X =Y the following assertions are equivalent:

1. A is continuous,
2. A is bounded,
3.3C>0: |Azlly < C|z||x Vze X.
Proof. (1) = (2) Let A be continuous. Thus, in particular, A is continuous in 0:

Ve>030=46d(e) >0: |z|[x <6 = ||Az|ly <e,

where we have used A0 = 0, since A is linear. Thus, A is bounded on B;(0) and hence A
is bounded.

(2) = (3) Let A be bounded. If z = 0 (3) is obvious. Let x # 0. We normalize it by
introducing

x
g = """ = H.To”le = .ToEBl(O).
[ x
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Since B;(0) is bounded, AB;(0) is bounded too. Consequently,
AC >0: | Azolly < C,
or equivalently, by the linearity of A and the norm,

T 1
H&MW:HA< )
Telx

]l x

_ Azlly _ c

y o llellx ~

Y ‘

which gives (3).

(3) = (1) Let z,, = = for n — oo in X . We have, due to the linearity of A, that

|Az, — Az|ly = |A(z, — z)|ly < C||lzn, — x||x = 0n — o0,

what implies that ||Ax, — Az|y — 0 for n — oo, i.e. Azx,, — Az forn — oo in Y. O

Remark 3.1.2 Linear operator A : (X, | - ||x) = (Y, || - |ly) is continuous if and only if A

15 continuous in 0.

Problem 3.1.1 Let X and Y be two normed vector spaces. Prove that a linear operator

A: X =Y is continuous on X if and only if A is continuous at 0. (Note that A0 = 0!)

Example 3.1.2 (Linear bounded operators, Fredholm operators)

1. Let X =Y = C([a, b]) with its usual norm: || f|c(ep = MaXe<a<p | ()]
the operator A by the formula:

f € C([a,b]) — lt = y(t) = /ab K(t,s)f(s)ds € C([a,b])

We define

where Af =y and K, called kernel of A, is a fized continuous function on [a,b] X

la,b]. The operator A is called the Fredholm operator.

By its definition A is linear. Let us show that A is bounded, or equivalently, continu-

ous:

O] < [ 1K 9)f(5)lds < Mo~ ) Fllegn Vi € [a,1],

where we have used

e As K is a continuous function on the compact [a,b] x [a,b], K is bounded on

[a,b] X [a, b]:
aM >0 |K(t,s)| <M V(ts) € la,b] X [a,b].
o [f()l < Nfllcan Vs € la,b].
Thus, we obtain for C'= M (b — a) that

lyllcqan < Clliflleqar- O
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2. Let X =Y = L*(]a,b]). We define the Fredholm operator A such that
y(0) = AUF() = [ K(t,)f()ds € (a0,
where the kernel K € L*(]a,b[X]a, b]):
Amemeu@Fﬁds:Aﬂ<:ux

Let us show that A is bounded, or equivalently, continuous. We use the Cauchy-
Schwartz inequality (or the Hoélder inequality for p =2):

w1 < [ 1 s < o [ 1 sy [ s

Therefore

b
WO < [ 150, sl
and integrating the last inequality over |a,b| on t, we obtain
2 bt 2 2
lylit < [ [ 16t ) Pdsat| 3.
Since | K| r2qapx]apy = M, we conclude that

[yllzz < M| f][z2-

Example 3.1.3 (Unbounded operator)

Let us consider p

A= DS L*()0,27]) — L*(]0, 2n)
with domain D = C(]0,2x[). We note that A is not defined for all f € L*(]0,2x[), but its
domain D is dense in L*(]0,27().

Let us take x,, € D such that

1 .
T,(t) = e neZ
V2T
Then
2
| Znll 220,22 = $/}0 . \/ﬂei”t dp=1, =z, € B(0),
but

|A@all 202y = Il 2l 2oz = In = 00 = oo.

Therefore, A is not bounded.
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3.2 L(X,Y): The space of linear continuous operators

Proposition 3.2.1 Let X and Y be two normed vector spaces. For a linear operator
A: X =Y we define:

Ax Y
a=sup Y s gy, v = sup Az,
w20 ||7]|x 2]l x <1 llzllx=1

§ = inf{C € R*|| Az|ly < C||z||x Vz € X}.

Then o = 8 =~y = 9.
Proof. Let M, = sup, -, [[Az|y. Then M, =~ and M, =rM, =ry.
l.a=:

_ [Azlly M,
o = sup sup

— = Ml =.
>0 ||z| x=r HSL’HX r>0 T

ro
sy

I
)

8= sup M, = M; sup r= M; =~.

0<r<1 0<r<1

3. a=0: Let ¢(x) = lAzly ~Ag ¢ > 0, by definition of the supremum, we have

llllx

a=sup ¢(z) = inf{C € Rt |p(z) < C}=46. O
x#0

Corollary 3.2.1 A linear operator A is bounded if and only if one of a, 5, v or § is finite.
Definition 3.2.1 (Space L(X,Y)) Let X and Y be two normed vector spaces.
The set of linear and continuous operators from X toY is denoted L(X,Y).

It is easy to verify that £(X,Y) is a linear vector space.
Definition 3.2.2 Let A € L(X,Y). The norm of A in L(X,Y) is defined by

Ax
Ao = sup Y = s sty = sup el
w20 [Zllx el ol =1
= inf{C € R*|||Az|ly < C|z|x Yz € X}.
Therefore, (L(X,Y), || - |lzcx,y)) i a normed vector space.

Problem 3.2.1 Prove that || - || z(x,y) is a norm in L(X,Y).

Remark 3.2.1 L(X, X) is a normed algebra: for a product AB of linear continuous op-
erators, defined as (AB)xr = A(Bx), we have |AB| < ||A||||B|| (if A and B are linear
continuous, then AB is linear continuous as a composition of two linear continuous map-

pings).
Theorem 3.2.1 IfY is a Banach space, then L(X,Y) is a Banach space.
Proof. Let (A,) be a Cauchy sequence in L(X,Y), i.e.,

Ve>0 dN(e) >0 Vm,n>N(e) ||A, —Anllexy) <e (3.2)
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We need to show that there exists A € L(X,Y") such that A, - A for n — oo in L(X,Y).
Let us use ~ for the definition of the norm:

|An — Anllzxy)y <€ & sup [[Apx — Anzlly <e.

[zl x=1

Moreover, we have for all m,n > N(e)

sup ||Apx — Apzlly <e & ||Awz — Apz|ly <€ Vr:zllx=1, (3.3)

[zl x=1

in other words, (A,z) is a Cauchy sequence in Y. Y is a Banach space, thus (A,z) is
convergent in Y: there exists an element y € Y such that y = lim,, .., A,z. Let us note it
as Azx: y = Ax. Then we obtain:

1. A is linear: the limit lim,,_,, is linear and A,, are linear for all n.

2. A, - Aforn — oo in £(X,Y): in (B3) we fix  and n and pass to m — oo, thus
we find with the limit that

Vn > N(e) ||(Ap — A)z|ly = ||Anz — Az|| <€ for ||z] = 1.
Taking a supremum on x (note that N does not depend on z!) we obtain
[An — Allzixy) < e
3. A e L(X,)Y): as ||A, — Allzx,y) < € for n > N(e) then A, — A is bounded for

n > N(e), therefore, A = A, + (A — A,) € L(X,Y) as a sum of linear bounded
operators. [

Corollary 3.2.2 If X is a Banach space, then L(X, X) is complete.

An important corollary from the equivalence of norms in a finite dimensional space is that,
given X a finite dimensional normed vector space and Y a normed vector space, all linear
mapping from X to Y is continuous.

Proposition 3.2.2 Let (X, ||| x) be finite dimensional normed vector space and (Y, ||-||y)
be normed vector space. Then the space L(X,Y) is equal to the space of all linear mappings
from X toY.

Proof. As (X, ||||x) is finite dimensional, then all norms on it are equivalent. Consequently,
if (e1,...,en) is a base of X, we can consider in X the norm:

N
Z ZT;€;
=1

Let A be any linear mapping of X to Y. By the linearity of A and by the triangle inequality,

we find
N
=1

which proves the continuity of A. [

def
= sup |-

¥ i=1,...,.N

lllx =

[Az]ly =

N N
<3l Aeily < (Z uAeiHy) lalx,
=1

Y =1

We refer to [9] for more examples of linear but not continuous operators in infinite dimen-
sional normed spaces (see p. 27 and 28).

We give now the BLT-theorem (see [4] and [23] p.31):
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Theorem 3.2.2 (BLT: Bounded Linear Transformation) Let X be a normed vector
space, D be a dense subspace of X and Y be a Banach space. Let B: D C X — Y be a
densely-defined linear continuous operator. There exists a unique continuous linear operator
A: X =Y that extends B and that has the same norm.

For the proof of the BLT-theorem see TD2.

3.2.1 Definition of the dual space

Definition 3.2.3 A linear mapping f of a normed space X to R is called functional or
a linear form on X.

Definition 3.2.4 We note X* = L(X,R) the space of linear continuous functionals on X.
It is called the dual space of X.

The norm on X* is defined by

vf e x| =sup L]
w20 |||
Remark 3.2.2 X* is always a Banach space (whether X is a Banach space or not).
Definition 3.2.5 We denote the value of f € X* onx € X by (f,z) = f(z).

3.3 Bounded operators and theorem of Banach-Steinhaus
Proposition 3.3.1 Let X and Y be two normed spaces and A : X — Y be a linear
operator. Then A is continuous if and only if fa(x) = ||Ax||y is continuous on X.

Proof. We see that

A is continuous <= 3IC > 0: Vo € X ||Az|ly < C|z|x
<= fa(z) is bounded for ||z||x bounded <= fa(x) is continuous. [

Definition 3.3.1 (Graph of an operator) Let X and Y be two normed vector spaces
and A : X =Y be a linear operator. A set

Ga={(z,Ax)|z e X} C X xY
is called graph of the operator A.

Definition 3.3.2 (Closed operator) Let X and Y be two normed vector spaces and
A: X — Y be linear. Then the operator A is called closed (operator), if its graph is closed

(set):

if ((azn,A:cn)) C Ga and for n — +00 (x,, Ax,) = (x,y) € Ga, then y = Ax.
neN

Remark 3.3.1 Operator A: (X, | |lx) = (Y, - |ly) is closed, then

T, = T in X

Az, —»yinY = y=Ar
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We give the following important theorem without proof:

Theorem 3.3.1 (Closed graph) Let X,Y be Banach spaces. Linear operator A: X —Y
is continuous iff A is closed.

Using the definition of the graph of an operator we prove the theorem of the continuous
inverse operator:

Theorem 3.3.2 (Banach, continuous inverse operator) Let X and Y be Banach
spaces, A be a linear bijection X — Y and, in addition, let A be continuous. Then its
inverse A™' .Y — X s also a (linear) continuous operator.

Proof. Let us compare two graphs:

Ga={(z,Azx)|z e X} C X xY
Gar={(y,AY)|yeY}CY x X.

We notice that, actually, y = Ax and A~'y = z, hence (y, A~ly) = (Az, z).
In addition, we define the operator J : X x Y — Y x X by the formula

J(z,y) = (y,z)
in the way, that G4-1 = JG 4. We recall (see Chapter 2]) that the normed space X x Y
has the norm ||(z,vy)||xxy = ||z|lx + ||ly|]ly. By its definition, J is a bijection of two

normed spaces, J and J~! are continuous, and consequently, J is a homeomorphism (see

Definition [A.2.3]).

Since, A is continuous and X, Y are Banach spaces, then we apply the Closed graph
theorem to conclude that A is closed. Therefore, GG 4 is closed, thus, as a homeomorphism
maps closed sets to closed sets (see Theorem [A2.4]), G4-1 is also closed. Then, A™! is
closed. Since X and Y are Banach spaces, by the Closed graph theorem, we obtain that
A~1is continuous. [J

The following notions of bounded operators which we will use in Chapter [k

Definition 3.3.3 Let X and Y be two normed spaces. A set of bounded linear operators
(Ai)ier C L(X,Y) is said to be bounded on a vector x € X, if

|Aiz|| < C Viel, whereC=C(x)>0.

Definition 3.3.4 A set of linear bounded operators (A;)icr C L(X,Y) is uniformly
bounded if

|Aillcxyy < C Viel.
We notice that if (A;);e; C £(X,Y) is uniformly bounded then
|Aiz|ly <Cllz||lx VzeX Viel.
Theorem 3.3.3 (Banach-Steinhaus) Let X be a Banach space and Y be a normed

space. Let (A;)ier C L(X,Y) be a set of linear bounded operators. (A;)ier is uniformly
bounded if and only if (A;)ier is bounded on all vectors x from X.
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Proof. = Obvious.

< Let for all i € I and for all z € X ||A;x]ly < C(z), where by C(x) is denoted the
constant depending on x.

Let

X, = {z € X| Vi € I |JAzlly < n} = Nieg{e € X| |Aizlly < n}
As A; are continuous operators and by the continuity of the norm, X, is an intersection
of closed sets (by inverse image of continuous mappings), hence, X, is closed in X. In
addition, for all x € X, z € X,, if n > C(x). In particular, U,enX,, = X. Since X is a
Banach space, by Baire’s Theorem, there exists n € N such that at least one X,, contains

a ball of positive raduis: B.(xg) C X,. We also have for all y € B.(0) C X that, by the
linearity of A;,

[Aiylly = [4i(y + zo — o) ly = | 4i(y + z0) — Aiwolly < [[Aiy + o) [ly + | Aizolly
<n+ [[Aizolly <n+ C(z).

We set y = em € X and find

HAZ‘ (enasnX)
n + C(xg)

VeeX Viel |Aaly < allx———. O

€

y o llzllx

|Aiz|ly < n+ C(xg),

and thus

3.4 Hahn-Banach theorem and its corollaries

We give without proof the following theorem (see [4]):

Theorem 3.4.1 (Hahn-Banach) Let X be a real vector space and ¢ : X — RT be a
semi-norm. In addition, let L be a subspace of X and l: L — R be a linear functional on
L such that

l(x) < ¢(x) Vxel.
Then there exists a linear functional A : X — R such that
1. AN(z)=1l(z) YeeL (Apr=1
2. ANz) < o(x) VxeX.
There is a direct corollary of the Hahn-Banach theorem:

Corollary 3.4.1 Given a real normed linear space X, let L be a subspace of X and [ a
bounded linear functional on L. Then | can be extended to a bounded linear functional A
on the whole space X without increasing its norm, |[l||zLr) = ||Allzxr)-

In what follows we use three corollaries from the Hahn-Banach theorem (see TD2 for the
proof in the case of a separable normed space X):
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Corollary 3.4.2 Let X be a normed vector space, v € X and x # 0. Then there exists a
linear continuous functional f € X* such that

[fllexm =1 and  (f,2) =[]

Proof. We apply Corollary B.4.1] of the Hahn-Banach theorem for L = {tz|t € R} C X
and fo € L* defined as

fo(tz) = tf|z|.
We notice that
Jo(z) = ||z
and if y = tx then
o) = [tllzll = [ltzl = llvll = Nfoller) = 1.

Therefore, by Corollary 3.4.1] of the Hahn-Banach theorem, there exists f € X* such that
f(x) = |lzl| and [[f]| = 1. O

Corollary 3.4.3 Let X be a normed vector space, L be a subspace of X and xo ¢ L such
that d(L,zo) = d > 0. Then there ezists f € X* such that

1. f(x)=0 Vzel,
2. f([L‘Q):]_,
5. 011 = 1.

Proof. Let us take L! = L+ < xy >, where < zy > is a linear space constructed on zg
taking all its linear combinations. Thus,

Vye L' Az ecLandIteR:y=a+tr, Vye L'
We define fy € (L')* by the formula:

foly) =t.

Therefore, if y € L it follows that fy(y) = 0 (thus point 1) ), and we also have fy(xy) =1
(thus point 2) ).

Let us show that || fol| = 5. On the one hand,

It [|y]l [yl Iyl
o) = It = 2 = L < B
Iyl [+ 20
since - . -
— = — | —= >d ——¢€l).
Ht + T on ( t> H - (as t )

Hence, we find that || fol| < 3.
On the other hand, we show that || fo|| > 3.
Since d = inf ¢y, ||xo — 2|, it follows that

3(x,) € L such that d = lim ||z — y,]].
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As
1= fo(zo — xn) < [ follllzo — @ ll,

we obtain for n — oo that || fol| > 3.

From ||fo|]] < % and ||fo] > % we conclude || fy|| = 3. Thanks to Corollary BZ1] of the

Hahn-Banach theorem, we expand fy to f € X* which satisfies all three conditions. [

Corollary 3.4.4 Let X be a Banach space, L be a subspace of X. L is not dense in X if
and only if
df € X*  f#0 such that f(x) =0 Vzx € L.

Proof.= Let L be not dense in X:
T4X.

Thus, there exists xg € X such that d(zo, L) = d > 0. Applying Corollary 3.4.3],

df e X*: f(xg)=1 (f#0) and f(x)=0 VzelL.

< Let L =X, i.e.,
Vee X 3J(x,)CL: =z, — xn— oo.

Then, by the assumption,
df e X* (f#0) suchthat f(y)=0 VYye€ L,
from where we find, by the continuity of f, that

Vee X f(r)= lim f(z,)=0 = f=0.

n— oo

This is the contradiction with f # 0. Therefore, L # X. [J
Remark 3.4.1 1. (f,x) =0 Vz € X implies f = 0.
2. (f,x)y =0 Vfe X* impliesz =0.

Proof Let’s assume the converse. If x # 0, by Corollary[3.4.9, there exists f € X*
such that f # 0 and (f,x) = ||z|| # 0. It is the contradiction. [

Remark 3.4.2 Can we consider the notation (f, x) as an “inner product” between elements
of two spaces X* and X ? It is obvious bilinear and continuous with respect to x € X. Is it
continuous with respect to f too?

3.5 Reflexivity
Definition 3.5.1 The bidual space of X is noted by X™* and defined by
X = (X*) .
It is the normed space of a linear continuous functional from X* to R with the norm:

I eoxmy = sup (£, )1

FeEX*[Ifllexry <l
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Let us fix € X. Then for f € X* the mapping F, : X* — R such that f — (f,z) is a
linear continuous functional on X*.

There is a natural injection ® from X to X**. Given x € X, associate ®(z) = F, € X**
defined by a linear continuous functional on X*: F, : f € X* — (f,x) € R. Thus we have
the equality:

<Fx>f>X**,X* = <fax>X*,X \V/{L‘GX, \V/fGX*

The notation (z,y)xy means that x € X, y € Y and (z,y) = x(y).

Proposition 3.5.1 Let X be a normed space. Then the natural injection ® : X — X** is
a linear isometric (thus continuous) operator.

Proof. The linearity is obvious. Let us prove that

17|

X** f— ”xHX.
We find that

£ |

X*x*x — Sup ‘<Fx7f>| == Sup ‘<f7x>| = H'THX
IFl<1 IFlI<1

We need to justify that sup ;< [(f,2)| = [|z|x.
Let z # 0. We see that

[(f, )]

2] x

sup [(f,z)] < [lz]lx <= sup
K 20

<1 <= |(f,2)] < |z|x.

In addition, thanks to Corollary [3.4.2],
VZIIO e X E|f0 e X" Hfo” =1 <f0,.§l]0> = ”ZII()H

Thus, sup) <1 [{f,2)| = [|z]x. O

As @ is isometric, it means that X ~ ®(X) C X**, where ®(X) is a subspace of X**. If ¢
is surjective (and then bijective), X and X** can be identified.

Definition 3.5.2 We say that X is reflexive if ®(X) = X**. In this case we write
X = X** understanding the isometric equivalence.

Example 3.5.1 1. R™ is a reflexive space.
2. 0P and L? for 1 < p < oo are reflexive spaces (see Appendiz[D for the proof).

3. Let ¢y be the space of all sequences x = (x1,...,x,...) converging to zero, with the
norm (see Chapter[3)
lzll = sup fae].

Then the space cy is isomorphic to the space £' of all absolutely summable sequences.
So ¢t =0, and (£1)* = €. Therefore, cy # ci*.

4. L> and L' are not reflexive spaces (see Appendiz[D for the proof).

Let us mention without proof the following results (see [4] for the proof):
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Theorem 3.5.1 Let X be a Banach space. X 1is reflexive if and only if X* is reflexive.

Definition 3.5.3 (Uniformly convex) A Banach space X is uniformly convez if for
all € > 0, there exists 6 > 0 such that

=+

<1-—4d.
2

Ve X andye X: |z <1, |yl[<land|z—yl|>e =

Theorem 3.5.2 (Milman-Pettis) Let X be a uniformly convex Banach space. Then X
is reflexive.






Chapter 4

Hilbert spaces

4.1 Sesquilinear and bilinear forms

A vector space X can be defined on C or on R. If it is not specified, that X is a real
vector space, it is supposed that X is defined on C. However, there is some difference in
the terminology for the real and the complex spaces. For instance,

Definition 4.1.1 A mapping A: X — Y of a complex vector space X to a complex vector
space Y s called antilinear if A satisfies

VA\pueC Vr,ye X Az + uy) = NA(z) + TA(y).

Definition 4.1.2 (Real vector space) Let X be a vector space on R. We call bilinear
form on X a function a : X x X — R such that, for all u,v,w in X and X\, p in R, we
have:

1. a(Au+ pv,w) = Aa(u,w) + pa(v,w),
2. a(u, \v + pw) = Aa(u,v) + pa(u, w).
It is symmetric if a(u,v) = a(v,u) for all u,v in X.

Definition 4.1.3 (Complex vector space) Let X be a vector space on C. We call
sesquilinear form on X a function a : X x X — C such that, for all u,v,w in X and
A, ioin C, we have:

1. a(Au+ pv,w) = Aa(u, w) + pa(v, w),
2. a(u, W + pw) = Aa(u,v) + ga(u, w).

Definition 4.1.4 Let X be a vector space on C or R. A sesquilinear/bilinear form is
positive if a(u,u) > 0 for all u in X.

It is definite positive if a(u,u) > 0 for all u in X \ {0}.

It is hermitian if a is sesquilinear and if a(u,v) = a(v,u) for all u,v in X. In particular,
a(u,w) is real for all u € X.
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Example 4.1.1 Let us consider the space L*(]a,b[). The function:
alw,v) = [ wwdi () € L*(Ja,b) x *(a, )
a,b

is a bilinear form, which is symmetric, positive and definite positive, since ||ul|3: = a(u,u).

Definition 4.1.5 Let X be a vector space on C (respectively on R ).

We call inner product on X, a definite positive hermitian (respectively symmetric bilinear)
form on X. We usually note it {u,v) or (u,v).

We say that u and v are orthogonal if (u,v) =0 and we note u L v.

Problem 4.1.1 Let X = R" and a(z,y) = X', ai;jx:y; be a bilinear form associated to
the real matrice A = (@ij)ij=1,..n-

a(zr,y) = Z aijziy; = (Az,y),

ij=1
where (z,y) = Y1, x;y; s the inner product in R™ (prove it!).
Prove that
1. a is symmetric iff A is symmetric, i.e. A= A’.

2. a is an inner product in R™ iff A is strictly positive defined:

Ve e R" 3a>0: (Az,z) > alz,z), and (Az,x) =0 <= x = 0.

Remark 4.1.1 If (-,-) is an inner product on a vector space X, then
[ull = /{u,u) VueX

is a norm on X . All inner products (-, ) are associated with a norm ||u|| defined as \/{u,u).
The converse is not true at all times:

A norm || - ||x is associated with an inner product iff it satisfies the parallelogram law:

1f + g% + 11 = gllx = 2(171% + lgllX)  V(f,9) € X x X. (4.1)
In this case, the norm ||-||x defines the inner product which can be introduced by the formula:
1 { , .
(fr9) = 7(1f +allx = If = gll%) + 7 (l= + iyl = = = iy[]*),

where i = /—1.
See, for example,[23] p.27.

We add the usual definitions of parallel vectors and normalized vectors:



4.1. Sesquilinear and bilinear forms 49

Definition 4.1.6 Let X be a vector space on R with an inner product (-,-).
We say that u € X and v € X are collinear if there exists A € R such that u = \v.
We say that u € X is normalized or unit if |u|| = /(u,u) = 1.

Theorem 4.1.1 (Pythagorean theorem) Let X be a vector space with an inner product
(-,). If (u,v) = 0, then for the norm defined by the inner product (||u|| = \/{u,u)) we have

lu+ vl = [lull® + [lo]]*.

Proof. Using the properties of the inner product, we find

lu+]* = (u+v,u+v) = {u,u+v) + (v,u+v)
= (u,u) + (u,v) + (v,u) + (v,v) = |lul]* + [Jo|]%,

since (u,v) = (v,u) = 0. O

0

Figure 4.1 — Projection of x (in red) on the direction of u (in blue). z, is in black and P(z) is in
green.

Definition 4.1.7 Let X be a vector space with an inner product (-,-).

Let u be a normalized vector in X. Then we say that P(z) (P: X — X, x — P(x)) is a
projection of x € X on the direction defined by u (see Fig.[4.1) if:

1.z, =2x—P(x) Lu,
2. P(z) = \u.
In addition, we find that A = (x,u):

(uyz1) = (u,x — Ay = (u, x) — Mu,u) = (u, ) —A=0 <<= = (u,x).

Let us also introduce the definition of an orthogonal subspace:

Definition 4.1.8 Given U a subspace of X, the orthogonal of U is the set of vectors of
X that are orthogonal to all of the vectors in U. It is noted U~.

Given U and V' two subspaces of X, we say theses spaces are orthogonal if for any u in
U and any v in'V, one has u L v.
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Remark 4.1.2 We will see later that for all subsets U of X, its orthogonal U~ is a closed
vector subspace of X.

4.2 Pre-Hilbert spaces

4.2.1 Main properties and definitions

Definition 4.2.1 A Pre-Hilbert space (or inner product space) is a vector space with
an inner-product.

Example 4.2.1 1. Let us consider for p > 1 the normed vector space (P of infinite
sequences v = (ay, as, ...) with the norm (see Chapter[3)

1
P
H.T”gp = (Z |ak|p> < Q0.
k

Using the parallelogram law ({4-1), we can show that the norm || - ||w is associated to
an inner product only for p = 2:

Let us take two sequences in (P
f=(1,1,0,0,...,0,...) and g¢g=(1,-1,0,0,...,0,...).
Thus,

f+9=1(200,...,0,...) and f—g=(0,2,0,...,0,...)
[fllee = llgller =27 and [|f + glle = [ f = gller = 2.

Equation (4.1) becomes
A44=4.27 < p=2
We conclude that only ¢* can be a Pre-Hilbert space. In addition we verify that

B - gj:(al,ag,...)662
(z,y) =D _aibi, where y=(by,by,...) €2

is an inner product. Let us also notice that (* is complete.

2. In analogous way, L*([a,b]) space for p > 1 is a Pre-Hilbert space iff p = 2. The
inner product in Ly([a,b]) is given by

(F.o)= | f7du ¥(F.9) € La((a b)) x Ly((a. b))

Lo([a,b]) is also an example of a complete Pre-Hilbert space.
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8. The space C([0,5]) of all continuous functions on [0, 5] with the norm

2
IfIF = max [£(2)]

us
0<t<Z

is not a Pre-Hilbert space (take f(t) = cost and g(t) = sint, then ||f] = |lg|| = 1,
If+gll = V2, |If —gll = 1, and consequently, (1)) fails), but it is a Banach space.

, 5] with the norm

i =( [ |f(t)|2dt>%

s not complete, but it is a Pre-Hilbert space with the inner product

4. The space C([0, 5]) of all continuous functions on [0

™

(f,9) = /: f(t)g(t)dt.

Theorem 4.2.1 (Cauchy-Schwartz-Bunjakowski) Let E be a Pre-Hilbert space. Then
it holds

[ < zllllyll V(z,y) € ExE, (4.2)
where ||z|| = \/{x, x).

Proof. Let us prove it for a real Pre-Hilbert space E. The proof for a complex Pre-Hilbert
space E can be found in [9] p. 187. Thus for all A € R

(= Xy,x =y = ||z]|* — 2\ (2, y) + N[lylI* > 0
= A=yl - lzPlyl* <o,

which gives directely that |(z,y)| < ||z]|||y|]|. Here we have considered
lz]1* = 2 (2, y) + N[ly[* = 0
as a quadratique function of \. [J
The Cauchy-Schwartz-Bunjakowski inequality has two important corollaries:

Corollary 4.2.1 Let E be a Pre-Hilbert space and for all x € E ||x|| = \/{x,x). Then the
|- || of x € E can be also found by the formula

]| = max [{z, y)|.
lyli=1

Proof. Set ||y|| = 1. By Theorem 2] we have

[z, )| < llllllyll = =] Ve e X,
i.e., |[{z,y)| is bounded by ||z]|.
Let us take now y = ﬁ for x # 0. We find the equality:

(z, )
]

= [lI].

Thus ||z|| is the maximum of |(z,y)| over all y, such that |y|| = 1. O
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Problem 4.2.1 Let E be a Pre-Hilbert space. Prove (using Corollary[4.2.1) that the func-
tion
[zl = /{z,z)

is a norm in E. Therefore, each Pre-Hilbert space is a normed space.

Corollary 4.2.2 The inner product is continuous as a function of variables of (x,-), (-, y)
and as a function of two variables: {-,-), i.e. if v, — x and y, — y in E, then (z,,y,) —

(z,y).
Problem 4.2.2 Prove Corollary[{.2.2
Proposition 4.2.1 Let X be a Pre-Hilbert space.

A sesquilinear (respectively bilinear) form a : X x X — C (respectively R) is continuous if
there exists a constant C' > 0 such that

V(z,y) e X, falz,y)l < Clle]llyll

Problem 4.2.3 Prove Proposition[{.2.]]
Note that a sesquilinear (bilinear) form is always continuous if X has a finite dimension.

Definition 4.2.2 Let X be a Pre-Hilbert space. We say that a sesquilinear (bilinear) form
a:X x X — C(R) is coercive (or elliptic) if there exists a constant o > 0 such that

Ve e X a(z,x) > afz]?

Remark 4.2.1 A coercive sesquilinear (bilinear) form is definite positive.

4.2.2 Fourier series and orthonormal systems in a Pre-Hilbert space

Definition 4.2.3 Let X be a Pre-Hilbert space. Let {v;,i € I} be a family of elements of
X. We say this family is orthogonal if

\V/iej,jej, Z?éj, <’UZ',’U]'>:O.

We say this family is orthonormal if, additionally,

Vi € [, <’UZ‘,UZ'> =1.

Ezxample 4.2.2 Let X = (. Let us define for i € N the sequence v; = (0,...,0,1,0,...),
where only one coordinate of v;, the coordinate number i is not zero and equal to 1. The
sequence (v;)ien s an orthonormal family in (2.

Definition 4.2.4 Let {v;,i € I} be an orthonormal system in a Pre-Hilbert space X. Let
f € X. The numbers
C; = <f, Ui>7 1€ [7 (43)

are called Fourier coefficients of f with respect to the system {v;,i € I}.

The series > ;cr c;v; is called the Fourier series of f with respect to the system {v;,1 € I}.
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Remark 4.2.2 In what follows we will answer to the question:
When does the Fourier series of f converge to f in X ¢

Let us show that the Fourier coefficients of f minimise the distance between f and the finite
dimentional subspace S, = Span(vy,...,v,), i.e. g = >.r_, ¢v; is the orthogonal projection

of f on S,.
Any element of S,, can be written as s, = Y1 a;v; for some a; € R.

As (v)ien s orthonormal system in X, we explicitly find
Lf = sull®* = (f = D_ awvn, f = D ajuy)
k=1 j=1
= (f, ) = 2(f, D awvn) + (Q anvr, D ajv;)
k=1 k=1 j=1

=If1I* =2 " aner + D |ow|?
=1

k=1
= IFI1P =D lexl + D o — el
k=1 k=1
from where follows the result

0 <d(f,8,)" = min [|f — Yoapvl? = (1 = Do ool = AP = D [,
k=1 k=1 k=1
Therefore,
> lal> < IAIP
i=1

independently of n. Thus, for n — +o00 we obtain the Bessel inequality:

+o00
2 2
> lal* < IfIP (4.4)
i=1
Let us also notice
Corollary 4.2.3 1. Letcy,...,cCy, ... be a numerical sequence. The necessary condition
for the numerical sequence to be a sequence of Fourier coefficients for an element
f € X, is that
+oo
> el < o0
i=1

2. Let (¢;)ien be a sequence of Fourier coefficients for an element f € X with respect to
the orthonormal system {v;,i € N}. Then ¢; — 0 for i — 4o00.

Remark 4.2.3 The second point of Corollary[4.2.3 follows from the convergence of
+o0
o lal? < oo
i=1

To prove the existence of the limit of the Fourier series, we need to have a complete Pre-
Hilbert space, i.e., a Hilbert space.
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4.3 Hilbert spaces

Definition 4.3.1 A Hilbert space is a complete Pre-Hilbert space.

Subsequently, a Hilbert Space is a Banach space with an inner product. We recall the
relations between different spaces in F'ig. [{.9

Pre-Hilbert —> Hilbert
i i
Vector ] Normed Vector ] Banach
N n
Metric — Complete Metric
0
Topological

Figure 4.2 — Recap of the different types of spaces. The notation A — B means that A is more
general that B and that B is a particular case of A.

Example 4.3.1 R"*, L?, (? are Hilbert spaces.

4.4 Hilbertian basis

All results of this section are true for the complex Hilbert spaces. For the clearity, all proofs
are given for the real case.

Definition 4.4.1 (Hilbertian basis) Let H be a Hilbert space. Let e = {e;,i € I} be an
orthonormal system in H. The system e is called a basis of H, if

Vue H u=) (u,e)e,
il
where (u,e;) = ¢; are the Fourier coefficients of u with respect to e.

Remark 4.4.1 In Definition[{.4.1) the sum is finite or countable.

Contrary to the basis in an finite dimentional vector space, u does not need to be equal to
a linear combination of elements of the basis. But u needs to be approached (as close as
desired) by a linear combination of elements of the basis:

n

> (u,e;)e; —u

=1

— 0 for n — 400,
H

where ||ul|lg = /{u,u) .
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Corollary 4.4.1 Let H be a Hilbert space. Let e = {e;,i € I} be an orthonormal system
in H. The system e is an orthonormal basis in H iff it holds the Parseval equality:

Vue H Y [(u,e)* = [|ul*

iel
Proof. Let e be an othonormal basis in H, i.e.,

Vue H uw=> (ue)e.

1€EN

We take the inner product of the lust equality with « and thus obtain the Parseval equality.
Let now e be an orthonormal system in A such that

Vue H D [(ue)]* = |lul”

1€N

It means (see Pythagorean Theorem AL T.T]) that

lu = (u, edeil|* = ull* = > [(u, )" =0,

ieN ieN
which implies that u = > ;cn(u, €;)e; in H. O

Remark 4.4.2 Let us notice that for all subset e C H of a Hilbert space H we always have

1. et = Spcm(e)L

2. Span(e) ® et = H (see Definition[].5.3).

Definition 4.4.2 Let H be a Hilbert space. Let e = {e;,i € I} be an orthonormal system
in H. We say that e is total if Span(e) is dense in H:

Span(e) = H.
Theorem 4.4.1 Let H be a Hilbert space.

For an orthonormal system e = {e;,i € I} in H the following assertions are equivalent:

1. e is total,
2. et ={0}:
Viel (e,z)=0 = x=0, (4.5)
3. e is an orthonormal basis.
Proof. See the proof in the general case, presented by Theorem U

Definition 4.4.3 Hilbert space H is called isometric (or unitary equivalent) to an Hilbert
space Z if there exists a surjective isometry B : H — Z.

Remark 4.4.3 For Hilbert spaces H and Z a surjective isometry B is a linear bijective
operator which preserves the inner product:

V(z,y) € Hx H (x,y)y = (Bx, By)z.

Theorem 4.4.2 Let H be a separable Hilbert space (see Section[2.2.0). Then



56

Chapter 4. Hilbert spaces

1. There exists an orthonormal countable basis.

2. The real Hilbert space H is isometric to R" if the dimension of H is finite and equal

ton. If H is an infinite dimentional space, H is isometric to (. (If the Hilbert space
is complex, it is isometric to C™ for the finite dimentional case, or to the complex
space (2 for the infinite dimentional case.)

Proof.

1. There exists an orthonormal countable basis: Let v = {vy,...,v,,...} be a countable

set dense in H (it exists since H is separable.) Let us take a maximal subset f =
{Vn,, Uny, . ..} of linear independant elements of v (3-; a;v,, =0 = Vi a; =0.)

We can construct f in the following way:

ny = min{i : v; # 0},
ny = min{i : v; ¢ Span(v,,)},

nsg = min{i : v; ¢ Span(v,,, Vn, )},

If f is a maximal subset of linear independant elements of v, then
Span(v) = Span(f) and Span(f) = H,

since v is dense in H. Let us orthogonalize f by the orthogonalization of Gramm-
Schmitt. We denote f, = v,,. Thus we define

S
€1 = = HeIH =1
Hle
— ([ er)en
ey = = |lez2|| =1 and ey L ey,
||f2 (fa,er)en]
"1 (fasej)e;
en = = Jles)=1ande, L {e,...,e, 1}
”fn_ <fnvej> JH

We obtain the orthonormal system e = {ej,es, ...}, such that Span(f) = Span(e),
and therefore, Span(e) = H. It means that e is a closed, thus total, orthonormal
system in H. Consequently, e is an orthonormal basis of H.

. H is isometric to R™ or £2: We know that ¢? is a Hilbert space with the inner product

= (ZL‘l,l‘Q,...) S 62

=Y x;u;, where .
2wy = (y1,4n,...) € 12

We suppose in our proof that £2 and H are real vector spaces.

Since H is separable, by the first point of the Theorem, there exists an orthonormal
countable basis e = {ej, eg, ...} such that

VfeH f= Z(f,e,)e
i=1
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The sequence of the Fourier coefficients of f, denoted by

cr = ((f,ei))iens,

and which is uniquely defined for all f € H, is an element of ¢?: by the Bessel
inequality 322, |[(f,€;}|* < co. Thus, for all f € H there exists unique ¢; € 2.

The converse is also true: by Lemma [C1.3] for all elements c in ¢? there exists a
unique element y € H.

Let us define an operator
F:H—0 VfeH F(f)=c.
We have proved that F' is a bijection. Let us prove that
V(f.9) € HxH (f,g)n=(F(f),F(g))e = {cr.code = 3 _(f,e){g. ).

i

For (f,g) € H x H we have

f:Z<fa6i>H6ia g:Z<g’6j>H6ja
i=1 j=1
from where
<f7g>H:<Z fel Hemz g7€j He] Z<f7ez><gael> U
i=1 j=1 i=1

Let us give some examples of Hilbertian basis:

Example 4.4.1 1. In (? the set of sequences

er = (1,0,0,...,0,0,...),
=(0,1,0,...,0,0,...),

where the nth coordinate of e, is one and the others are all zero, is an orthonormal
basis.

2. Forn € N* functions
1, cosx, sinx, cos2x, sin2x, ..., cosnz, sinnz, ...

is an orthogonal basis (which can be normalized) of L*([—m,7]).

3. Chebyshev’s polynomials

2
T, (x) = \/;COS(TL arccosz), n € N

form an orthonormal basis in the space X = {f] \/— e L'([-1,1])} endowed with

1—22
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the following inner product:

f(x)g(z)

(f,g) = /H L e

4. Hermite’s polynomials

o dr

dz™

H,(z)=(—=1)"e (e*ﬁ) , neN*

form an orthonormal basis in the space X = {f| e f2 € L'(R)} endowed with the
following inner product:

(f.9) = /Re””Qfgdx-

Remark 4.4.4 When we write [, f(z)dx, it means that it is the Lebesgue integral of f
over ).

Problem 4.4.1 Prove that the set of all polynomials with rational coefficients on |a,b| is
dense in the set of all polynomials with real coefficients on ]a, b|, which is dense in L*(]a,b]).

Example 4.4.2 Since L? is separable, L? is isometric to (2.

4.5 Orthogonal projection

We refer to Definition 2.1.3] of the distance between a set and a point in a metric space.
See also Remark 2.1.2

We also recall:

Definition 4.5.1 Let X be a vector space. A C X is convex if

Vir,y) e AxA A, ={z=te+(1—-t)y: 0<t<1}C A

See Fig. for an example of a convex and non convex sets.

A B

Figure 4.3 — Example of a convex set A and a non convex set B. Red lines represent A, , and B, ,
for fixed x and y.

Theorem 4.5.1 (Projection) Let H be a Hilbert space and A C H be convex and a closed

subset of H. Then for all x € H there exists a unique x* € A, called the projection of x on
A, such that ||x — z*|| = d(x, A).
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4 g proj

Proof. Existence

Let 6 = d(x, A) = inf,c4 d(z,y). By definition of infinimum, we have
Ixp)neny € A d(z, ) (O

or equivalently,
(e nen ERT 1 d(z,2,) =5 +¢€,, ande, \ 0.

Without loss of generality, let us suppose that z = 0. (We move all by the vector —z and
instead of A we consider A = A — z, as it is shown in Figure [£.4)).

4 -z A=A—z

Figure 4.4 — Moving of A and = on the vector —x.

For x = 0 we have that d(0,z,) = ||z,|| \( 0. Using the parallelogram law (@.1]), we find
that
1z = 2 1* = 2(|2al* + lzm 1) = lln + 2l

We can write
[2n]]? = 6% + €, ||zml]> = 6° + €, for €, \,0.

Let us now estimate the term ||z, + z,,|*

Since A is convex, it follows that

V(o) EAx A = z:x;yeA
Thus,
2
‘””T‘”m > 5% =y an|? < —46%.

Therefore, we can estimate
20— |I> = 2([|2nl P+ | Zm]|?) = [ Tnt2m||® < 46°+2€,+2¢,, —46% = 2¢,,+2€, — 0 m,n — +o0.

Consequently, we obtain that ||z, — 2,,|| — 0 for m,n — +oo, from where it follows that
(x,) is a Cauchy sequence in H.

H is complete, thus there exists * € H such that ||z, — 2*|| — 0 for n — +00. But (z,)
is a convergent sequence of elements of A, which is closed, thus z* € A.

Moreover, by the continuity of the norm, we have

* _ . _
o]l = lim ||z, = 6.
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Hence, we have proven that
Vee H Jx*e€A: |z—2a"|| =d(z, A).
Uniqueness
Let x* € A and y* € A be such that
lz*[] =6, [ly*ll = o.
Then we find by the parallelogram law (4.1]) that
lz* =y [I* = 2(l|2"[1* + [ly"[%) = =" + y7|]* < 40% — 46* = 0.

Here we have used that A is convex, thus % € A which implies that

We have 0 < ||z* — y*|] < 0 from where it follows that ||z* — y*|| = 0 and hence y* = z*. O

2

T _'_y 252 = _Hx*_'_y*HQ S _452.

Therefore we can reformulate Theorem 5.1 in the following form:
Corollary 4.5.1 Let X be a Hilbert space and S C X be a closed subspace.
For any x € X, there exists a unique x* € S such that ||x — z*|| = d(z, S).

In addition, x* is the orthogonal projection of x on S':

|le —2*|| =d(x,S) iff YyeS (z—2z%)Luy. (4.6)

Proof. Direct: Let x € X. Let z* € S satisfy ||z — 2*| = d(z, 5).

Let’s take y € S and A > 0, then, as S is a subspace, z* — Ay € S. We have
lo = 2"||* < flz = (2" = Ay)I* = (& = (2" = M), 2 = (2" = \y))
= o — 2" |* + 2XMz — 2™, y) + Nly]1*,

from where, dividing by 2X # 0, we find
)\ 2 *
2yl + ¢ a9 > 0.

The term (z — z*,y) does not depend on A and the inequality holds for all A # 0. Thus,
we can consider the function f(A) = ¢;A + ¢, with constant coefficients (¢; = 3||y||* and
¢y = (x — x*,y)) which is linear and continuous on A. Therefore, passing to the limit for
A — 0, we obtain that

Vye S (x—a",y)>0.

Since S is a subspace, if y € S, then —y € S:
YyesS (z—z",—y)>0.
This implies that

VyeS (z—a2"y)y=0 <= WVyeS (r—za")_Ly.
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Converse: Let £ € X. Let 2* € S be such that
Vye S (z—2a") Ly.
We have

lz =yl = llz —a" + 2" —y|* = (z 2" +2" —y,o — 2" + 2" —y)
= |lo — 2| + 2(z — 2", 2" —y) + 2" — y|* > [l2 — 27|,
where we use the following facts:
1. Since z* and y are in S, then z* —y € S and consequently 2(z — z*, z* — y) = 0.
2. |lz* —yl* > 0.

Let us take inf,cg of the inequality ||z —y|| > ||z —*|| (the right-hand part does not depend

on y):
d(z,S) > ||z —x"|.

In addition, * € S implies that
| —z*|| = d(z, ),

from where we conclude that ||z — 2*|| = d(z, S). O

Remark 4.5.1 We can give another proof of Corollary[{.5.1: Let’s take y € S and X € R,
then, as S is a subspace, * — Ay € S. Let us define a function h of A by the formula:

h(X) = |l — (&5 = M)II° = [z — 2*]* + 2X{z — 27, y) + X*[|y|*.
Thus
VAeR h(0)= |z — :L’*H2 < h(A),

which implies that h takes its minimum value at the point A = 0. We also notice that h(\)
is a quadratic function on \.

Therefore, by the property of the extremal point (the minimum point here)
h'(0) = 2(x — 2%, y) = 0,

which holds for all y € S and means that x —x* L S.
Inversely, if for ally € S (x — z*,y) =0, then for ally #0 in S
h(0) < h(1).
It means that
Vy € S\{0} |z —a™|| <llz— (=" —y)ll,

or, since for ally € S\ {0} a* —y defines an element z € S\ {x*} (S is a linear space
andz* € S andy € S), it means that x* is the strict global (in S) minimum point and thus
unique.

Proposition 4.5.1 Let H be a Hilbert space and A be its subset. Then A* is a closed
vector subspase in H .
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Proof A* is a vector subspace because all linear combinations of elements of A+ keep the
orthogonal property and thus gives an element of A+ (by the linearity of the inner product).

A% is closed, since for any convergent sequence of elements in A+ its limit is orthogonal to
A by the continuity of the inner product. [

Definition 4.5.2 Let H,,..., H, are Hilbert spaces. Set Hy x ... x H, is denoted by
H, ®...® H, endowed with the inner product given by the formula

Vi = (371, .- .,l’n) vy = (yh cee 7yn) <x7y>H1€B~..@Hn = <I‘1,y1>H1 +o <xn7yn>Hn7

where if x € Hi & ... ® H,, it means that v = (x1,...,x,) and x; € H; for all i. Vector
operations are defined for each coordinate of x.

Problem 4.5.1 Prove that H = Hy x ... X H, is a Hilbert space:
o (x,y g ={(x1,y1)m, + -+ (Tn,Yn)m, 1S an inner product on H
e H is complete.

Remark 4.5.2 H is called the orthogonal direct sum of the spaces Hy, ..., H,. Why
is the sum is called orthogonal?

Let H=H, ® Hy, x € Hy andy € Hy. Then x = (a,0) € H and y = (0,b) € H. Thus
<x7y>H = <CL, 0>H1 + <07b>H2 =0,

and consequently Hy 1 Hy. In the general case, H; L H; for i # j.

Remark 4.5.3 For allx € H = Hy x ... X H, there exists unique x; € H; (i=1,...,n)
such that x = (x1,...,T,).

Definition 4.5.3 Let P be an operator from a normed space X to a normed space Y. The
kernel of P, denoted by Ker P, is called the set

Ker P = {z € X| Pz = 0}.

Let us prove the following theorem:

Theorem 4.5.2 Let H be a real Hilbert space and S C H be a closed subspace. The
operator P from H to S defined by P(x) = x* (where x* is the orthogonal projection of
on S) has these properties:

1. P is a linear operator.
. P?=P:Vz € H P(P(z)) = P(z). In addition, Im(P) = S.
. If P #0, then ||P|| = 1.

. Its kernel is Ker P = S+.
. H=S®S+ andS;«éHiﬁ‘SL#{O}.
Proof.

2
3
4. P is continuous.
5
6
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1. P is a linear operator:

Let us show that
VAeER Ve e H P(\x)=\P(z). (4.7)

Indeed, since, by definition of P, P(x) = x* is the orthogonal projection of z on 5,

then, thanks to Corollary [£.5.T],
Vye S (x— P(z),y)=0.

Thus, by linearity of the inner product:

VAeR VyesS (A —AP(x),y)=0.
On the other hand, for (Az) € H we have

Vye S (Ax— P(A\z),y) =0.
Since the orthogonal projection of Az is unique, we find ([@7)). Let us show that
Ve, € H Vao € H P(xy+ x2) = P(x1) + P(x2). (4.8)
For all z; € H and for all 25 € H we have
Vye S (x;— P(z;),y) =0 fori=1,2.
By linearity of the inner product, we find
Vye S (x1+x9— (P(x1) + P(x2)),y) = 0.

For the element z; + x2 of H we also have

Vye S (x1+x— Py 4+ x2),y) =0.
Thanks to the uniqueness of the orthogonal projection of x4 x5 on S, we obtain (Z.S)).

2. P?=P:Vx € H P(P(x)) = P(x). Im(P) = S:

By definition of P, for all x € H P(x) € S. Moreover, if x € S, then d(z,S) = 0 and
P(x) = z. Consequently, P? = P and Im(P) = S.

3. If P#0, then |P] = 1:

Let us notice that as for all x € H its projection P(x) € S, we can take y = P(x)
in (A.6) and obtain that

Vee H (z— P(z),P(x))=0.
Using Pythagorean Theorem (Theorem ELT.TI), we have
l2]* = [|1P(2)]|* + ||z — P(a)|.

Therefore,
vee H |[|P(x)] < =[],
which implies that || P|| < 1.

If P # 0, there exists x # 0 in S. Thus P(z) = x and ||P(z)|| = ||z||. Then we
conclude that [|P| = 1.
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4. P is continuous:

Since P is linear and its norm is finite (equal to 1), then P is continuous.

. Tts kernel is S*:

Thanks to Corollary [4.5.1], we directely find

reKerP <= Plx)=0 <= 1'=0 <= 218 <+ ze8"

. H=S®S* and S # H iff S+ #£ {0} :

Thanks to the previous point, we can also write that H = Im(P) @ Ker P. Thus we
directely see that

Im(P)=S#H <= St=KerP #{0}.

Let us prove that H =S @ S*. Forallz € H
x = (x — P()) + P(2), (4.9)
where P(x) € S = Im(P). Let us show that (z — P(x)) € S* = Ker P:
P(x — P(z)) = P(z) — P(P(z)) = P(z) — P(z) = 0.

In addition Im(P) L Ker P and decomposition ([£9) is unique by the uniqueness of
the orthogonal projection. [

4.6 Riesz representation theorem

Theorem 4.6.1 (Riesz representation) Let H be a Hilbert space. Any linear continu-
ous functional on H can be uniquely presented by the inner product in H:

Vfe H* IyeH: VreH f(x)=(xy), (4.10)

and moreover, || f||g« = ||x||z. (In other words, any Hilbert space is isometric to its dual.)

Remark 4.6.1 The Riesz representation theorem states that

1. For any (fized) y in H, the linear form f, : H — C defined by

Vee H f,(z)= (z,y)
is a linear continuous form on H (f, € H*) and

£y

e = ||yl (4.11)

2. The function F : H — H* defined by F(y) = f, is an isometric isomorphism from H

to H*.
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Proof. Let us prove (4.I0) for a real Hilbert space H.

Let f be a linear continuous function on H: f € H*. Let’s consider

Hy=Ker f = {z € H: f(x) = 0} = f7({0}).
For Hy we have:

e Since Ker f is a vector space (if f(x) = f(y) = 0 then for all  and S in R f(az+py) =
af(x)+ Bf(y) =0), Hy is a subset of H.

e Since f is continuous and the one point set {0} is closed in R, then the inverse image
of {0} is closed in H (see Apendix [A.2]). Therefore, Hy is a closed subspace of H.

Let us prove that dim Hy = 1.

We fix 2y ¢ Ker f, i.e. 19 € Hy (indeed, Ker f = H, is a closed subspace of H, thus
H = Hy® Hy implies that zy € Hy") and f(xg) # 0. Such g exists if f # 0 (if f =0 then
f obviously has the representation (£I0) with x = 0 and in this case ||z|| = || f|| = 0). We
also notice that zo # 0 since f(0) = 0 (as f is linear continuous, it is continuous in 0).

Let x € H. For y =z — f(x)% we find that

f<y>=f(:c—f<:c> il )=f<x>—f<:c> — F@) - () =0,

i.e. y € Hp.
For a fixed zy in Hy" the representation of x by the formula
r=1y+ary, wherey € Hy, and a € R,
is unique.
Indeed, let x = y + axg for y € Hy and x = 3y’ 4+ o’z for iy’ € Hy. Then
(@ —a)zg =y —y.
If a = o/ it implies that 3’ = y. If a # «/, it implies that

/

Yy -y
a—o

XTog = c HQ,

which is a contradiction with the assumption that zy € Hy-.

Consequently, for a = ]f((xmo)) € R we have that any vector x € H can be uniquely presented
by
r=y+avy, y<Hy, x0€Hy. (4.12)

Thus H = Hy ® Hy and Hy = (xo) with dim Hy = 1.
Let us show that there exists a unique y € H such that for all x € H f(z) = (z,y).

Let us consider (L.I2]) with a normalized vector xq: ||zo|| = 1.

We apply to (£I12) f:
flz) =04 af(xg),
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and we take the inner product of (£I12) with zo:
(z,x0) = 0+ alxo, 20) = a.

Therefore,
Vee H f(z)=(z,10)f(x0) = (x,y), wherey = f(zo)zo.

Let us prove the uniqueness of y € H such that f(z) = (x,y) for all x € H. Suppose that
there exist y; and y, such that for all x € H

f(x) =(z,y1) and  f(z) = (z,42).

Then
Vee H (z,y1—v2)=0 <= (y1—12) L H,

which implies that y; — yo = 0.
Let us prove (LI1): In fact, by Cauchy-Schwartz-Bunjakowski inequality

[f (@) = [(z,9)] < ll=llllyll,

but f(y) = ||y||?, thus we have ([EIT)). O

Thanks to H = H*, we find that a Hilbert space is reflexive. But sometimes (see [4] and
Section 83.2)) we does not identify H with its dual to obtain good inclusions of functional
spaces. However, H is always isometric to H*.

4.7 Operators defined by a sesquilinear/bilinear form

Theorem 4.7.1 Let H be a Hilbert space. Let a : Hx H — C be a continuous sesquilinear
form. Then there exists a unique linear bounded operator A : H — H such that

V(z,y) € H, a(z,y) = (z, Ay).

Proof. By the continuity hypothesis, for any fixed y € H the linear form = — a(x,y) is
continuous. We denote it by f,(x) = a(x,y) for a fixed y € H. By Riesz representation
theorem, there exists unique z € H such that f,(z) = (z, 2).

Therefore, for any y € H, there exists unique z € H such that a(x,y) = (x,z). Define
A:H — H by Ay = z. A is linear (the unicity in Riesz representation theorem and the
sesquilinearity of a(-,-)). In addition,

1Ay|* = (Ay, Ay) = a(Ay,y) < C[lAy]|lyll.

Thus
[Ay[l < Cllyll,

from where we conclude that A is a bounded linear operator. [J

Definition 4.7.1 Let A: H — H be a linear bounded operator. Let a : H x H — R be the
associated bilinear/sesquilinear form.

We note A > 0 if a is positive. We note A> B if A— B > 0.
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Theorem 4.7.2 (Adjoint operator) Let H be a Hilbert space. For all A € L(H, H)
there exists unique A* € L(H, H), which satisfies

Ve,ye H (Ax,y) = (z, A'y). (4.13)

Moreover, || Al = ||A¥.

A* is called the adjoint operator of A.

Proof. Let A: H — H be a linear bounded operator (z — Az). From A, let us define
a: HxH — R by a(x,y) = (Az,y). It is a continuous sesquilinear form (since A is
continuous and the inner product is continuous). By Theorem .7.1] there exists a unique
bounded operator A* : H — H such that

V(z,y) € H, a(x,y)= (x,A%y).

Let us prove that [|A|| = ||A*]].

For a fixed y in H, f,(x) = (Az,y) is a linear continuous form on H. Thanks to the Riesz
representation theorem,

[A%y[l = [/l
and therefore, by definition of the norm of a linear functional
|fy(2)]
£yl = sup ,
ek 2l
we have
A* A* A
e = s AT M A A
o [yl w0 [l2llllyll w0 [lllllyl]

Problem 4.7.1 Prove that the mapping A — A* satisfies the following properties:
1. (NA)* = XA*, (antilinear)
2. (A+ B)* = A* + B*,
3. (AB)* = B*A*,
4. A=A,
Definition 4.7.2 Let H be a Hilbert space. Operator A € L(H, H) is
e auto-adjoint (also hermitian for H over C and symmetric for H over R) if A* = A,
e antihermitian (antisymmetric for H over R) if A* = —A,
e unitary ( orthogonal for H overR) if A*A = I (by I we denote the identity operator).

Proposition 4.7.1 Let H be a Hilbert space and A € L(H, H). The following assertions
are equivalent:

o A is hermitian.

o The form fa(x,y) = (Ax,y) is hermitian (fa(x,y) = fa(y,x)).
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The quadratic form ¢a(x) = (Ax,x) is real.

In addition, we have

A
) = sup 12221
8 Tl

Problem 4.7.2 Prove Proposition [{.7.1]

Proposition 4.7.2 Let H be a Hilbert space.

1.

Mapping A — A is a bijection between all hermitian operators and antihermitian
operators on L(H, H).

2. Forall A € L(H, H) there exist unique hermitian operators B and C' in L(H, H) such
that
A=B+iC.
Proof.
1. Let A € L(H, H) be a hermitian operator. We define B = i¢A and thus B* = —iA*.

2.

As A is hermitian, then A* = A, from where we obtain that B* = —B and hence
B is antihermitian. Doing the proof in the inverse way, we obtain that if B = iA is
antihermitian, then A is hermitian.

We fixe A € L(H, H). Let define B = 444~ and C' = 454, We verify that B and C

2
are hermitian operators. Moreover, A* = B —iC' and then A = B +:C. [J

Proposition 4.7.3 Let H be a Hilbert space. For an operator U € L(H, H) the following
assertions are equivalent:

U is an unitary operator.
For all z,y in H (Uz,Uy) = (x,y) and U is onto.
U is an isometry (global) of H to H.

Proof. 1) = 2)

Since

U is a unitary operator, then U* = U~! and then

V(z,y) € Hx H (Uz,Uy) = (z,UUy) = (x, U 'Uy) = (x,y).

2)=1
We have

Thus,

V(z,y) e Hx H (Uz,Uy) = (z,y).

Y(w,y) € Hx H (2,U%y) = (Uz,y) = (Uz,UU"y) = (z,U"y),

which implies that for all y € H U*y = U~'y and finally U* = U~
U*U = I, and then
2) =3

As

[Uz]* = |1,
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U is a isometry. Since there exists U~!, then U is a bijection, and thus U is a global
isometry of H to H.

3) =2
Since U is a global isometry of H to H, U is bijection (= 3U ') and [|Uz|| = ||z||. O

Problem 4.7.3 Let H be a Hilbert space and A € L(H, H). Prove that if A = A*, then
the operator U = e is a unitary operator on H (i = /—1).

Proposition 4.7.4 Let H be a Hilbert space and A : H — H a linear continuous operator
(Ae L(H,H)). If A= A*, then H = KerA @ ImA.

Attention : ImA means the closure of ImA.
For the proof of Proposition [4.7.4] see TD3.

Corollary 4.7.1 The operator P of the orthogonal projection on a closed subspace S of a
Hilbert space H is symmetric.

See TD3 for the proof.

4.8 Continuity and coercivity of a sesquilinear form

Let us show the important fact:

Proposition 4.8.1 Let H be a Pre-Hilbert space. Let (-,-) be the inner product on H and
| - || be the norm corresponding to this inner product.

Let a(-,-) be a sesquilinear/bilinear form on H which is continuous and coercive.
Then a(-,-) defines an inner product equivalent to (-,-) iff a(-,-) is hermitian/symmetric.

Proof. By definition of an inner product, it is a definite positive hermitian sesquilinear
form. Let a(-,-) be a sesquilinear form on H such that

1. a(-,+) is continuous: IC > 0: V(x,y) € H?, |a(z,y)| < Cllz|||lyll,
2. a(-,-) is coercive: Ja > 0: Vo € H a(z,x) > af|z|?.

From the coercivity of a(,-) follows that a(-,-) is definite positive. If a(-,-) is hermitian,
then a(-,-) is an inner product on H. Let us define the norm corresponding to the inner

product af(-,-):
Vee H |z|, = /a(z,z).

Let now prove that the norms || - || and || - ||, are equivalent in H. Thanks to the continuity
and the coercivity of a(-, ), we have

allz)* < =)l = a(z,2) < C|lz|*. O

4.9 Lax Milgram Lemma

Remark 4.9.1 Let us define the identical operator I or Id which maps all x € H to itself:
I(z) =z
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Theorem 4.9.1 (Bounded inverse) Let H be a real Hilbert space. Let o > 0 and A :
H — H be a linear bounded operator such that (see Definition[[.7.1])

A>al.

Then it holds
1. A is bijective,
2. A7' is bounded,
5. 1A < L.
Proof. A is injective:

Let A: H— H and x be in H. Since A > «l, it means that
Vee H (x,(A—al)x)>0,
and thus, using the linearity and symmetry of the inner product,
Vee H (Ax,x)> oz, x).
Thus, by Cauchy-Schwartz-Bunjakowski inequality,
allz)* < (Az,2) < || Ax||]|2]].
We devide by ||z]| to obtain
[Az]]

allz] < [[Az] (and ||z]| <

If Az = 0, then ||Az| = 0, from where, due to the last estimation, 0 < ||z|| < 0, ie.,
||| = 0, and then x = 0. Thus A is injective.

A is surjective:

Let z € Im(A)*. Then, for any y € Im(A), we have (y,z) = 0. Since
Az € Im(A),

it follows that
(Az,z) = 0.

Thus
alz,z) < (Az,z) =0

and then ||z|| = 0. Hence Im(A)+ = {0}. Consequently,

Im(A) = H.
Let us show that
Im(A) = Im(A),

i.e., it is closed:
if Az, -y = dxeH: y=Ax
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Indeed, if Az, — vy, then (Az,) is a Cauchy sequence. It implies that (z,) is a Cauchy
sequence in H as we have

Vp>n  allz, — x| < ||Az, — Azxyl|.

Since H is complete, there exists © € H such that x,, — z. Thanks to the continuity of A
(a linear bounded operator is continuous), we have

Az, — Ax.
By the unicity of the limit, we obtain that Ax = y.

Therefore, all limit points of Im(A) are in Im(A), hence Im(A) is closed and we conclude

that Im(A) = H.
A1 is bounded: As A is bijective, there exists A1

Let y € Im(A) = H and note z = A™1y.
We have
Azl _ 1
= —lyll
a
Thus A~! is bounded and its norm is bounded by (1/«). O

Theorem 4.9.2 (Lax Milgram Theorem) Let H be a real Hilbert space. Let a(-,-) be a
continuous and coercive bilinear form. Let f € H*.

1A Yl = = <

o The equation: for all uw € H,a(x,u) = f(u) has one and only one solution x € H.
o The application that associates [ to x is linear and continuous from H* to H.

Proof.

By the Riesz representation theorem, there exists an unique z in H such that (z,u) = f(u),
and moreover, the application f — z is linear and continuous (||z|| = || f]])-
For all u € H, a(x,u) = f(u) is equivalent to
Yue H, a(z,u)=(zu),
where z is defined from f by the Riesz representation theorem.

Since a : H x H — R is a continuous bilinear form, by Theorem [L7.1] there exists an
unique bounded operator A : H — H such that:

V(z,u) € Hx H a(z,u) = (Az,u).
Therefore Az = z.

Since a(-, ) is coercive, there exists a > 0 such that A > al. Thus A™! is a linear bounded
operator (see Theorem [L9.0)) and then z = A~'z. Thus the application f + z is linear
and continuous:

1 1
el < =[lzll = = A1l B
(% «

Remark 4.9.2 If we add in the statement of Laz-Milgram Theorem the assumption that
a(-,-) is symmetric, then, by Proposition [{.8.1) the bilinear form a(-,-) defines an inner
product on H. In this case, to prove the unique existence of the solution we can directely
apply the Riesz representation theorem on H equipped with the inner product a(-,-).






Chapter 5

Weak and Weak* convergences

We have seen that a unit ball in a infinite dimensional normed space is not compact. It is
due to to the definition of the convergence (or the topology). Let us change the type of the
convergence, to see if it is possible to make it compact.

5.1 Weak convergence in a Banach space

Let us define weak convergence (for the definition of the weak topology, see Appendix [A]
Section [A.5.1)):

Definition 5.1.1 Let (x,) be a sequence of elements of X. We say that (x,) converges
weakly to x, noted x, — x, if for all f in X*, f(x,) converges to f(x).

The weak convergence define the weak topology, denoted by o (X, X*).

Definition 5.1.2 The convergence in the topology, defined by the norm in X, is called
strong convergence:

() C (X, |- lx), llzn—2|lx =0 =z, —x strongly.

There are fewer open sets in the weak topology. Hence, if a sequence strongly converges,
then it weakly converges.

An open neighborhood of zero in strong topology on X can be given by
B.(0) ={z € X| ||z||x <7} (r>0).

What is an open neighborhood of zero in a weak topology on X7

Given any € > 0 and any finite set of continuous linear functionals
fl)"'afn GX*,
let us consider the set

U=Up, fuoe={z e X||filz)|<e, i=1,...,n} (5.1)

-----
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The set U is open in X and contains the point zero, i.e., U is a neighborhood of zero.

The intersection of two such neighborhoods contains a set of the same type as U (5.1).
Therefore, the system of all sets of the form (B.I]) generates a topology, the weak topology
on X (see [4] for the proof, it can be omitted).

Every subset of X which is open (respectively closed) in the weak topology is also open
(respectively closed) in the strong topology of X, but the converse may not be true. As we
will see in Theorem [B.1.2] it is true when X is a finite dimensional.

Let X be an infinite dimensional normed space. Then, in particular,

1. the set S = {x € X]| ||z||x = 1} is never closed in a weak topology o(X, X*):

if we denote by 57 the closure of S in the topology (X, X*), then

X, X*

57 — fr e X aflx < 1)

The proof can be found in [4], based on the fact that in infinite dimensional space
each neighborhood (in the topology (X, X*)) U of a point xy contains a straight line
passing by xg.

2. the set B1(0) = {z € X| ||z]lx < 1} is never open in a weak topology (X, X*).

Let us verify that the set of interior points of B(0) in o(X, X*) is empty. Suppose
the inverse, that there exists xy € B;1(0) and a neighborhood V' of z, for o(X, X™)
such that V' C By(0). Therefore, V' contains a straight line passing by zo. This is a
contradiction with V' C B;(0).

All closed sets for the weak topology o (X, X*) are closed for the strong topology. For the
convex sets the notions are equivalent:

Theorem 5.1.1 Let X be a Banach space and let A C X be a convex set. Then A is closed
in o(X, X*) (or weakly closed) iff A is closed in the strong topology on X (strongly closed).

Let us now consider the properties of the weak convergence:
Proposition 5.1.1 Let X be a Banach space.
1. Weak limit is unique.

2. If x, = x, n — oo strongly in X, then x, — x, n — oo weakly in X (the converse is

false).
3. If (x) converges weakly to x, then (xy) is (strongly) bounded:

AC>0: |anllx <C and ||z| <liminf||z,|x,
where liminf ||z, || x = lim, o (inf,,>, ).
4. Ty — Ty =
(@) (lzall) is bounded,
(b) {f,@n) = {f,20) VfEE, E=X'
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5. If x, = xo in X and if f,, = f strongly in X* (i.e. || fn — fllccxr) = 0), then
(s n) = (f, ).
Proof.
1. Let (z,) be a sequence in X such that
z,— 2 andzx, =T n— 0.
Then for all f € X*, since f is continuous,
(f,x) = ([, T).
Therefore, since f is linear,

VfeX* (fix—i)=0.

Thus, using Corollary 8.4.2] from the Hahn-Banach theorem, we obtain that z = 7.

2. We use the estimate:

[(fran) = (o) = [(fon — )] < | flleeem llon — 2llx-
We will show that the converse is false: see Example BT and 371

3. For all f € X* the sequence ({f,z,)) is bounded. But z, € X C X** can be
considered as an element of the space X**, i.e. the linear functional. Thus, by the

theorem of Banach-Steinhaus, the sequence (||x,||) is bounded.

In addition,
[y x|l < N flleexem lznllx = C(f),

thus for n — +o00 we have
[(f, o) < ([ fllexry liminf [[2,]| .
Finally,

lzllx = sup [{f, z)] < liminf [|zn[ x.
lfl<1

4. It is the corollary of the theorem of Banach-Steinhaus if we consider x,, as linear

functionals on X™*.
5. It is the corollary of the following estimation:

|<fn’xn>_<f’x>| < |<fn—f,l‘n>|+|<f,$n—l‘>|
< | fo = Fllllzall + (s 20 = @) = [[fa = fllllzall + [{f, 20) = (f;2)]. O

Definition 5.1.3 A set M C X of a normed space X is called weakly bounded if for all

f € X* the numerical set

{(f,2), xeM}

1s bounded.
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If M is a bounded (strongly) in X, then M is weakly bounded.

Proposition 5.1.2 If X is a Banach space and its subset M is weakly bounded, then M
is bounded in X.

Proof. Suppose M is not bounded:
Iz,) CMC X | > n?

We consider the sequence (%2):

. 1
feXT (£, )< —sup|(f,a)] < = = 0n— +oc,

n xeMm
Then .
2 ~0 for n— +oo,
n
and, thanks to Proposition 5.1} (%*) is bounded, i.e.
3C>0: VneN ‘ﬂ <c,
n

which gives the contradiction with our assumption. []

Theorem 5.1.2 [fdim X =m < oo, X is a normed space and x,, — xo weakly in X, then
Tn — T Strongly in X.

Proof. Let {e,}, be a basis of X. Then

Ty = Z agn)ei, o = Z ago)ei.
i=1 i=1
We define f; € X* such that
1 i=y
Therefore,
o\ = (fi, ) = (fi,x0) = a? n— oo,
and consequently,

(n) 0 0 )

z, = (af”,...,a™) s 20 =(a?,...,%) n— o,

what implies that x,, — xo strongly in X. (As all norms are equivalent in X, it is sufficient
to show that x,, — xo by || - [|¢=). O

Example 5.1.1 Consider the space C([a,b]) of all functions continuous on [a,b] equipped
with the norm

[ flloe = max [f(x)].

a<z<b

If 1 fo = flleo = 0 in C([a,b]), it follows that the sequence (f,) converges uniformly to f on
la,b]. Thus the strong convergence in C([a,b]) means the uniform convergence.

Let us now consider the weak convergence in C([a,b]). Let (f,) be a sequence of functions
in C([a,b]) converging weakly to a function f € C([a,b]). Among the continuous linear
functionals on C([a,b]), we have the functionals 6.,, a < xy < b, named the Dirac delta
functions, which assign to each function f(x) € C(la,b]) its value at some fized point
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xo € [a,b].

Let us show that 6., € C*([a,b]). Indeed, by definition ., is linear mapping from C([a, b))
to R:

Ozo(af + Bg) = af(x0) + Bg(x0) = Ao (f) + Bz (9) VS, 9 € C([a,b]), Va, B €R,

and in addition we have
B )] = 1 (0)| < mwax [ )] =
where equality holds if f(x) = const. Hence 0., is bounded, thus it is continuous, with norm

10201l 2 (fatp) ®) = 1.

From
Oz (fr) = 02y (f)
follows by the definition of the functional d,, that
fa(z0) = f(20).

Hence, if the sequence (f,) is weakly convergent in C(|a,b]), then

1. (fn) is uniformly bounded on [a,b], i.e., there is a constant C' > 0 such that

|fu(z)] < C VneN Vzela,b,

2. (fn) is pointwise convergent on [a,b], i.e., (f.(2)) is a convergent numerical sequence
for every fized x € [a,b].

We can see that the strong convergence in C([a,b]) implies the weak convergence, but not
the converse.

We give without proof the following result:

Theorem 5.1.3 Let X be a Banach space. X is reflexive if and only if each bounded
sequence in X contains a subsequence which converges weakly in X.

When there are fewer open sets, thus it is more easy to be convergent, and thus to be
compact too (the compact sets are very important for theorems of existence):

Theorem 5.1.4 (Kakutani) Let X be a Banach space. X is reflexive iff the closed unit

ball associated to the norm By(0) = {z € X| ||z|| < 1} is compact in the weak topology
(X, X*) .

Remark 5.1.1 As any Hilbert space H is reflexive, then the closed unit ball in a Hilbert
space is weakly compact.

Remark 5.1.2 Moreover, for the infinite dimensional case, we saw that a closed unit ball

B1(0) is not compact in the strong topology. Theorem of Kakutani states that B1(0) is
compact in the weak topology iff X is a reflexive Banach space. Can we find a topology for
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which By(0) is compact even if X is not reflexive?

5.2 Weak" convergence in a Banach space

Let X be a Banach space. Let X* be its dual. Let X** be its bidual (containing X). In X
we can define

e the strong topology, defined by the norm || - ||x in X;
e the weak topology, defined by the weak convergence.

As we know, for all normed spaces X, its dual space X™* is a Banach space with the norm:

[fllexry = sup  [(f,2)].
zeX,||z]|x <1

Thus, X* can be equipped with:
e the strong topology on X* (defined by the convergence by the norm on X*);

e the weak topology on X* (defined by the weak convergence on X*, that is, in notations

of Appendix [Al o(X*, X**)).

In fact, there are two ways of regarding the space X* of continuous linear functionals on a
given space X:

1. as an "original space" in its own right, with conjugate space X**,
2. as the space conjugate to the original space X.

These two points of view gives two different topologies (convergences):
e the weak topology on X* (that is o(X*, X*));

e the weak™ topology on X* defined by o(X*, X) (the weak* convergence is denoted by

).

Definition 5.2.1 Let (f,,) be a sequence in X*, the dual space to the normed space X. We
say that the sequence of functionals (f,) converges weakly* to f € X*, denoted by f, = f,

if
(fo,z) = (f,x) VreX.

The corresponding topology is called weak® topology, noted by o(X*, X) (see also Defini-
nition[4.5.3).

Since X C X™*, the weak* topology o(X*, X) is weaker than the weak topology o (X™*, X**),
which is weaker than the strong topology, i.e. on X* we always have

= S EN!
but not converse.

Problem 5.2.1 Show that for all finite sets A C X
Use={f € X*| |f(x)] <€ for all finite A}

is an open neighborhood of zero in the weak* topology o(X*, X).
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Clearly, the weak convergence and the weak® convergence on X* be the same if and only
if X is reflexive. In particular, if X is a Hilbert space then X** = X therefore the weak*
topology and the weak topology coincide.

Proposition 5.2.1 Let (f,) be a sequence in X*, the dual space to the Banach space X.
We have

1. The weak® limit is unique.
2. fo > fino(X*, X) iff (fu,2) = (f,z) VoeX
3. If fo — f, n — oo strongly in X*, then f, — f, n — oo weakly in o(X*, X*).
4. If f, = f, n — oo weakly in o(X*, X**), then f, = f in o(X*, X).
5 If f, = f in o(X*, X), then || f,|| is bounded:

AC>0: Vn |fullx- <C and || f|| <liminf| f,]

X*y

where liminf || f, || x+ = limy o0 (infysn || frn || x+)-
6. fo > f =
(a) (Ilfull) ds bounded,
(b) {fo,x) = (fiz) VxeE, E=X
7. If fo = f in o(X*, X) and if v, —  strongly in X, then
(frr 2n) = ([, ).
Remark 5.2.1 We recall that the notation (f,x) means the value of f at x: f(x).
The proof of Proposition (.21 follows the proof of Proposition [B.1.TL

Let us prove Point 6). = It is obvious.

< If z is a linear combination of elements in E, then (f,, z) — (f, 2).

Let x now be an arbitrary element of X, and let (z;) be a sequence of linear combinations
of elements of E converging to x in X (such a sequence exists, since F is dense in X). Let
us show that (f,,,z) — (f,z).

Let C be such that
Ifl <C VYneN and|f| <C.

Moreover, given any € > 0, choose k large enough so that

[(fs 2t = (s 20| < €
(this is possible, since (f,,z) — (f, z) for all z in E).
Then

‘<fn7x> - <f,l’>‘ < |<fn737> - <fn7zk‘>‘ + |<fn7zk> - <f72k>|
sz — O 2| < [ fallle = 26l + €+ [[fll 1z — 2]l < e(1 4 2C).

Therefore f, = f. [
Let us finish by
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Theorem 5.2.1 (Banach-Alaoglu-Bourbaki) Let X be a normed space. The set Bx- =
{f € X*| || f|| <1} is compact in the weak* topology o(X*, X).

Instead of this general result, let us prove

Theorem 5.2.2 Let X be a separable Banach space. Every bounded sequence (f,,) of linear
bounded functionals, f, € X*, contains a weakly* convergent subsequence.

Proof. Since X is separable, there is a countable set of points
L1,T2y ey Ly

dense in X.

Suppose the sequence (f,) of functionals in X*, i.e., continuous linear functionals on X, is
bounded (in norm).

Then the numerical sequence

fi(z), fo(x1), ..o fu(z), .o

is bounded, and hence, by the Bolzano-Weierstrass theorem, (f,,) contains a subsequence

1 1
AN RN AL

such that the numerical sequence

fl(l)(xl)a f2(1)(l‘1), ) fr(Ll)(xl)a ce

converges.

By the same token, the subsequence (f(!) in turn contains a subsequence

f(2) (2) ’ f(2)

1 s J2 PARERER no oy

such that the sequence
[i2(@2), £57 (@2), . [P (@),

converges. Continuing this construction, we get a system of subsequences ( f,(f)), k=1,2,...
such that
o (fF+1)) is a subsequence of (f®) for all k =1,2,...;

° (fr(bk)) converges at the points xy, xa, ..., 7.

Hence, taking the “diagonal sequence”

1 2 n
f1()72()7”'7f7(]/)7"'7

we get a sequence of continuous linear functionals on X such that

(@), £52(@n)s s £ (@),

converges for all n. But then, by Proposition 5.2.1] point 6, the sequence

H@), f57 @), @),

converges for all x € X. [J
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Remark 5.2.2 Let X be a separable normed linear space. Let B and B* be the unit closed
balls in X and X* respectively. Then the topology induced in B* by the weak* topology in
X* is metrizable by the metric

a(f,9) = 32771 — gonll,

where {x1,..., Ty, ...} is any fived countable dense set in B.

As in metric space the sequentially compactness is equivalent to the compactness, then,
thanks to Theorem [5.2.2, we can conclude that B* is compact in o(X*, X) if we prove that
B* is bounded in o(X*, X).

Consequently, let us prove

Theorem 5.2.3 Let X be a separable normed linear space. Fvery closed ball in the space
X* (closed by the strong topology in X*) is compact in the weak®™ topology.

Proof Let us prove actually that

Every closed ball in the space X* (closed by the strong topology in X*) is closed in the
weak™ topology.

In fact, since a shift in X* carries every closed set (in the weak* topology) into another
closed set, we need only prove the assertion for every ball of the form

Br={fe X*lfll <r}.

Suppose fo ¢ BF. Then, by the definition of the norm of the functional fy, there is an
element z € X such that
|lz]| =1 and fo(z) =a >r.

But then the set

v={fexif@) >

is a weak® neighborhood of f; containing no elements of B. Therefore, B} is closed in the
weak® topology.

a+r}

By Theorem and by the fact (without proof, see Remark (.2.2) that any closed ball
in X* is a metric space for o(X*, X), we conclude that B is compact in o(X*, X). O.

5.3 Strong and weak convergence in a Hilbert space

Thanks to the Riesz Representation Theorem (see Chapter Hl), all linear continuous func-
tionals on H can be uniquely presented by the inner product in H. Therefore, a sequence
(x,) converges weakly to x in a Hilbert space H, if

Yoe H lim (z,,v) = (z,v),

n—o0
where (-, -) is the inner product in H.

In addition, if H is a Hilbert space, then H is reflexive, since H* is isometric to H. Thus,
the weak topology on H is equal to the weak* topology on H. Thanks to the Kakutani
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Theorem, every bounded set in H (in strong topology) is weakly compact: from a bounded
sequence (z,,) in H one can extract a subsequence weakly converging in H.

However, the weak topology in H is still coarser than the strong topology:

Example 5.3.1 (— #——) Let H be a Hilbert space and (ex) be its orthonormal basis.
Then
Vee H (z,e) —0 k— o0

since (x, e) are Fourrier coefficients of x. Consequently, e;, — 0. But if n # m |e,—en||* =
(en — em,€n — €m) = 2, thus (ex) is not a Cauchy sequence in H and then (ey) does not
converge.

We know that the inner product is continuous by the strong convergence in H:
Tn =T, Yo=Y = (Tnyn) = (2,Y)

If z, = =, vy, — y, it does not imply that (x,,y,) — (z,y). Let us give an exam-
ple:

Example 5.3.2 Let (e,) be an orthonormal sequence in H and x,, = y,, = e,,. Thene, — 0
and
<€n:€n> = HenH2 =1-»0= <0,0>

Proposition 5.3.1 Let H be a Hilbert space. If x,, — x and vy, — y in H, then
<.an, yn> — <f17, y)

Proof. Since y, — y in H, for all n € N the norms ||y,|| are bounded. Let

M = sup Y]]

Then, by the Cauchy-Schwartz inequality, we have

(@, Yn) — ()| < Ko — 2,y | + {2y — 9)| < M|2n — 2| + {2, 90 — 9)|-

Since y, — y in H, then |(z,y, —y)| — 0, and since x,, — z, then ||z, —z|| — 0. Therefore,
we conclude that [(x,,y,) — (z,y)| = 0. O

Let us give an example for the following property of weak convergence: if (x,) converges
weakly, then (z,) is bounded:

AC>0: |zulp <C and |z| <liminf ||z,| q.

Example 5.3.3 Let us consider L*([0,1]) and
T, (t) = V2sin(mnt).
The sequence () is an orthonormal basis of L*([0,1]). We have

lzall =1 = lim |z, | = 1.
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For a(t) € L*([0,1]) we define, with notation c, for Fourier coefficients,
1
flz,) = \/5/ o(t) sin(rnt)dt = V2¢,
0

such that
f(zn) =0, n—o00, and x,—0.

Thus, the limit x = 0 and
[zl =0 < 1 = lim [ ].

In a real Hilbert space it holds

Proposition 5.3.2 Let H be a real Hilbert space. Let (x,) be a weakly converging sequence
to x. Further assume that ||z, || converges to ||x||. Then (z,) converges strongly to x.

Proof. We have

(T — 2,0 — ) = (X, Tp) — (Tp, 2) — (T, 2,) + (T, 7).

For n — oo, we find that

lim (xp —z, 2, —x) =0,

which means that ||z, — x| — 0, i.e. z, = 2z in H. O

We can also obtain the strong convergence from the weak convergence in a Banach space
in the following way:

Theorem 5.3.1 Let X be a Banach space. Let (x,) be a sequence of elements of X such
that
Tz, =z inX.

Then there ezists a subsequence of linear combinations of the elements of (z,,), denoted by
kn
> c,g")xk ,
k=1

Proof. Let’s notice that theorem states that x belongs to a linear closed subspace L =
Span((zn)nen-)-

Suppose the converse, that ¢ L. Then, thanks to Corollary of the Hahn-Banach
Theorem from Chapter [3], there exists f € X* such that

which converges strongly to x in X.

f(z)=1, andVn f(z,)=0.

But it means that f(x,) - f(x), which is in contradiction with the assumption that z,, — x
in X. U

Problem 5.3.1 Give an example of a compact and a weakly compact set in a Hilbert space
H.






Chapter 6

Compact operators and spectral
theory

6.1 Compact operators

Definition 6.1.1 Let X and Y be Banach spaces. A linear operator A : X — Y s
compact, if it maps all bounded sets of the space X to a relatively compact set of the space
Y.

Remark 6.1.1 We recall that M C Y is a relatively compact set of the space (Y, |- ||) if
its closure M is compact in (Y, | - ).

Remark 6.1.2 Let By = {f € X|||f|lx < 1} be the closed unit ball in X. The operator A
is compact iff ABy is a relatively compact set in'Y .

Indeed, if A is compact operator, then obviously AB; is a relatively compact set in Y .

Conversely, let ABy be a relatively compact set in'Y . For all bounded sets M in X there
exist v > 0, the radius of the ball including M :

M C B, =rB;.
Consequently, using the linearity of A,
AM C T‘ABl.

Since ABy is a relatively compact set, thus rABy too, what implies that AM is relatively
compact (see Corollary[B.11 and Theorem[B.1.2).

Remark 6.1.3 Let us denote by K(X,Y) the set of all compact operators from X to'Y
(X andY are Banach spaces).

o All compact operators from (X, | - ||x) to (Y,]|| - ||y) are bounded operators:
K(X,Y) C L(X,Y).

Indeed, it is sufficient to notice that if AB; is relatively compact, then ABy is bounded.
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o /[fdimX < oo ordimY < oo, then the compactness of the operators is equivalent to
the boundness:

K(X,Y) = L(X,Y).

Indeed, let dim X < oo, then AX is finite dimensional. In addition, AB; C AX and
all bounded set in AX is relatively compact in'Y. If dimY < oo, we have AB; CY
and there is no difference between the relatively compactness and the boundness in the
final dimensional space.

Theorem 6.1.1 Let X and Y be Banach spaces. The set of all compact operators from
(X, || - llx) to (Y | - |ly), denoted by K(X,Y), is a closed vector subspace of L(X,Y). In
addition, K(X,X) forms a closed ideal in L(X,X), i.e if A is a compact operator and S
is a bounded operator, then the operators AS and SA are compact.

Proof.

1. Ais a compact operator = VA& C \A is compact operator.

It is obvious.

2. A and S are compact operators = A+ .S is compact operator.

We have

(A+ 9By ={Ax+ Sx|x € B} C ABy + SBy = {Ax + Sy| x,y € B:}.

Sets AB; and SB are relatively compact in Y. In addition, the function f(x,y) =
T + y is continuous as a mapping (z,y) € Y? — x +y € Y, which implies that
AB; + SBy = f(ABy, SBy) is also relatively compact in Y (see Theorem [B.2.1]).

3. (A,) is a sequence of compact operators such that A, > A in L(X,Y) = Ais
compact operator.

We suppose that for all n € N the sets A,B; are relatively compact. We want to
prove that AB; is a relatively compact set. Let us define for a fixed z € By

y=Ar € AB,, y,=A,x € A,B,.
Thus we have, using A, A, € L(X,Y), that for all x € By
1y = wnlly = I(A = An)zlly <[[A = Anlleoenllzllx < 1A = Anllxy)-
Therefore, uniformly on = € By, we have
Ve >0 dngle) e N: Vn>ngle) |ly—unlly <e (6.1)

Now, we use Theorem 2.3.4] of Chapter I A subset M of a complete metric space
(E,d) is relatively compact if and only if it is totally bounded. Thus, M is relatively
compact in a complete metric space (E,d) iff for all € > 0 there exists a finite e-net
of M, or equivalently,

Ve>0 dImeNand zy,...,2, € E: M CU"B(z),

where B.(z;) = {z € E| d(z, z;) < €}.
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Let us fixe n > ng(e) with ng(e) defined previously in the convergence of A, to A.
Let us prove that the existence of the e-net for A,, By, which is relatively compact by
the assumption, implies the existence of the 2e-net for AB;:

AnBl C U?ilBe(zi) = ABl - U?ilBQE(ZZ‘).

Indeed, given = € B; we define as previously y = Ax € ABy, and y,, = A,z € A, B;.
For y,, there exists i € [1,...,m] such that

lyn — 2illy <,
by the definition of the e-net. Consequently, we also have
ly = zilly < ||y —nlly + lyn — 2illy < €+e=2e,

where ||y — yn|ly < € thanks to (61). Hence, U™, Boc(2;) is the 2e-net of AB; and
consequently, ABj is relatively compact by Theorem 235l Thus we conclude that A
is compact.

4. Ae K(X,X),Se L(X,X) = AS and SA are compact operators.

By AS and SA we understand A o S and S o A respectively. Since S maps bounded
sets to bounded sets, we have that there exists r > 0 such that

(AS)B, = A(SB,) C AB,,

and since A is compact and B, is bounded, thus AB, is relatively compact. In other
hand, (SA)B; = S(AB;), where AB is relatively compact. Since S € L(X,X),
S is continuous and thus preserve the property of the relatively compactness (see

Theorem [B.2.7]). O

Corollary 6.1.1 A compact operator A mapping a Banach space X into itself cannot have
a bounded inverse A7' if X is infinite-dimensional.

Proof. If A=! were bounded, then, by Theorem BG.1.1 the identity operator I = A~1A
would be compact. But the unit ball is not relatively compact in an infinite-dimensional
Banach space.[]

6.2 Adjoint operator on Banach spaces

Definition 6.2.1 Let X and Y be normed vector spaces and A € L(X,Y). The operator
A Y = X5, A* € L(Y*, X") is called the adjoint operator to A if it is defined by

Vee X VfeY" (f Ax)=(A"f x),

where the notation (f,x) means the value of f on x, f(z).

Theorem 6.2.1 Let A be a compact operator mapping a Banach space X into itself. Then
the adjoint operator A* is also compact.

Proof. As A: X — X, then A* : X* — X*. Let B} be a closed unit ball in X*. Let us
prove that the set A* By is relatively compact in X*. Now suppose we consider the elements
of X* as functionals not on the whole space X, but only on the compact set AB;, where,
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in our notations, AB; is the closure of the image of the closed unit ball in X under the
operator A. We define the set of functionals

®C X, ®={fe(AB)[Ifllx <1}

Thus & is uniformly bounded and uniformly equicontinuous (see Ascoli-Arzela’s theorem,
Theorem 2377, since for all f € ® (thus ||f]|x- < 1)

s (10| = sup 1= s (Ml )

rEAB; EAB1,2#0 ”SL’ HX
[z flx
< (' DN s Jallx < s (L) qup Azl = 11141 < AL
2EAB1,x#£0 H37|fx| z€AB; z€X,2#0 H«T”X rEB,

and

|f(z1) = f(z2)| < ([ fllx-llz1 — 22llx < |21 — 22fx.
Consequently, thanks to Ascoli-Arzela’s theorem, the set ® is relatively compact in C'(AB;).

Let us prove that the set ® with the metric induced by the usual metric of the space of
continuous functions C(AB), is isometric to the set A*B;, with the metric induced by the
norm of the space X*.

In fact, if fi, fo € By, then

|A* f1 — A" fo|x+ = sup (A" fL = A" fo, )| = sup |(f1 — fa, Ax)|
= sup |[(fi — f2,2)| = sup [(f1 = f2, 2)| = dogamy) (1, f2)-
2€AB; z€AB;

Being relatively compact, the set ® is totally bounded, by Theorem ??. Therefore the set
A*B7 isometric to @ is also totally bounded, and hence relatively compact, by the same
theorem. [J

6.3 Spectral properties of compact operators in a Hilbert
space

First we notice that
1. Let X be a normed vector space and A € L(X, X), then the norm of A is defined by

A
) = sup 1221
% Tl

2. Let H be a Hilbert space and A € L(H, H), then

zw0 [yl
Theorem 6.3.1 Let H be a Hilbert space. For all self-adjoint operator A € L(H, H) we
have (A )]
x,T
[A]] = sup

er0 l*

(6.2)
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Proof. Let
a= sup [(Az,z)[, B= sup [(Az,y)|=]A].

ll=l|=1 l=l=lyll=1

We see that
a<p
since
(Az, z)| < [|Azll|=]| < [ Allll=]?,

where we take the supremum over all x with ||z| = 1.

Let us prove that g < a.

We define
f(l',y) = <Al‘,y>, ¢($) = <AZL‘,1‘>,

where ¢ is real and quadratic form. Since A = A*, we verify that the real part of f can be
found by

Re f(z,9) = 1[6(c + ) — 6(z )]

(By information, the imaginary part is given by Im f(z,y) = i[—gf)(x +iy) + ¢(z — iy)].)
Let us show that
Vee H ¢(x)=(Az,z) < allz|?.

Indeed, for ||z|| < 1, thanks to the definition of «, it holds
|(Az, z)| < a.
Thus, for x # 0 we have .
<Ama m> < a,
which gives (Ax,z) < al|z?.

We fixe x and y and write A
<Ax7 y> = pelu7

where i = /=1 and p and u are corresponding real numbers. Thus, since ¢(z) < af|z||?,
we have

(A, y)] = p = (Az,ye~) = {[6(z +ye*) — 6(z — ye )

@ —i —i
< Jllle+ye™ P + o — ye 7).
We use the parallelogram law for the norm || - || = /(-,-) in H:
Iz + yl* + llz = ylI* = 2([lzlI* + llylI*)
and we obtain

[{(Az, )| < Zlllz +ye ™ + llz — ye |

=~ Q

«
= (Il + llyl*) = o for ]| = [lyll = 1.

Consequently, we proved that § < «, hence a = . [J



90 Chapter 6. Compact operators and spectral theory

Definition 6.3.1 Let A be a linear operator mapping a topological linear space X into itself.
Then a number X is called an eigenvalue of A if the equation Ax = A\x has at least one
nonzero solution, and every such solution x is called an eigenfunction (or eigenvector)
of A (corresponding to the eigenvalue \).

Theorem 6.3.2 Let H # {0} be a Hilbert space and A : H — H be a compact self-adjoint
operator on H. Then at least one of the numbers +||A|| or —||A]| is an eigenvalue of A.

Proof. We notice that

1Al = sup [(Az,z)|, [(Az,2)| < [|Az|ll|=]| < [|A]]lz]*.

ll=l|=1
Consequently, there exists a sequence (x,,) such that ||z,|| = 1 for all n and
(A, 20)| = [|A]-

In addition, it implies that ||Az,| — ||A||. Therefore, there exists a subsequence (z,, ) such
that
(Azpy, 20, ) — +[|A]l or — [|A]]

To avoid the confusion, we denote the limit by a: (Az,,,z,,) — «. To simplify the nota-
tions, we also write xj instead of x,, . Thus, we have

| Az, — az,|]? = |[|[Az,||* — a{Azy,, 2,) — oz, Axy) + o?||z,]]? = o® — 22° +a® =0,

i.e. z, = Az, —ax, — 0in H. We denote Az, = y,. Since for all n ||z,|| = 1, thus (x,) is
a bounded set in H. As A is a compact operator, then (Az,) is a relatively compact set in
H. Moreover, there exists a subsequence (Az,;) which converges in H. We denote by y its
limit:
Axp, = Yn; >y J— 00.
In addition,
ATy, = Yn, — Zny; — Y-

If a = 0, it means that A = 0 and all vectors x € H are the eigenvectors of A. If o # 0, we
devide by « and obtain

Ty — Ydely
a
Thus we have that there is a sequence (z,,) with ||z,|| = 1 for n € N such that

T, > xin H and vy,= Az, —>vy.

Since A is continuous (and thus closed), it follows that y = Az and therefore, Ax = ax
with [|z|| = 1. O

Example 6.3.1 (Importance of compactness) Let H = L*([a,b]) and Ax(t) = tx(t)
fort € [a,b] C R. This operator is self-adjoint but not compact. We can see that if

(t —Nz(t) =0 a.e. in [a,b]

and t # X then z(t) = 0 a.e. in [a,b], thus ||z|| = 0, which implies that x = 0 in H.
Consequently, A does not have eigenvectors in H.
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Let us prove

Lemma 6.3.1 Let H be a Hilbert space and A : H — H, A € L(H, H) be a self-adjoint
operator in H. Then

1. all eigenvalues of A are real.

2. If x and y are eigenvectors of A corresponding to the eigenvalues A and p respectively,
such that \ # u, then x is orthogonal to y in H.

3. If Hy is a subspace of H and AHy C Hy, then AHi- C Hy.
Proof.
1. Let z # 0 be a eigenvector of A corresponding to A:

Ax = d\zx.

It implies that
(Az, x) = Nz, z).

As A is self-adjoint, its quadratic form (Ax,z) is real. In addition, (x,x) is real too

and (z,z) # 0. Therefore, A = % is a real number.

2. We have Ax = Az and Ay = py. Thus

(Az,y) = Ma,y), (2, Ay) = (z, py).

Since p is real, (x, Ay) = pu(x,y), and we also have (Az,y) = (z, Ay), since A is self-
adjoint. Consequently, (A — p){(z,y) = 0 which implies, since A # p, that (z,y) = 0,
which means that x 1L y in H.

3. Let © € Hy, 2 € Hy, y = Az € AHy C Hy. Then
(y,2) =0, <= (x,Az) =0,
where Az € AHy. Hence, AH}- C Hi-. [

Theorem 6.3.3 (Hilbert-Schmidt) Let H # {0} be a Hilbert space and A : H — H be
a compact self-adjoint operator in H. Then there is an orthonormal system ¢1,¢o, ... of
eigenvectors of A which forms an orthonormal basis in H. In addition,

1. All nonzero eigenvalues X # 0 of A have a finite multiplicity.
2. The set of different eigenvalues of A is finite or countable.

3. If the set of eigenvalues of A is countable, then the eigenvalues form a sequence (A,)
which converges toward 0.

Proof. Eigenvectors of A form an orthonormal basis in H:

We denote by
H),={x € H| Az = \z}

a closed subspace of H, which is nonzero iff A is an eigenvalue of the operator A. Thanks
to Lemma [6.3.1] for A # p we have H) L H),, thus we can define a subspace of H

H, = ®)\H).
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We fixe an orthonormal basis Sy in H, and define
S = UySH.

Hence, H, = Span(S).

Let us notice, that, by the linearity of A, A(span(S)) C span(S) what implies, using the
continuity of A, that AH, C H,. Thanks to point 3 of Lemma [6.3.7], it follows that

AH c HE.
Let us suppose that HX # {0}. Then, by Theorem [6.3.2 there exist # # 0 in H} and

a # 0 in R such that Az = ax. This implies that = € H, C H,, thus x 1L x and hence
r = 0, what contradicts our assumption = # 0. Thus, H} = {0}. Consequently,

H = H* — @)\H)\
and thus S is an orthonormal basis in H and all vectors of S are eigenvectors of A.

1. Eigenvalues X # 0 of A have a finite multiplicity

Let A # 0 be a eigenvalue of A and dim Hy, = oco. Let (e,)nen be an orthonormal
subsequence of the basis Sy of Hy. Thus for all m and n in N (m # n) we have

| Ae, — Aen|l? = [[Aen — Aem||? = 2X%.

Thus, the distance d(Ae,, Ae,,) = ||Ae, — Aen|| = V2|A| # 0. Therefore, from the
sequence (Ae,) it is not possible to extract a convergent subsequence, what implies
that the set AB; is not relatively compact. This is the contradiction with the as-
sumption that A is compact. Then the basis Sy has a finite number of eigenvectors

of A.

2. The set of different eigenvalues of A is finite or countable.

Let
S(8) = UpzsSy (6> 0).

Let us suppose that the set S(d) is infinite. Then for any e, and e,, from S(J) we
have

Ae, = Xep,  Aey = e, e, L ey,
| Ae, — Aen|l? = [[Aen — pem||? = A 4 p? > 262

We repeat the argument of the proof of point 1 and obtain the contradiction with the
compactness of A. Thus the set S(J) is finite. For all neighborhood U of 0 in R, in
R\ U there exist a finite number of eigenvalues of A. Thus, for § — 0, in the limit,
the set of eigenvalues of A is countable or finite.

3. If the set of eigenvalues of A is countable, then the eigenvalues form a sequence (\,)
which converges toward 0. Using the proof of the previous point, we see that there
exists only one point which can be a limit point, which is 0. Moreover, if there exists
an infinite number of eigenvalues of A (), it implies that A, — 0. O

Remark 6.3.1 If A = 0 is the eigenvalue of A, it implies that Ker(A) # {0} and Ker(A)
is a closed linear subspace of H. For A=0in H (A is compact and self-adjoint), we have
H = Hy = Ker(A).
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Example 6.3.2 Let H = L?*([a,b]) and A be the Fredholm operator with the kernel K (t,s) =
K(s,t) on L*([a,b]?) (K is the complex conjugate of K). Then there exists an orthonor-
mal basis in L*([a,b]) of the eigenvectors of A (see TD3 and TD5 for A = A* and its

compactness).

Remark 6.3.2 Let H # {0} be a Hilbert space and A : H — H be a compact self-adjoint
operator in H. Then, by Hilbert-Schmidt theorem, there is an orthonormal system ¢y, @2, . . .
of eigenvectors of A which forms an orthonormal basis in H. In particular, all w € H can
be uniquely presented as

u= 3 (iudi+,

Ai#0
where ¢ € Ker A. If Ker A = {0}, then

YVue H u= Z(gf),,u)gf)z and Au = Z)\,(gbl,u)gb,

)

6.4 Spectrum and resolvent of a linear operator.

Suppose X is finite-dimensional. Then all linear operators from X to X are bounded, and
hence continuous. In addition, if a linear operator is injective, then it is also surjective and
consequently bijective.

In an infinite dimensional space these two statements do not hold.
Definition 6.4.1 Let X be a Banach space and A € L(X, X).

o The operator function
Ry(A)= (A= X"t (Ae€C)

is called the resolvent of the operator A.

e The domain of the resolvent
p(4) = {) € C| Ry(A) € £(X, X)}

is called the resolvent set of the operator A. Elements of p(A) are called the regular
points.

o The set
o(A) = C\ p(A)

is called the spectrum of the operator A.
Remark 6.4.1 1. A€ p(A) <= A — Xis a bijection of X on X.
2. The set of all eigenvalues of A is a subset of its spectrum.
Theorem 6.4.1 Let X be a Banach space and A € L(X,X). Then
o the resolvent set p(A) is an open set;
o the resolvent Ry(A) is analytical in p(A);

o the spectrum o(A) is a compact set and it is contained in the ball of the raduis || Al|

Byj4(0).
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Proof.
1. Let A # 0. We have

Ry(A) = (011 =24 = (=0 (A
n=0
The series converges for [|A\"1A|| < 1, i.e.
Al > [[A]],
which implies that

a(A) C Byaj(0) = {z € X[ [lzflx < [[Allex.x)}-

2. Let Ao € p(A). We have

A== (A= X)) — A\, where AN =\ — ),

[e.9]

Ry(A) = [(A = Xo) = AN" = Ry, (A)(1 = AAR» (A)) 71 = Ry (A) D (AN Ry (A)".
n=0
The series converges for |[AM||| Ry, (A)|| < 1, thus for |[AN < 6 = m. It means,
0

that p(A) is open and R,(A) is analytical in p(A). Moreover, it follows that o(A) is
closed. As in addition, 0(A) is bounded in C, thus ¢(A) is a compact in C. [

Example 6.4.1 Let H be a Hilbert space and A € L(H,H) such that A = A*. Then
a(A) [l [IA]]-

Definition 6.4.2 A real number
r(A) = max{|\|: A€ a(A)}

is called spectral raduis of the operator A.

Remark 6.4.2 We note that r(A) < ||A]|.

Example 6.4.2 Let A : C?> — C? be defined by the matriz

A:<8(1)>

Then r(A) =0 and ||A|| =1 (by the Euclidian norm,).

We give without proof the following theorem:

Theorem 6.4.2 Let H be a Hilbert space and A € L(H,H). Then

r(A) = lim ||A"||".

n—oo

Proposition 6.4.1 Let H be a Hilbert space and A € L(H,H). If A = A*, then r(A) =
1Al
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Proof. Since A is self-adjoint, then ||A|* = || A?]|.
Indeed,

|Az]|* = (A" Az, z) = (A%, z);
IAI[* = sup [|Az|* = sup [(A"Az,z)| = [|A"A|l = [|A%]|

z||=1 llzll=1
Therefore, we have )
Al = [|A%]]=.
We replace A by A? or A?" k€ N and find that for n = 2%
1 1 S
IA]] = [|A%]]2 = [|[A®%]]7 = ... = [| A"~

Thus ) )
r(A) = Jim [ A"}% = lim [ "5 =]/ A]. O






Chapter 7

Distributions

7.1 Space D(f2) of “test functions”
Remark 7.1.1 Let Q) be an open bounded set in R™. Let us notice that

C(2) =A{ all continuous functions f: Q — C},
C(Q) = { all uniformly continuous and bounded functions f : Q — C}.

More precisely, if Q0 is compact in R", then f € C(Q) if
1. $upyeq |f(@)] < 0,
2.¥e>030=6(e) >0:Var,ye Q, |[x —y| <d = |f(x) — fly)| <e.
For instance, it is easy to see that for Q =|0,1[, n = 1, the functions
1 —
fi(z) = p is not bounded and not uniformly continuous =  f; € C(Q), fi ¢ C(Q)

1 _
fa(x) =sin — : is bounded but not uniformly continuous =  fo € C(Q), fo & C(£).
x

Definition 7.1.1 A subset Q of R" is called a domain if Q) is open and connected (any
two points of ) can be joined by a path, actually, by a continuous line belonging to €. See

Fig. 7.
In what follows, we always suppose the €) is a domain in R™.

Definition 7.1.2 The intersection of the closure of 2 with the closure of its complement
R™\ Q is called boundary of Q) and denoted by 02 = QMR \ Q. A point x € IS is called
boundary point of (2.

Example 7.1.1 e In R, the domain 10,1 has two boundaries points 0 and 1. The set
{0}y U {1} is the boundary of 10, 1].

o InR? let Q= {(z,y) € R*z*+y*> < 1}. Then 00 = {(z,y) € R?*|2* + y* = 1}.

Definition 7.1.3 Function f : R™ — R is said to be compactly supported in 2 C R"™ if
the set, called its support,

supp f = {z : f(z) # 0},
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Figure 7.1 — Example of a connected set 2: all points x and y in € can be joined by a continuous
line (in red) belonging to .

is a compact subset of Q. (Actually, as we take the closure of the set {z : f(x) # 0}, supp f
is compact, if it is bounded.)

Example 7.1.2 Let us consider (see Fig[Z2) a function

2, 0<z<3
f@)y=< 2(1-2), ;<z<1
0, elsewhere.
Thus supp f =10,1[ = [0, 1].
A
f
...
1 >
I 1 o
0 % 1 x

Figure 7.2 — Function f from Example [[.1.2]

Definition 7.1.4 We define by

1. CL(Q) the set of alll times continuously differentiable functions compactly supported
in Q. (If 1 =0, thus CJ(Q) is the set of all continuous functions compactly supported
in Q. In what follows instead of CJ(Q) we simply write Cy(12).)

2. D(Q) = C*(Q) the set of infinitely differentiable functions compactly supported in .
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Definition 7.1.5 A sequence (fx) of elements of D(2) converges toward f € D() iff
1. There exists K C ) compact such that

Vk € N, supp fr C K,

2. For all multi-index o 0 f(x) converges uniformly toward 0*f on K.

The definition of the convergence is equivalent to the definition of the topology on D(f2)

(see Example [A.T.6)).

Note that
e it follows immediately that supp f C K.

e if in the space C'(Q) we introduce the norm

5 = maxsup |0%f(x)],
I lex) = masxsup |0 (o)

then (C'(Q), || - || ci@) is a Banach space and its norm is the norm of the uniform
convergence:

Vo € N" fi(z) 20°fon K <= VIeN [ fi— flex — 0 for bk — +o0.

Remark 7.1.2 1. The space C®(Q) contains infinitely continuous differentiable func-
tions such that
VIEN |flloim < oo

C>®(Q), and in the same way D(KY), are not normable spaces (it is not possible to
define a norm,).

2. The space CL(Q) is a closed subspace of C1 (). In the same time, C'(2) C CY(Q).
A linear operator A : D(§2) — D(2) is continuous on D(K?) iff

fi = finDEQ) = Af, — Af in D(Q).
The elements of D({2) are often called testing functions.

Problem 7.1.1 Show that the following linear operators are continuous in D(S2):

1. For a multi-index o € N"

0" :D(Q) = D), [flx)—df(x),

2. For a fized function n € C*(2)
Ay :D(Q) —» D), f(z)—nx)f(2),

3. For Q=R" and a fized g € D(R")

S, D) > D), f(&) > (@) = (Fr9)@) = [ fla—y)gly)dy
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Example 7.1.3 Functions, called mollifiers and which we consider in next Subsection,
gives an example of a non trivial function from D(QY). For instance, the familly of functions

1 x ~Tae
1= (7). s = {7 s

with a constant ¢ such that [g. wp(z)dr = 1, belongs to D(] — 1,1[) for all h > 0 (see
Fig. [7.3).

Figure 7.3 — Example of non trivial elements of D(] — 1,1[): wy(z) = +n (£), where n(z) =e -l
if || <1 and n(z) =0if |z] > 1.

In addition, we will prove (see Theorem [T.T]) that D((2) is dense in LP(£2).

7.1.1 Mollifiers
Let Q2 C R"™ be a bounded domain (see Definition [.T.1]). For z = (z1,...,z,) € R", we

write
n
2] = |3 [aif2.
i=1

Let ¢ € LP(Q2). We extend ¢ by 0 for = ¢ Q:

so) = 50 e

Then ¢ € LP(R") and the boundary 02 contains a part of discontinuities of ¢. Let us
mollify (smooth) these discontinuities.

Definition 7.1.6 Let h > 0 and 2 C R"™ be a domain. For ¢ € LP(Q) we define a
mollifier

on(r) = /Bh(x) wp(r —y)P(y)dy, = €R" (7.1)
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where wy () is a function, called the kernel of v, such that
1. wy, € Cgo(Rn)’

2. wp(z) > 0 if |x| < h and wy(x) =0 if |z| > h. This statement is equivalent to

supp wy,(z) = By(0).

3. Jgn wp(x)dr =1
4. wp(—x) = wp(x).

Remark 7.1.3 In this Section we write [, f(x,y)dx understanding the Lebesgue integral
of [ with respect to x € Q). When the function f depends only on one variable x, we will
write [o fdup for the Lebesgue integral of f over €.

Remark 7.1.4 We notice that in our notations
By(z) ={y € R"| [z —y[ < h}.

Since for a fixved x

wi(r = y)e(y) € Lp(Bi(x)) C Li(Bn(x)),
we conclude that the definition of vy is well defined.

As wy(x —y) =0 for |z — y| > h, then for a fized x

wy (v —y)p(y) € LP(R™).

We summarize the properties of the mollifiers in the following proposition:
Proposition 7.1.1 Let ¢ € LP(2), p > 1. Then we have:

1. Yh >0 ¢ € C°(R")

2. If d(z,§2) > h, then @y(z) = 0.

3. If Q2 is bounded then for all h > 0 ¢, € C(R™).

4- Nlenller@) < llellzre

5. on — @ for h — 0 in LP(Q).

Proof. Let us prove points 2), 4) and 5). The point 3) is a direct corollary of point 1 and
point 2. For point 1) see for example [7].

1. Point 2): If d(z,Q) > h, then p,(x) = 0.

If d(z,§2) > h, then QN By(x) = @ (see Fig. [[4). We suppose that ¢ is defined in
R™ using the extention of ¢ by 0 for x ¢ Q. Thus, by definition of the kernel wy,, we
have

n _ )0 Jr—yl=h (aswp(z—y)=0),
Yy € R*  wi(z —y)o(y) —{ 0, |z—yl<h (ase(y)=0).
Hence,

Pn = /R wy(z — y)p(y)dy = 0.
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Figure 7.4 — If d(z,) > h, then QN By(z) = @.

2. Point 4): ||enller) < |l@llLr@)

We separate two cases: p=1and p > 1.
Let p=1.
We have
pn(r) = /Qwh(x —y)e(y)dy.
Thus we find
en(@)| < [ wnle = y)le(y)ldy,

using that wy(z — y) > 0 for all x and y. Then

lnlle = [ len@lde < [ ([ wnte = )lp()ldy) da,
and by the Fubini Theorem,

lenllzer < [ ([ wnte = n)le)ldy) dz = [ o)l ([ wnlo = y)dz) dy
< /Q o (y)] (/R wp(z — y)d:c) dy = /Q le(W)ldy = llellzr -

Here we have used that [p. w,(x — y)dz = 1, by definition of wy,. Thus we have

[enlli@) < el
Let p > 1.

Since % + 1% = 1, we have

1 1

en(@)| < [ wile = y)le@)ldy = [ wi @ =yl (@ - y)lely)ldy.

We apply the Hélder inequality and use the fact that [p. wy(z — y)dz = 1:

on() < [l (e =yt (o~ v)loly)ldy

[ (w7 =) ] ' [ (v = tetw) o]

< [/R wh(fc—y)dy]p [/Q wh(w—y)lso(y)lpdy]% < [/Qwh(x—y)\@(y)\pdy g

|~
-
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Thus,
en(@)lP < [ wnla = y)lpy)ldy.

As for the case p = 1, we integrate the last inequality over y € 2 and, applying the
Fubini Theorem, we find

lenlline = [ len(@)Pde < [ lenm)Fdy = ¢l

3. Point 5): ¢, — ¢ for h — 0 in LP(Q).

We separate two cases: p=1and p > 1.
Let p=1.
Let us consider ¢y (z) — ¢(x). Since [, ) wn(z —y)dy = 1, we have
on(@) = o(@) = [ e —y)e)dy - @) [ wnle —y)dy
Bh(:B) Bh(fl')
= wa(z = y)(p(y) = w(x))dy.
By (z)

We perform the change of variables * — y = 2z € R" with dy = (=1)"dz (dz =
dzy - ... dzp):

Thus

/Q lon(z) — @(x)|de < / /Z<h 2)|p(x — 2) — p(x)|dzdr,

and by the Fubini Theorem

/ lon(z x)|dr < en wp(z) </Q lp(x — 2) — cp(:p)|dx> dz.

By the continuity of the Lebesgue integral, we have (the result is assumed without
proof)

Ve >0 (e / lp(x — 2) — (x)|dr < e for |z] < d(e).
Let us take h < d(€). Then

lon = el = [ len(@) = p@)ld < e [ wn(z)dz =

|z|<h

Let p > 1.

The proof follows to the case of p = 1 with the differences detailed in the point 4,
case p > 1. UJ



104 Chapter 7. Distributions

7.1.2 Density of D(Q2) in LP(Q).
From Proposition [T it follows
Theorem 7.1.1 Let p € [1,00[ and Q be open in R™. D(Q) is dense in LP(S).
Proof. Let ¢ € LP(€2). We define (see Fig. [Z.0])
1
Q" = {z € Qd(x,00) >r, |z|< ;}

Let us prove that

Figure 7.5 — Subdomain Q(").

. » E)p
Ve>0 Ir>0: /Q\Q(r) lo(x)|Pde < (2 : (7.2)

Firstly, we notice that (see Fig. [[])
1. if ry <7y then Q,, C Q,, (obviously).
2. if r = %, m € N*, then
0 =q.

Indeed, we have

3

vmeN Q) ca = v ,06) ca.
But € is open (in R™) by Definition [.T.Il Then for all z € © (2 bounded or not) we have

|z] <oo and  d(z,09) > 0.
It implies that

1
Im=m, e N": |z| <m, d(z,00)>—,
m
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thus z € Q(m%) and then

3=

el

), e, Qcu 0l
).

x e Uy Q(

3

Consequently, we find that €2 = U°_ Q(
From 1) and 2) it follows that

/Q lp(z)[Pdx = lim / 1) x)|Pdx, e, Ype LP(Q) /Q\Q(L) lp(z)[Pdx — 0 for m — oo.

Thus we obtain (7.2)).
For .
), e Q)
M@_{o,xeﬁ\mﬂ
we construct its mollifier ¢p. Let us take h such that h < r. If x is such that d(z, 0Q) < r—h,
then Q0 N By,(z) = @ and consequantly, by Proposition [T}, ¢, = 0. Thus, @, € C5°(9).

Let us show that
YVe>0 3h>0: HQO—@hHLp(Q) <e.

Indeed,

e — @ullzr) < Ml — Gllzr) + |¢ — PullLr @)

We have, thanks to (.2,

1
— 5 — )P — P hd
i = e = ( [ @) = plalPda )’ (/Q\W\so(xn d:c) <3

and in addition

|~

|¢ = &nllr@) =0 h—0.
We conclude that for A small enough

| — @nllr) <

[NON NG
O

7.1.3 Completeness of D((2)

Firstly, we note that

Lemma 7.1.1 For all domain Q@ C R™ and all € > 0 there exists a function n € C*°(R")
such that (see Fig. 78 for Q =|a,b] (a <b))

1.Vx e R" 0<n(z) <1;
2. Vx € Q. n(x)=1;
3. Y & Qs n(x) =0,

where

Qe=QU{z e R"\ Q] d(0Q,x) < €}.
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1 1 >

a — 3¢ a—¢ a b b+ e b+3¢ x

Figure 7.6 — Example of n € D(Ja, b]) from Lemma [Z11]

Proof. Let 1g, be the characteristic function of the set {2.:

1 . 1, xr e Q2e
f2e = 0, T 7é QQE.

Let us show that the function

n(w) = | la, (y)wr —y)dy

Rn
satisfies 1)-3). Here w.(x) € D(R") is the kernel defined in Definition such that
e Vz e R" wzx) >0,
o supp w (z) = B.(0),
o [pnw(x)dr =1.

Figure 7.7 — Example of supports of we(x —y) for z € Q¢ and = & Q3. for the proof of Lemma [ 11l
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Consequently, (see Fig. [[7]) we have

n(e) = | wle = y)dy € CRY):

0<n@) < [ wle—yy= [ wi(z)dz=1

n(z) = /B @) Lo, (y)wer —y)dy =
_ ) @ we(r —y)dy = Jpnwe(2)dz =1, @ € Q4 -
0’ x ¢ Q3e-

In addition, we know (see Theorem [[.T.T]) that D(S2) is dense in LP(£2). We have defined
what a Cauchy sequence is in the metric spaces, but it can also be defined for the topological
spaces which are not metrizable.

In particular, let us define what a Cauchy sequence is in D(2):

Definition 7.1.7 Let ¢, € D(R2) for k € N. We say that (¢r) is a Cauchy sequence
in D(R) if there is some compact set K C Q such that for all k € N supp ¢, C K and such
that

Va e N* VIeN [[0%pr — om)llcix) — 0 as k,m — oo.

Thus we can prove:
Theorem 7.1.2 Let Q be a domain in R™. D(Q) is complete.
Proof. Let (¢x) be a Cauchy sequence in D(2) (see Definition [[T.7)). Since

VIieN (CYK),| - |lox)) is a Banach space,
it follows that there exists a function ¢ € C*°(K) such that
Vo e N* VIeN [[0%(or — @)llcix) — 0 as k — oo,

But if for all & € N supp ¢ C K, then supp ¢ C K also. Hence ¢ € C§°(§2) = D(2) and
o — ¢ in D(N2). O

Problem 7.1.2 Prove that D(Q2) is dense in C>(2):

Ve C™®(Q) k), or € D()  such that g — [ (k — 00) in C(N).

7.1.4 Lemma of du Bois-Reymond
Lemma 7.1.2 Let f € L},.(Q) and

Vz € Q 3 open neigborhood U, :  f(x) =0 a.e. in U,.

Then f(z) =0 a.e. in .
Proof. Let K be a compact in €.
Let us show that f(z) =0 a.e. in K.
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Since K is compact, the infinite (open) cover U,cxU, DO K contains a finite subcover
N
where U, are open neighborhoods of points x? such that f(z) =0 a.e. in U,. Thus,

{z € K|f(z) # 0} C UL {z € Ul f(x) # O}

Since a finite union of sets of zero measure is a set of zero measure, and a subset of a set of
zero measure is also a set of zero measure, we conclude that p({z € K|f(x) #0}) = 0.

Let’s now prove that f(z) =0 a.e. in €.
We define for r € N

1
K" ={z € Q| |z| <r and d(z,00) > -
r

}.
Then K" is a compact subset of {2 and
K'CK*C...CK'C...Ccq.
Thus 2 = U2, K" and consequently
{z € Qf f(z) £ 0} € UX, {z € K"|f(x) # 0},

Therefore,
p{z € Q f(z) # 0}) < p(UZ{z € K7|f(x) # 0}).

AsVre N p({z e K"|f(x) #0}) =0, then

U {z € K'[f(x) # 0}) < U2 p({z € K'[f(x) # 0}) = 0,
from where u({z € Q| f(z) #0}) =0. O
Finally, let us prove using Lemma the following result:
Lemma 7.1.3 (du Bois-Reymond)
Let f be a function of L}, () such that

Vu € Cy(Q), /qudu —0,

then f =0 a.e. on ().
Proof. We want to show that

vz’ € Q 3B,(2°):  f(x) =0a. e. in B,(z°).
If it is true, then we apply Lemma [[.T.2] which finishes the proof.
Indeed, since €2 is a domain of R", then € is open:

v2? € Q 3 open neigborhood Uy @ U C S0
In addition, since U,o is open, we can also say that

vz € Q 3B,(2°) : B.(z°) C Q.
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Thus, if Vzg € Q f(z) = 0 a. e. in B.(zg), then, by Lemma [[.T.2] with U,, = B,(x), we
conclude that f(z) =0a. e. in Q.

Let’s take r such that Ba.(z%) C Q. We define

| f(z), z € By (a9)
fl(x) = { 0, z ¢ BQT(xO) .

Thus, f; € L'(Q). Let x € B,(z°). We take h < r such that Bj,(x) C By, (z°) (see Fig. [[J).
Let f1 5 be the mollifier of f;. Thus

Figure 7.8 — Construction of the proof.

wn(e = )iy = [ wile = y)f)dy.

By (z)

fin(z) = /

By, ()

Since

Vo € B.(2°) wu(z —y) € C(Q)

as a function of y, and

supp(wy (2 — y)) = Bp(z) C By, (29),
then fi,(z) =0 in B,(z9).
Therefore, we have
o M= [ 1@ = [ 1) = fa(@
By point 5) of Proposition [.I.T], that
/ ) |fi(z) — fin(x)|de =0 for h — 0.
B (z

But [5 .0y |f(z)|dx does not depends on h. Consequently, [p o0y |f(z)|dx = 0, from where
f=0ae in B.(2°). O
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7.2 Dual space of D(f2). Distributions

Definition 7.2.1 Let D'(Q2) be the dual space of D(2): space of linear continuous func-
tionals on D(QY). Elements D'() of are called distributions.

Example 7.2.1 (Regular distributions) For f in Li,.(Q) define Ty : D(Q) — R by

loc
Ty(p) = (T}, ¢) / flx

Ty is linear and continuous: Ty € D'(Y). Indeed, as supp ¢ is a compact in Q, we have for
alll € N

(Ty.0)| = | [ f@)elw)do

As f € LL,.(Q) and supp ¢ is a compact in Q, we have

/ |f(x)|dz < oo
supp ¢

Thus, it follows that if i, — ¢ in D(Q) then Tt(pr) — T¢(p), t.e., Ty is continuous.

<[ @le@ldr < leloms [ 1@z
supp ¢

It is convenient to identify f € L,.(Q) with Ty € D'(Q) and to consider the function f as
being a distribution (namely that given by Ty). So, elements of Li,.(Q2) “are” distributions.
They are called regular distributions.

Remark 7.2.1 If fi, fo € LL () and fi = fo a.e. in ), then

Vo € D) (f1,9) = (fo, )

1.€.,
f1 = f2 m DI<Q)

The converse is also true thanks to du Bois-Reymond Lemma [71.3:

if fi, fo € L) and fi = fo mD'(Q) = fi=fr ae inQ

Example 7.2.2 (Dirac) Define T : D(2) — R by
T(p) = (T, ) = (0).

T is linear and continuous: T € D'(Q).

T is called a Dirac (sometimes a “Dirac delta function”). This distribution is usually
denoted by §. It is not in L},.(Q) (prove it!).

Example 7.2.3 (Single layer) Let S be a piecewise reqular (for instance, C*) surface in
R™ and p be a continuous function defined on S. The distribution pés € D'(R™), called a
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single layer, is defined by the formula:

Vo €DRY) (w5, ) = | Ls(@hu(a)p(a)dr,

where 1g(x) =0 ifx ¢ S and = 1 if x € S. We see that uds is a generalization of the
Dirac distribution for surfaces.

Problem 7.2.1 An other example of a singular distribution is 73%, called the principal part
of the inegral of %

Ve € D(R) <73§,<p) — lim </_;O+/OO> @dx.

e—+0

Prove that PX € D'(R).

To describe the space D'(£2), we give (without the proof) the following Theorem which gives
a criteria when a linear form on D({2) is continuous:

Theorem 7.2.1 Let T : D(2) — R be a linear form. Then
TeD () — V bounded Q' C Q  IM = M(Q') €]0,00[ and m = m(Q') € N
such that ¥ € DY) (T, )] < Ml
Definition 7.2.2 Let T € D'(Q2) be a distribution and g € C*(2). We define the operator
gT:TeD(Q)—g-TeD(Q)

of the product g -'T" by
Vi € D(Q) (9T, ¢) = (T, g¢).
(Since g € C>*(Q) and ¢ € D(R?) then gp € D().)

Definition 7.2.3 Let T € D'(R2) be a distribution.
We define T" : D(2) — R, the derivative of the distribution T, by

(Since ¢ € D(QY), then ¢ € D(R), and since D'(Q) is a linear vector space, =T € D'(12).
Consequently, T" € D'(R2), i.e. a linear continuous functional on D(12).)

Therefore, we define the operator D : D'(Q2) — D'(2) by
Vo €D(Q), (T',¢) =—(T,¢).
This is consistent with the derivative of functions thanks to the integration by parts: since

¢ has a compact support in €2, then p(z) = 0 for all x € 992 and the boundary term in the
formula of the integration by parts is equal to zero.

Example 7.2.4 We consider 2 = R. Let us consider the derivative of the Heaviside func-

tion:
0, <0,
O(w) = { 1, z>0.
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Clearly, 0 € L}, (R) and thus 6 € D'(R) with

loc

Vo €DR) (0.¢) = [ H(x)p(a)dr.

Let us calculate 0':

Yo € DR) (0',0) = —{0,) = — [ 0(@) @)de = - [ @ (0)de = —pl@)l§
= —0+¢(0) = (5,).

Finally,
Vo € DR) (0, ¢) = (3, ),

which means that ' = 9 in the sense of distributions.

More generally,

Definition 7.2.4 Let Q2 be a domain in R"™. LetT € D'(QY) be a distribution and let o € N
be a multi-indez.

We define the derivative operator D* : D'(2) — D'(2) by
Vo € D(Q) (DT, p) = (=1)*(T,0%).

Remark 7.2.2 If f € C(Q) then all its derivatives 0% f (in the usual, or classical sense)
are equal to the corresponding derivatives of f in the sense of distributions:

o As f € C®(Q) then f € LL.(Q) and thus f € D'(Q). We summarize:

loc

C>(Q) C D'(Q).
e Therefore, by integration by parts,

Ve e D) (Df.¢) = (D)1 | f@)0 () = [ 9 f(@)p(a)da = (0°f. ).

Example 7.2.5 Let T € D'(R?) be a distribution and let o« = (1,4,5). By Definition[7.2.3),
the operator D) . D(R?) — R is defined by

Vp € D(RY), (DUIT,p) = (T,0049)p)

Corollary 7.2.1 1. All distributions are infinitely derivable.

2. All convergent series in D'(Q) are infinitely derivable term by term:

if (up)ken € D'(Q) such that Y wy =5 € D'(Q), then

keN

Va e N* Y D%y = DS in D'(Q).

keN

Proof. The first statement follows from the definition of a distribution: since ¢ € D(Q),
then for all & € N™ 9% € D(Q), therefore, for all T € D'(Q2) the distribution DT is
correctly defined for all o € N™.
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The second point follows from

m—r 00 m—ro0

S=lim Y w, inD(Q),ie YoeDQ) (S ¢ = lim () u, ),
k=1 k=1
=V eD(Q) VaeN' (DS,p)=(-1)1"(S,0%) = (=1)'* lim (3~ uy, dp)
k=1

= lim <Da(k§: ug), p) = lim <kzm: Duy, ) = (D D%y, ¢).0

m—00 m—o0
keN

Remark 7.2.3 For all Q C R", it holds (prove it!)

LP(Q) C Lin ().

Therefore functions in LP(Q)) are regular distributions.

Thus, we can now differentiate any function in LP! But the derivative may (or may not)
be a function in LP. When it is the case, we have a Sobolev space, we will see this in the
next chapter.

7.2.1 Direct product of distributions

Let f(x) € L}, .(R") and g(y) € L},.(R™). Then the function f(x)g(y) € L, .(R"™™). Thus,
fg define a regular distribution 7%, = f x g by the formula

Vo € DR™™) ([ x g,¢) = [

Rn+m

f@gw)e@ydady = [ f@) [ gly)e(e,y)dyde
= <Tf7 <Tgv ©)), (7.3)
where we have used the Fubini Theorem (see [§]).

Definition 7.2.5 (Direct product in D’) The direct product f x g of two distributions
f € D'(R™) and g € D'(R™) is called the distribution from D' (R"*™) defined by the formula

[see (T.3)]:
Yo € DR™™)  (f x g,0) = (f,(9,9¢))- (7.4)

Let us verify that the definition is correct, i.e. the right hand side of (7.4]) defines a linear
continuous functional on D(R™™).

We use the following lemma (for the proof see [24])
Lemma 7.2.1 For all g € D'(R™) and ¢ € D(R™™) the function

U(x) = (9(y), o(z,9))
belongs to D(R™), and for all o« € N"
D%p(x) = {(g(y), Op(x, ). (7.5)
In addition, if o, — 0 for k — 400 in D(R™™), then

Yr(x) = (9(y), ex(z,y)) = 0 for k — +oo in D(R").
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Lemma [7.2.1] ensures that the right hand side of (7.4]) define a functional on D(R™™™).
From the linearity of the functionals f and g it follows the linearity of f x g. Let us prove
that the linear functional f X g is continuous on D(R™*™). Suppose ¢, — 0, k& — oo in
D(R™™). Then, by Lemma [T.2T],

(g9,pk) =0, k— +oo in D(R").
Therefore, since f is continuous on D(R™), we obtain that
(f:(9,¢x)) =0, k— +o0,
which means that f x g is continuous. Hence, f x g € D'(R™"™).
We give the main properties of the direct product (for the proof see [24]):
Proposition 7.2.1 Let f € D'(R") and g € D'(R™).
1. The direct product in D' is commutative:

fxg=gx[feDR"™).

2. The direct product in D' is associative: if f € D'(R"), g € D'(R™) and h € D'(R"),
then
fxlgxhl=1[f xg]xheD R

3. The direct product f X g is linear and continuous with respect to f, as the mapping
fED'R") — f x g€ D'R"™),
and with respect to g, as the mapping
gEDR™) — fxgeDR"™™).
For instance,
A+ ufi] x g=Af x gl +plfi xg] Vi fir e D'(R"), g€ D'(R"),\ peR,
and if fr, = 0 in D'(R™), then fr X g — 0, k — 400 in D'(R™™).
4. Derivation of the direct product:
DE[f(z) x g(y)] = D*f(z) x g(y).
5. Multiplication by a C*®-function: if a € C*°(R™) then
a(x)[f(x) x g(y)] = a(z)f(x) x g(y).
6. Translation on a vector:

(f xg)(@+hy) = fz+h)xg(y).
7. Distribution f(z) x 1(y) is indepanding on y: for all ¢ € D(R"™™) it holds
(f(a) = (. [ e@ydy) = (1) x f@).0) = [ (F@),elw,y)dy.
Therefore, for all f € D'(R™) and ¢ € D(R™™) it holds
([ ey = [ (F@)pla.)dy.
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7.2.2 Convolution in D'(Q)
Let f and g be two functions in L}, (R™) and
h@) = [ 19)f (= y)ldy € Li, (")

As it was defined in [§], the convolution f * g is a function

(f 9@ = [ e —way = [ 9@ - pay = (9 H).
Note that f * g and |f| * |g| = h exist in the same time and, since
for almost all z |(f*g)(z)| < h(z) = fx*g¢€ L, (R"),

then f * g is a regular distribution. Moreover, for all ¢ € D(R"), using Fubini Theorem
from [§],

(frg0) = [ (Fr0)©@e©dc= [ | [ g€ —ndy ol€)ae

= [Low) | [ 1€ we©de|dy= [ o) | [ s@eta+ydaay

Rn

i.e.
Yo eDRY) (frg.9) = [ [@)gl)elw+y)dady. (7.6)
Here, the integration is over R?" while the testing function ¢ € D(R").

Let the sequence (n) of functions from D(R") converges in R™ toward to 1. For example,
let n € D(R"™) such that n(z) = 1 for all x in the unit ball of R", then we can define

(@) =1 (%)
We admit (see [24]) that equation (7.6]) can be written in the form

Vo € D(R")  (f*g,¢) = lm (f x g,m(z, y)p(z +y)), (7.7)

where (1) is any sequence converging toward 1 in R?*". We note that for all k¥ the function
me(z,y)e(x + y) belongs to D(R?*"). Let us take f and g from D'(R™) in a such way that
that their direct product f X g allows an extention {f(x) X g(y),¢(x+y)) on the functions
of the form ¢(z + y) (for all ¢ € D(R™)) in the following sense:

for any sequence (n;) from D(R?"), converging in R?" toward to 1, there exists a limite
(indepanding on the choice of (7)) of the numerical sequence

Jim (f(x) x g(y), m(z, y)p(a +y)) = (f(x) x g(y), p(z +y)).

Definition 7.2.6 Convolution of two distributions f and g from D'(R") is called the dis-
tribution f x g € D'(R™) given by the formula

Vo € DR")  (f*g,0) = (f(x) xg(y), plx+y)) = lim (f(z) x g(y),m(z, y)p(z +y)),
(7.8)

where (1) is any sequence converging toward 1 in R*".
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Remark 7.2.4 As o(z +y) does not belong to D(R*™) (it has not a compact support in
R?" ), the right hand part of equation (7.8) can be not exist. Hence the existence of the
convolution depends on the choice of the distributions f and g.

Example 7.2.6 For all distribution f there exists its convolution with the Dirac distribu-
tion 0 and

fxo=0d0xf=f

Let us give the main properties of the convolution (for the proof see [24]):
Proposition 7.2.2 Let f,g € D'(R").
1. The mappings

fEDR") — fxgeD(R") and g € D'(R") — fxg e D'(R")

are linear but not continuous. (For example, 6(x — k) — 0, k — oo in D'(R), but
lx6(x—k)=1-»0, k— oo in D'(R).)

2. If the convolution f x g exists, then there exists the convolution g x f and
frg=gxf.

3. If the convolution f x g exists, then there exist the convolutions D*f x g and f x D%g.
In addition

Dfxg=Df*g) = f +D%.
But from the existence of the convolutions D*f % g and f x D%g does not follows the
existence of the convolution f * g:

x1=06x1=1, but 0x1"=0%x0=0,
where 0 is the Heaviside function. Hence, the convolution is not associative:
Ox0)x1=60x1=1, but Ox(&'*x1)=0x0=0.

If there exist the convolutions f =g h, f*xg, g*h and f *x h then there exist the
convolutions (f x g)xh, f*(g*xh) and (f * h) x g. In this case, it holds

frgxh=(fxg)xh=fx(gxh)=(fxh)*g.
4. If the convolution f x g exists, then there exists the convolution f(x + h) % g(z) and
VheR" f(z+h)xg(x)=(f*g)(z+h),

i.e. the translation and the convolution commute.
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Sobolev spaces

8.1 Weak derivatives

Let €2 be a domain. As we know
LP(Q) C L},.(2) = {regular distributions}.
Thus
VfeLP(Q) VYaeN' 3IDf e D(Q).
When can we say that for f € LP(Q2) all its derivatives of the order |a] < m D*f € LP(Q)?
Definition 8.1.1 Let f € L} (). If there exists w € L}, .(Q) such that

loc loc

vee D) [ w@ol)de = (~1) | f@)oro)ds,

then w(x) = 0“f(x) is called the weak derivative of u (of the order «).

Remark 8.1.1 The weak derivative is more restrictive than the derivative in the sense
of distributions. The advantage of the definition of the weak derivative, that it maps the
reqular distributions to the reqular distributions.

Figure 8.1 — Domain 2 devided in three parts: Q =y UT' U Qs.

We notice from Definition .11l the following important properties of the weak derivative:

Proposition 8.1.1 1. Let 0% € C(Q2) be a “classical” derivative of u, defined for all
x € Q). Then 0%u is the weak derivative of u of the order o on ).
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2. If 0°f € L} (), then for all subdomain Q C Q 9°f € LL ().

loc loc

3. The weak derivative is uniquely defined up to the equivalence (up to the equivalence
classes).

4. From the existence of the weak derivative of the order o does not follows the existence
the weak derivatives of smaller orders.

5. Let Q b devided in tree parts: two subdomains 2y and Qs and their commun boundary
set T' in such a way that, 0 N Qy = &, and Q = QUL UQy (see Fig. [81]). From
the existence of the weak derivative 0%u in each §; (i = 1,2) does not implies the
existence of the weak derivative 0%u in all €.

8.2 W™P Spaces

8.2.1 Definition and main properties
Let Q be a domain in R™ (not necessarily bounded).

Definition 8.2.1 Let m € N and p € [1,00]. The Sobolev Space W™P(Q) is defined by
Wmr(Q) ={f € L (Q)| D*f € LP(Q) for any |af < m}

(derivative in the distributional sense) with a norm

Al
=

£ llmp = N fllwmrey = (> /IDO‘fI”) =( > IIDflLnq)? forp<oo (8.1)

0<|a|<m 0<|a|<m

[fllmco = 1 fllwmoe(@) = max |[Df]|p) forp = oo. (8.2)

0<|a|<m

Problem 8.2.1 The norm (81) is equivalent in W™P(§2) to the norm

N(f) = > 1Dl (8.3)

0<]al<m

Therefore, sometimes the norm in W™P(Q) is directely defined by (83). We notice that
for p =1 the norms (81)) and (8.3)) are identically the same and for p = oo the norms (8.2)
and (83)) are also equivalent.

Remark 8.2.1 We notice that
WP (Q) = LP(Q).

Theorem 8.2.1 Letm € N andp € [1,00]. The Sobolev space WP () with the norm (83)
(and thus with (81)-(82)) is a Banach space.

Proof. Let (u;) be a Cauchy sequence in W™P(Q):
Ve>0 INeEN: Vmk>N |y — ug|lwmr@) <e€

The inequality |t — ug|[wmr@) < € means that

Z | D%ty — DaUkHLP(Q) < €.

0<|a|<m
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Then for 0 < |a] < m the sequence (D%u;) is a Cauchy sequence in LP(2). Since LP(() is
complete, there exist functions v € LP(Q2) and v, € LP(Q2) for 1 < |a| < m such that

w; —vin LP(2) and D% — v, in LP(2) (1 < |a] < m).
To finish the proof, we need to show that
D% = v, for all 1 < |a] < m,
from where we could conclude that v € W™P(Q) and thus (u;) converge to v € W™P(Q) in
Wmr(Q).

As LP(Q) C L}, () and so u; determines a regular distribution T, (or itself can be consid-
ered as a regular distribution):

Vo € D(Q)  (ui, ) = /Q wi(@) (@) dz.

For any ¢ € D(Q2) we have

[(ui, o) = (v, )| < /Q |ui(z) — v(@)|lp(x)|de < ol o llui = vl Lr @),
where we have applied the Holder inequality. Hence (u;, ) — (v, ¢) for every ¢ € D(Q) as
1 — 00.
Similarly,
It follows that
Yo € D(Q)  (va, p) = lim (D%, ) = lim (=1)1*u;, 0%p) = (=)l (v, 8%).
1—00

1—00

Thus D = v, for all 1 < |a| < m, from where v € W™P(Q2) and ||u; — v||wm.r) — 0 for
1 — o00. U

Remark 8.2.2 [f classical partial derivatives exist and are continuous then they coincide
with the distributional partial derivative. Thus the set

S ={f e C"( )|l fllwmr@) < o0}
is contained in W™P(Q). Since W™P(Q) is complete, it is possible to prove that
§||'||Wm,p(9) _ Wm,p(Q)
(it is the theorem of Meyers and Serrin, see [1] p.52). It means that C™(Q) N W™P(Q) is
dense in W™P(Q).

We give without the proof the following Proposition (see [I] for more details):

Proposition 8.2.1 The function
s = ey = (35 [[1D°11)
is a semi-norm on the Sobolev space W™P(Q2). The function
N(f) = fllzre) + | lz 1Dl o)

is a norm in W™P(Q). For bounded and regular (see Definition [82.3) OS2 this norm is

equivalent to the norm || - |[wmr) (see (83) or (81) and (82)).
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Example 8.2.1 Let us consider
w=3(10,1[) = {f € L*(J0, 1[)| /" € L*(J0, 1)), /" € L*(J0, 1])}

with the norm

3 3 113y %
B - / / >
”fHW 3(10,1)) (/]071[ |f| o.1] |f | o.1] |f | )

Here x — x2 does not belong to W23(]0,1[), but = — x5 belongs to W23(]0, 1).

Example 8.2.2 The Sobolev space
WH(R) = {f € L*(R)| ' € L*(R)},

endowed with the norm )
1o = ([ 12+ [ 171

is a Hilbert space with the inner product

(o) = [ fo+ [ 19"

Theorem 8.2.2 W™P(Q) is separable if 1 < p < 0o, and is reflexive and uniformly convex
if 1l <p<o.

Proof. (See [1] for more details.)

Let us present W™P(Q) as a closed subspace of a Cartesian product of spaces LF(Q2). Let
N be the number of multi-indices «a satisfying 0 < |a| < m.

For 1 <p < o let
N
LY, = HL”(Q).
j=1

We define the norm of u = (uq,...,uy) in LR, by

1
fall = 4 (Calwsl)™, i1 <p <o,
) maxi<j<n ||t;]|ze, if p = oco.

Using the properties of the L? spaces, we obtain that L% is a Banach space that is separable
if 1 <p < oo and reflexive and uniformly convex if 1 < p < oo.

Let us suppose that the N multi-indices « satisfying 0 < |a| < m are linearly ordered in
some convenient fashion so that to each u € W"P({) we may associate the well-defined
vector Pu € L, given by

Pu = (D"u)o<jal<m-
Since

[Pullze, = lfullwms @),

P is an isomorphism of W™P(Q) onto a subspace W C L&,.

Since W™P(Q) is complete, W is a closed subspace of LY. Thus, W is separable if 1 < p <
oo and is reflexive and uniformly convex if 1 < p < oo.
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The same conclusions must therefore hold for W™?(Q) = P~1(W). O
Let us also give the following properties of Sobolev spaces W"™P:
Proposition 8.2.2 1. VO C Q if f € W™P(Q), then f € W™P(QY).

2. If f e W™P(Q) and g € C™(Q2), then gf € W™P(Q).

8.2.2 Sobolev spaces W"™?(()) for bounded domains with a regular
boundary 0f)

Definition 8.2.2 Let Q) be a bounded domain of R"™. Its boundary 0X) is locally Lipschitz
if

Vo € 000 3 neighborhood U, : 02N U, is the graph of a Lipschitz continuous function f.

Remark 8.2.3 Here by a Lipschitz continuous function we understand f : R"! — R
which is continuous and there exists M > 0 such that

Yo,y €R" [ f(z) = f(y)l < M|z — yllzn-r.

Definition 8.2.3 The boundary O is called a regular boundary of the class C* (k >
1, see Fig.[82):

Vag € 00 3f(x) € C*(Uy,) such that {x € Uyy| f(z) =0} = 00N Ty, dfly,, #0.

Figure 8.2 — Example of a regular boundary from Definition 823l

If ©2 is a bounded domain with a regular boundary (at least locally Lipschitz), then we have
following results:

Theorem 8.2.3 Let () be a bounded domain with a locally Lipschitz boundary. Then it
holds

1. C>=(Q) is dense in W™P(Q).

2. We can extend [ € wWir(Q) from Q to a bigger domain Q' (Q C Q') without loss of
reqularity: f € WYP(QV) and f = f on Q. In addition, it holds

I lwrs@y < Clp, Q)| fllwrre),
where the constant C(p, 2, Q) does not depend on f.
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8.3 H'™ Spaces

8.3.1 Definition and properties
Definition 8.3.1 Let Q be a domain in R™ and m € N. Define H™()) = W™2(Q).
For f and g in H™(S2), we define a inner product
([ @) ame) = Y. /Da fD% = (f,9)12@2) + Z (D*f, D*g) 120, (8.4)
0<|a|<m la|=1

which is associated with the norm

o 1 o 1

1l = 1 iy = ( 2 [ 1D2F)E = (32 1D° e
|a|<m |a|<m

Corollary 8.3.1 H™(Q2) with the inner product (87)) is a separable Hilbert space.

Proposition 8.3.1 1. Canonic injection of H™(Q) in L*(Q) (see Definition 77 ) is con-
tinuous:
voe H™Q) folluay < lollimo)

2. H™(Q) is dense in L*(Q).
Proof.

1. It is a direct corollary of the definition of the norms in H™ and in L2

2. Firstly, we notice that
D(O) ¢ H™(Q) € 12(0).
Secondly, D(Q) is dense in L?(Q) by the norm || - ||z2 (see Theorem [Z.T.T]). Thus,
H™(Q) is dense in L?(Q). O

8.3.2 Dual space (H™(Q2))*
As H™(2) is a normed (Banach) space, then its dual space is (H™(Q2))* = L(H™(Q2),R).
Since H™(R2) is a Hilbert space, the Riesz representation theorem yields

(H™(2))" = H™(92),

where elements of (H™(Q2))* are linear continuous forms defined by the inner product of
H™(£). It means that to f € H™(Q2) corresponds the following element of (H™(2))*:

w€ H™(Q) — (f,u) gy = Z/Dafpa

|oo| <m
By definition of H™, we see that
H™(@Q) & L*(9),
where L*((2) is also a Hilbert space for (f, g)12¢) = Jo, fg. To avoid this kind of inclusions

H™(Q) = (H™(Q))" € LX(Q)" = L*(9),
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which are not true, we don’t identify the dual space of H™ with H™, but identify a subspace
of (H™)* in such a way that holds

Definition 8.3.2 By tradition, L*(Q)* is always identified with L*(QY) by Riesz Theorem,
but H™ is not identified with (H™)*. By the mapping ®(f) : L*(Q) — (H™(Q))* defined
for allw e H™(Q2) by

f e L*(Q) = [@(NH(u) = (f,u)r2) € (H™(Q))",
we indentify a subspace of (H™)* with L*:

For instance, for a fixed f € L*(f2) the application
T:ueH™Q) = (f,u)r2 €R
is a linear continuous form on L?*(2) and also on H™(2). Thus T € (H™(2))*. We define
O(f) : L2(Q) — (H™(Q2))" by
feLX Q) o(f)=[uec H™(Q) = (f,u) e R] =T € (H™(Q))".

Let us prove the following properties of ®(f):
Lemma 831 1. [0(f)l|m- < If]12

2. O(f) is injective

3. ®(L?) is dense in (H™)*
Proof.

L[| [rmy- < [ f][r2:
We have for all uw € H™

(s wy e < A fllzzllull2 < ([ fll 2l s,

from where

10 amye = sup 822l ey
U alla

2. ®(f) is injective:
By definition of ®(f),

Vu € H™, YfeL* ®(f)=(fu).

Therefore,
Ker®(f) = {f € L*|Yu € H™ (f u)r> =0}.

As H™ is dense in L? (see Proposition B.3.)), it follows that if f € Ker®(f) then

Vue L? (fiu),2=0 <= f=0.
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3. ®(L?) is dense in (H™)*:

Let us apply Corollary 344 of Chapter Bl By Theorem B2, (H™)* is a Banach
space. Clearly, ®(L?) = Im(®(f)) is a subspace of (H™)*. We also notice that H™ is
dense in L? and H™ C (H™)** C L.

If ®(L?) is not dense in (H™)*, then, by Corollary B.2.4]

Ju € H™ u # 0 such that Vf € L* {(u, f);2 =0,

which is not possible (u = 0). O
Therefore, using ®(f), we prove the inclusion of L? = (L*)* in (H™)*:

L? is called the pivot space. From now on, we will make this choice.
We note (see [7] p. 252 for the proof)

Proposition 8.3.2 For a reqular 9Q € C' of a bounded domain Q, C*(Q) is dense in

8.4 Continuity and compactness of the extension and trace
operators on d-sets

For the well-posedness results of PDE’s boundary value problems on “the most general”
domains 2 in R”, we need to be able to say that for this {2 the extension operator E :
H'(Q) — H'(R") is continuous and the trace operator (to be defined, see Definition B.Z5])
Tr: H'(Q) — Im(Tr(H(Q2))) C Ly(09) is continuous and surjective.

Therefore, let us introduce the existing results about traces and extension domains in the
framework of Sobolev spaces.

Definition 8.4.1 (sz“-ezctension domains) A domain Q C R" is called a Wf—extension
domain (k € N*) if there exists a bounded linear extension operator E : WF(Q) — WEF(R™).
This means that for all u € WF(Q) there exists a v = Eu € W} (R") with v|q = u and it
holds

[vllwr@n) < Cllullwe@ —with a constant C' > 0.

The classical results of Calderon-Stein [5], 22] say that every Lipschitz domain Q is an
extension domain for W}(Q) with 1 < p < oo, k € N*.

This result was generalized by Jones [13] in the framework of (e, §)-domains:

Definition 8.4.2 ((¢,0)-domain [13, (14, [25]) An open connected subset Q) of R™ is an
(€,0)-domain, e > 0, 0 < 0 < 0o, if whenever x,y € Q and |z —y| < §, there is a rectifiable
arc v C Q with length €() joining x to y and satisfying

1. 0(7) < 2= gpd

€

2. d(z,00) > €|z — z|% for z € .
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This kind of domains are also called locally uniform domains [I1]. Actually, bounded
locally uniform domains, or bounded (e, §)-domains, are equivalent (see [11] point 3.4) to
the uniform domains, firstly defined by Martio and Sarvas in [20], for which there are no
more restriction |x — y| < ¢ (see Definition B.Z4.2]).

Thanks to Jones [13], it is known that any (e, 0)-domain in R™ is a Wlf-extension domain
for all 1 < p < oo and k € N*. Moreover, for a bounded finitely connected domain €2 C R2,
Jones [I3] proved that 2 is a W¥-extension domain (1 < p < oo and k € N*) if and only
if © is an (e, 00)-domain for some € > 0, if and only if the boundary 92 consists of finite
number of points and quasi-circles. However, it is no more true for n > 3, 7.e. there are
Wpl—extension domains which are not locally uniform [I3] (in addition, an (e, §)-domain in
R™ with n > 3 is not necessary a quasi-sphere).

To discuss general properties of locally uniform domains, let us introduce Ahlfors d-regular
sets or d-sets:

Definition 8.4.3 (Ahlfors d-regular set or d-set [1], (15, [25]) Let F be a Borel
subset of R™ and my be the d-dimensional Hausdorff measure, 0 < d < n. The set F 1is
called a d-set, if there exist positive constants ci, cg > 0,

cr® <mg(F N Bu(x)) < cr?,  for Vo eF, 0<r<1,
where B.(x) C R" denotes the Fuclidean ball centered at x and of radius .

Henceforth, the boundary I' is a d-set endowed with the d-dimensional Hausdorff measure,
and L,(I") is defined with respect to this measure as well.

From [25], it is known that
e All (¢,§)-domains in R™ are n-sets (d-set with d = n):
de>0 VreQ, Vrel0,6n0,1] wB.(z)NQ)>Cu(B.(z)) =cr",

where 11(A) denotes the Lebesgue measure of a set A. This property is also called the
measure density condition [10]. Let us notice that an n-set {2 cannot be “thin” close
to its boundary 0f2.

e If Qis an (¢, §)-domain and 99 is a d-set (d < n) then Q = Q U N is an n-set.

In particular, a Lipschitz domain Q of R" is an (¢, §)-domain and also an n-set [25]. But not
every n-set is an (¢, §)-domain: adding an in-going cusp to an (€, §)-domain we obtain an n-
set which is not an (€, §)-domain anymore. Self-similar fractals (e.g., von Koch’s snowflake
domain) are examples of (¢, co)-domains with the d-set boundary [6, 25], d > n — 1.

Recently, Hajtasz, Koskela and Tuominen [10] have proved that every W;-extension domain
in R" for 1 < p < oocand k > 1, k € Nis an n-set. In addition, they proved that any
n-set, for which W}(€) = C%(€) (with norms’ equivalence), is a W }-extension domain for
1 < p < oo (see [10] also for the results for p = 1 and p = 00). By Ck(Q) is denoted the
space of the fractional sharp maximal functions:

Definition 8.4.4 For a set 2 C R" of positive Lebesque measure,

Cy(Q) = {f € Ly()|

1

b *k’fi/ — P|dy € LP(Q
Jealw) =supr ™ il BT Jo T 1Y € EOD)
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with the norm || fllex@) = I1f L, + I all o)
From [13] and [10] we directly have

Corollary 8.4.1 Let Q be a bounded finitely connected domain in R* and 1 < p < oo,
k € N*. The domain  is a 2-set with W}F(Q) = C¥(Q) (with norms’ equivalence) if and
only if Q is an (€, 0)-domain and its boundary 02 consists of a finite number of points and
quasi-circles.

The question about W;-extension domains is equivalent to the question of the continuity of
the trace operator Tr : WF(R™) — W}F(€2). Thus, let us generalize the notion of the trace:

Definition 8.4.5 For an arbitrary open set Q0 of R™, the trace operator Tr is defined [3,
13, (17 for u € L¢(Q2) by

1
True) =ty ——— | d
ru(z) = lim 1(QN B, (2)) Jons, () u(y)dy,

where 1 denotes the Lebesque measure. The trace operator Tr is considered for all x € Q
for which the limit exists.

Let us denote by B(9%, 1) = Im(Tr(W12(Q))) for a boundary 99 defined as the support
of a measure p.

We notice that B(9, u) C L*(09Q, 1) with u a finite positive measure of 99 (for example,
if 02 is the d-set, it is the d-measure). More generally, it is possible to show that B(0f2) is
a dense Hilbert subspace of L?(9, ), if the support of the measure y is equal to 92 and

w(B(z,r)) <cqr?, €09, 0<r<l, (8.5)
which implies the Hausdorff dimesion of the boundary dim z92 > d. It is supposed that
n—2<d<n.

In addition, the operator Tr : W12(Q) — B(0, i) is linear continuous with a bounded
right inverse (the extension operator): Ext : B(0Q, u) — W1H2(Q), such that Tr(Exztg) = g
for all g € B(02, ).

Please make attention, that Ker(Tr(W'?(Q))) = HJ(Q),i.e. the trace operator is never
injective, but only surjective on its image.

Hence, we introduce the notion of admissible domains:

Definition 8.4.6 (Admissible domain) A domain Q0 C R™ is called admissible if it is
an Sobolev extension domain (i.e. it is a n-set, such that for 1 < p < oo and k € N*
Wr(Q) = CFHQ) as sets with equivalent norms), with a compact boundary 0, for which
the operator of the trace is linear bounded surjective operator on its image (i.e. supp p = OS2

and it holds (8H) ).

On this class of domains all following operators are linear continuous operators:
1. Tr: Wh2(R™) — B(9Q, ) C L*(09Q, ),
2. Trg : WH2(R") — W2(Q),
3. Traq : WH2(Q2) — B(0Q, i)
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and their right inverse operators (extension operators) are also linear continuous.

Note that for Lipschitz boundaries B(9$, y1) is usually denoted by Hz () [I8, [19); for
d-sets it is a fractal Besov space [25].

Definition 8.4.7 o If 00 is O, then along 00 is defined the outward pointing unit
normal vector field v = (v1,...,v,). The unit normal at any point zo € 0S) is v(xg).

o We denote by the normal derivative of u

0
a—z = (v, Vu)gn.

In addition, for u, v € H'(Q) with Au € Ly(Q), the Green formula still holds in the
framework of abstract space B(0f2, 1) for mu satistying (85]) (see [17] Theorem 4.15 for
the von Koch case in R?):

Proposition 8.4.1 (Green formula) Let §2 be a bounded admissible domain in R™ (n >
2), n—2 < d < n for the boundary measure p. Then for allu, v € HY(Q) with Au € Ly(Q)
it holds the Green formula

/ vAudzr = <%,Trv>
Q ov

where the space (B(0S, p)) is the dual space of B(0S, ).

—/ VoVudz, (8.6)
(BOQu)),BOQu) 7%

FEquivalently, for an admissible domain 2 the normal derivative of u € H*(Q) with Au €
Ly (§2) on the d-set boundary 02 with n —2 < d < n s defined by Eq. (848) as a linear and
continuous functional on B(0S, ).

Proof. The statement follows, thanks to the continuity of the trace/extension operators

on admissible domains, from the surjective property of the continuous trace operator Tryg :
HY(Q) — B(0, 1) (see [17] Theorem 4.15). For a Lipschitz domain, we find the usual
Green formula [18], 19

ou
/QvAud:c = <$’Tw> ) —/QVvVudx.

(H? (09)),H? (00
[l

We also state the compact embedding of H! in L, for admissible truncated domains:

Definition 8.4.8 (Admissible truncated domain) A domain Qs C R" (n > 2) is
called admissible truncated domain of an exterior and admissible, according to Defini-
tion[8.4.0, domain 2 with a compact boundary ', if it is truncated by an admissible bounded
domain y with a boundary S, I'NS = @.

Proposition 8.4.2 Let Qg be an admissible truncated domain with n —2 < dg <n. Then
the Sobolev space H'(Qg) is compactly embedded in Ly(Ss):

H'(Qg) CC Ly(Qg).

Proof.
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If Q is an admissible domain (exterior or not), by the continuity of the trace/extension
operators on admissible domains, there exists a linear bounded extension operator Fq :
H'(Q) — H'Y(R™). Now, let in addition © be an exterior domain. Let us prove that for
the admissible truncated domain g the extension operator Eq, .o : H'(Qg) — H'(Q) is
a linear bounded operator.

It follows from the fact that it is possible to extend €; to R™ (there exists a linear bounded
operator Eq, : H'(€;) — H'(R")) and that the properties of the extension are local, i.e.
depend on the properties of the boundary S = 0€2;, which has no intersection with I' = 952.
For instance, if S € C!' (and thus dg = n — 1), then we can use the standard “reflection
method" (as for instance in [2] Proposition 4.4.2). More precisely, we have to use a finite
open covering (w;); of S such that for all i w; N Qo = 0. The compactness of S and the
fact that SN T = & ensure that such a covering exists. In the case of a d-set boundary we
use the Whitney extension method and the continuity of the trace/extension operators on
admissible domains.

Hence, using the continuity of the trace/extension operators on admissible domains, there
exists a linear bounded operator A : H'(Q2) — H'();) as a composition of the extension
operator Eq : HY(Q) — H'(R") and the trace operator Trq, : H'(R") — HY(Q,) (A =
TTQl e} EQ)

Let us define a parallelepiped II in the such way that

ngﬂ, H:{SL’:(.’L‘l,,l’n)‘0<l’l<dl(dZ€R)}
Consequently, the operator B = Eq, .o Ao Eq, . : H(Qs) — H'(II) is a linear bounded
operator as a composition of linear bounded operators.

Let us prove H'(Qg) CC Ly(s). We follow the proof of the compact embedding of H' to
L, given in [21] in the case of a regular boundary.

Indeed, let (w,)men be a bounded sequence in H'(2g). Thanks to the boundness of the
operator B, for all m € N we extend u,, from (g to the parallelepiped II, containing €)g.
Thus, for all m € N the extensions Bu,, = u,, satisfy

ﬂm € Hl(H)a ﬂm|ﬂs = Um, ||um||H1(QS) S ||am||H1(H)7

and, in addition, there exists a constant C'(€2,I1) = || B|| > 0, independent on u,,, such that

[T e amy < C(Q, 1) [t || 11 (025)-

Hence, the sequence (@, )men is also a bounded sequence in H'(II). Since the embedding
HY(IT) to Lo(II) is continuous, the sequence (@, )men is also bounded in Lo(II). Let in
addition

n d
I = U 1I;, where IT; = ®}_, lai, a; + ﬁk] (a; € R).

Thanks to [2I] p. 283, in II there holds the following inequality for all u € H(II):

[ e < é \li-l </Hiud:c>2—|—g/ 3 <%>2 <%>2dx. (8.7)

I,

Here by |II;| is denoted the Lebesgue measure (its volume) of the set II;.
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On the other hand, Ly(II) is a Hilbert space, thus weak* topology on it is equal to the
weak topology. Moreover, as Lo is separable, all closed bounded sets in Ly(IT) are weakly
sequentially compact (or compact in the weak topology since here the weak topology is
metrizable). To simplify the notations, we simply write u,, for @,, € Ls(Il). Consequently,
the sequence (u,,)men is weakly sequentially compact in Ly(IT) and we have

(U, Jken C (Um)men @ Fu € Lo(Il)  wup, — u for k — +o0.

Here u is an element of Lo(II), not necessarily in H*(I).

As (Ly(I1))* = Ly(I1), by the Riesz representation theorem,
Um, — u € Ly(Il) & Yo e Ly(II) /(um,c — u)vdr — 0.
I

Since (U, )ken is a Cauchy sequence in the weak topology on Ly(II), then, in particular
choosing v = 1y with 1(x) =1 if x € IT and equal to 0 if = ¢ II, it holds

/H(umk — U, )dx — 0 for k, j — +o0.

Thus, using Eq. (87), for two members of the sub-sequence (u,, )ren With sufficiently large
ranks p and ¢, we have

[Jup — uqH%Q(QS) < fJup — uqH%Q(H)

N™ 2 n 2
1 n ou ou € €
< — d ) — Pl =2 - 1 < -—4+=-=k
= 27 (/ni(“” u)dv) +onm 2k |50 o, 2727 °
Here we have chosen N such that
n < ou ou, |I? €
— 2= - 1 < —.
2N? ];1 K 8xk al‘k La(I0) 2

Consequently, (u,, )ren is a Cauchy sequence in Ly(Q2g), and thus converges strongly in

La(Qy). O

Remark 8.4.1 To have a compact embedding it is important that the domain ) be a Wf—

extension domain. The boundness or unboudness of §) is not important to have Wf(Q) CcC
g . . .

W,(Q) with k> £ >1 (1 <p<oc). Butthe boundness of Q is important for the compact

embedding in L,(€).

As a direct corollary we have the following generalization of the classical Rellich-Kondrachov
theorem (see for instance Adams [1] p.144 Theorem 6.2):

Theorem 8.4.1 (Compact Sobolev embeddings for n-sets) Let ) C R™ be a bounded
n-set with W} (Q) = C¥(Q), 1 < p < 0o, k,£ € N*. Then there hold the following compact
embeddings:

1. WIHQ) cc WH(9Q),
2. WE(Q) CC Ly(Q) if Q is bounded,

with q € [1,400] if kp =n, q € [1,+0o0] if kp > n, and with q € [1, n’i’;p[ if kp < n.
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Proof. Let us denote by B,(z) a non trivial ball for the Euclidean metric in R™ (its
boundary is infinitely smooth, and thus, it is a Wf—extension domain for all 1 < p < co and
k € N*). By [10] (see also the continuity of the trace/extension operators on admissible
domains), the extension E : WFH(Q) — WJt{(R") and the trace Trp, : W T{(R") —
Wit (B,(z)) are continuous. In addition, by the classical Rellich-Kondrachov theorem on
the ball B,(x), the embedding K : W)}*(B,(z)) — W/} (B,(z)), for the mentioned values of
k, p, n and ¢, is compact. Hence, for £ > 1, thanks again to [10], Ey : Wi(B,(z)) = Wi(Q)
is continuous, as the composition of continuous operators Ey : Wi(B,(x)) — W{(R") and
Trg : WA(R™) — W,(Q). Finally, the embedding W) (Q) ¢ WE(Q) for £ > 1 is compact,
by the composition of the continuous and compact operators:

EioKoTrg oE': W;CH(Q) — WqZ(Q).

When ¢ = 0, instead of Sobolev embedding E;, we need to have the continuous embedding

of Lebesgue spaces L,(B,(x)) — L,(€2), which holds if and only if © is bounded. This
finishes the proof. [J

Proposition 8.4.3 Let 2 be a bounded admissible domain in R™ with a compact boundary
0. Then

1. HY(Q) cc L*(Q);
2. Tr: HY(Q) — L*(0N) is compact;

1
8. ull i) is equivalent to ||ullm = (Jo [Vul*de + [oo |Trul*du)? .

8.4.1 Spaces H{'(Q?)

Remark 8.4.2 In what following we write 0% for functions in Sobolev spaces understanding
the derivative in the sense of distributions.

Definition 8.4.9 Define H*(2) as the closure of D(Q2) in H™(S2).

As we know, D(Q) is dense in L?(£2), but D() is not dense in H™(£2). Thanks to Defini-
tion B4, D(2) is dense in HJ*(2)!

We admit this characterization of HJ"(2):
Theorem 8.4.2 For all domains 2 in R™ (bounded or not)
1. uw e HPQ) & IH(uy) C D(Q) such that u, — u in H(Q),
2. HM(Y) is a Hilbert space with the inner product of H™(S),
3. H*(Q) € H™(Q) (if Q@ =R" then H*(QY) = H™(Q))),
4. If ue H™(Q2) and v € D(Q?), then vu € HJ'(S2),
5. HH(Q)={f € H (Q)| f=0 on 00},
6. H"(Q) =A{f € H™(Q)| for |a] <m,D*f =0 on 0Q}.
Theorem 8.4.3 (Poincaré inequality) Let Q) be a bounded domain of R™.

Then there exists a constant C = C(Q) > 0 depending only on ), such that for all u in
H;(Q),
[ullLo@) < C)[Vul Lo, (8.8)
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where

IVull Lo Z

Lo ()

Proof. Since D(1) is dense in H}(2), for all u € H}(Q) there exists a sequence of functions
v, € D(Q) which converges toward u in Hj(9):

|lve — ul| 1) — 0 for k — oo.

Firstly we show (RB.8) for v, € D(). After it, since the convergence by the norm of H'(£2)
implies the convergence of ||vy — ul[1,() and ||V (vy —w)||L,0) toward 0, we obtain (8.8)) for
u € H}(Q) taking the limit for k& — oo by the norm of H'.

Let II be a parallelepiped such that €2 C II and, without loss a generality, we suppose that
N={zeR"0<z;<d;, i=1,...,n} andd; = min d;.
As for all k supp v, € €, we extend vy from € to II by 0.

For all vy, € D(Q2) we have

1 Ju
Vp(T1, ., Tp) = ; a—k(yl,xg,...,:pn)dyl. (8.9)
Y1

Introducing the following notations 2’ = (zo, ..., z,),
I={s cR" W<z <d i=2,...,n},

we take the square of (83) and integrate it over II:

d1 Tl 2
/vidx:/ dxl/ (/ %(yl,x’)dm) da’. (8.10)
I 0 w \Jo Oy

Using the 1D Cauchy-Schwartz inequality

/ 1. avk d / 1d / % 2d < /dl % 2d
8 n yh y1 n Em Y1 S 21 o Em Y1,

we obtain
4 a9\ d? v\’
/v,?d:p §/ dxl/ :L‘l/ — | dy| da’ = —1/ — | dz.
I 0 / o \On 2 Ju \ Oy
Since v, = 0 out of €2, we conclude that

8vk
ad d
/Q = <8y1 ) “
from where taking the limit by the norm of H', we find (8.3).

Remark 8.4.3 The Poincaré inequality holds true for domains bounded at least in one
direction. But the result is not true in H*(Q2). u = 1 everywhere on  would not work!



132 Chapter 8. Sobolev spaces

Theorem 8.4.4 When the open set Q is bounded, the semi-norm | - |, is a norm on HJ'
which is equivalent to || - || .

Proof. Instead of the general result, let us prove the equivalence of the norm

ilagor =y 0 + (V)i (811)

[uh =/ [ IVuPde = |Vullz.0)- (8.12)

We need to show that there exist constants C; > 0 and C5 > 0, such that

and

Coluly < Jullgye) < Ciluls.

Thanks to the Poincaré inequality and the positivity of the norm, we find that indeed

IVullZ@) < lullLy @) + IVullLe) < (CHQ) + DIVull, ).

from where it is sufficient to take Cy =1 and C, = /C(2)?2 4+ 1. O



Appendix A

Topology

A.1 Open sets and topology

A.1.1 Definition and examples
Definition A.1.1 Let X be a set and T be a family of subsets of X. T is called a topology on
X if:

1. The empty set & and X are elements of T.

2. Arbitrary (finite or infinite) unions UaU, of elements of T belong to T (or equivalently, T
is stable by arbitrary unions).

3. Any finite intersection N, Uy of elements of T is in T (or equivalently, T is stable by finite
intersection,).

Definition A.1.2 Set X with a given topology defined on it, i.e. the pair (X,T), is a topological
space.

Definition A.1.3 FElements of T are called open sets.

To specify a topological space, it means to define a set X and a topology in X, i.e., to in-
dicate which subsets of X are considered as open sets. Clearly, we can define on X various
different topologies and therefore obtain different topological spaces constructed on the same set

X.

Example A.1.1 If X ={1,2,3,4,5}, then
T =1{9,{1,2},{3,4},{1,2,3,4}, X} and T2 ={9,{1,2},{2,3},{2},{1,2,3}, X}

are different topologies on X, as the three properties in Definition (A 11) are satisfied and Ty # Ts.

Any set X can always be considered as a topological space:

Example A.1.2 For any set X it is always possible to define:

e the trivial topology T, = {2, X };

e the discrete topology T; = {all subsets of X} (a usual notation for Ty is 2% ).
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We notice that in the case of the discrete topology every subset of (X, Tg) is open.

Let us note the procedure for the construction of a topology 7 on a given family F of sets in X
(while adding the fewest possible sets):

1. Add @ and the whole space X to 7.

2. Add to T all finite intersections of elements of F. Thus T is a family of subsets of X stable
by any finite intersection.

3. Add to T all unions of elements of 7 constructed in the step 2. T is now stable by unions.
It can be proved that the constructed 7T is stable by finite intersections and consequently,
T is a topology in X.

Remark A.1.1 Steps 2 and 3 of the construction of a topology T cannot be permuted: if we take,
firstly, all unions in X, and after it all finite intersections, we obtain a family of sets stable by all
finite intersections, but not by any unions. To remedy this fact, we should take again all unions
of elements in T.

Definition A.1.4 (Usual topology on R) Let X = R. The usual topology on R called the
topology T defined by
OeT iff Ve OIe>0:]z—ex+¢€CO.

Definition A.1.5 Complements of open sets are called closed sets: for any U € T, which is
open, its complement F = X \ U is closed.

The elements of a topological space (X, 7T), i.e. x € X, are called the points of (X, 7).

The elements of a topology 7, defined on a set X, are subsets of X.

Let us recall the following de Morgan’s laws (also sometimes called "duality principle") from set
theory: the complement of a union equals the intersection of the complements, and the complement
of an intersection equals the union of the complements, 7.e.

X \ UozUa - ma(X \ Ua)a (Al)
X \ ﬂaUa = Ua(X \ Ua)' (A2)

Problem A.1.1 Prove relations (A1) and (A2).
According to de Morgan’s laws, it follows from Definition [A.1.1] that:

1. The space (X, T) itself and the empty set & are closed;

2. Arbitrary (finite or infinite) intersections Ny F, and finite unions U,F, of closed sets of

(X, T) are closed.

We introduce now the concepts of neighborhood, contact point, limit point and closure of a set:

Definition A.1.6 1. The set U is called a neighborhood of a point x of the topological
space (X, T) if there exists an open set V. € T such that x € V and V. C U. The set of
neighborhoods of x is noted V(x).

2. A point x € (X,T) is called a contact point of a set A C (X, T) if every neighborhood of
x contains at least one point of A;
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3. A point x € (X, T) is called a limit point of a set A C (X,T) if every neighborhood of
contains at least one point of A different of x:

VNn(A\{z}) #2 for all neighborhoods V of x;

4. The set of all contact points of a set A C (X, T) is called the closure of A, denoted by A.

Problem A.1.2 Given a topological space (X,T), prove that a set A C X is open if and only if
every point x € A has a open neighborhood contained in A.

Problem A.1.3 Let AC (X,T). Then A= A iff A is closed.
From Problem [A_1.3] it follows that the closure of A is the minimal closed set containing A.

Definition A.1.7 The largest open set contained in a given set A is called the interior of A.

Example A.1.3 Every closed interval [a,b] on the real line is a closed set for the usual topology

on R. Indeed, all points of [a,b] are limit and, thus, contact points. Therefore, [a,b] = [a,b] and
then it is a closed set. For the open interval, a,b[, the points a and b are not in ]a,b[, but they
are still contact and limit points. Consequently, |a,b] = [a,b].

Moreover, we have the following theorem:

Theorem A.1.1 Let A be a subset of a topological space (X, T). Then

1. AC A (A is the smallest closed set containing A),
2. A =14,

3. if BC A, then B C A,

4. forall A, Bin X, AUB=AUB.

Proof. Property 1) holds, since every point of A is a contact point of A.

Let’s prove property 2). Thanks to Problem [AT.3] A is a closed set and therefore, A = A.
Property 3) is obvious.

To prove property 4), let x € AU B and suppose © ¢ AU B. Then x ¢ A and = ¢ B. But then
there exist open neighborhoods V4 and Vg of x such that V4 contains no points of A while Vg
contains no points of B. It follows that the set V' = V4N Vp is the open neighborhood of x which
contains no points of either A or B, and hence no points of AU B, contrary to the assumption
that o € AU B. Therefore x € AU B, and consequently

AUBC AUB,

since x is an arbitrary point of AU B. On the other hand, since A C AUB and B C AU B, using
3) we obtain that
AUBC AUB.

As AUB C AUB C AU B, we conclude that AUB = AUB. O

Example A.1.4 1. For the discrete topology (X, Tg) introduced in Example [A.1.2, every set
A C (X, Ta) is both open and closed and coincides with its own closure.

2. If the topology on X is trivial, the closure of every nonempty set is the whole space X.
Therefore, (X,T;) can be called “space of coalesced points’.
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Example A.1.5 Let X be the set {a,b}, consisting of just two points a and b, and let the open
sets in X be X itself, the empty set and the single-element set {b}:

T ={2,{b},X}.

Then the three properties in Definition[A. 11 are satisfied, and (X, T) is a topological space. The
closed sets in this space are X itself, the empty set and the set {a}. Note that the closure of {b}
is the whole space X.

Example A.1.6 (Topology of D({2), see Chapter 7)

Let Q) be an open domain of R™ (open in the usual topology of R™). V is an open set in D(Q) iff
it can be presented as an (finite or countable) union Uje U; of sets U; of the following type:

U; C D(2) such that

for all K C Q compact (in R"!), and f € U; with supp f C K (thus f € D(Q)!), there exist e > 0
and a multi-index o, such that

{9 € D(Q)|suppg C K and Vz € K, |0 f(x) — 0%¢g(x)| < €} C Uj.

A.1.2 Comparison of topologies

Definition A.1.8 Let 71 and Ty be two topologies defined in the same set X. Then the topology
T1 is stronger than the topology Ta(or equivalently, To is weaker than Ti) if To C Ty, i.e., if
every set of the system Ts is a set of the system Ti.

Let 7 be the set of all topologies in X. Then for all T € 7
T CT CTa,

where 7y is the trivial topology in X and 7; is the discrete topology in X. In other words, 7y is
the maximal element of 7 (the strongest topology in X) and 7; is the minimal element of 7 (the
weakest topology in X).

Theorem A.1.2 Let {7,} be any set of topologies in X. Then the intersection T = NyTy is also
a topology in X.

Proof. We need to verify Definition [A1.1] for 7. Clearly N7, contains X and &. Moreover,
since every 7, is stable by the operations of taking arbitrary unions and finite intersections, the
same is true for N,7,. O

Corollary A.1.1 Let A be any system of subsets of a set X. Then there exists a minimal topology
in X containing A, i.e., a topology T'(A) containing A and contained in every topology containing

A.

Proof. A topology containing A always exists, e.g., the discrete topology in which every subset of
X is open. The intersection of all topologies containing A is the desired minimal topology T'(A),
often called the topology generated by the system A. [J

Definition A.1.9 Let A be a system of subsets of X and A a fized subset of X. Then the system
A4 consisting of all subsets of X of the form AN B, B € A is called the trace of the system A
on the set A.
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It is easy to see that the trace (on A) of a topology T (defined in X) is a topology 74 in A. (Such
a topology is often called a relative or induced topology.) In this sense, every subset A of a
given topological space (X, T) generates a new topological space (A, T,), called a subspace of
the original topological space (X, 7). Let us notice that in general, if U C A is open in (A, T4),
then U is not necessary a open set in (X, 7):

Example A.1.7 The set |0,1] C R is not open in the usual topology of R, but it is open in the
induced topology when considered as a subset of A = [—1,1].

In the same time, in the particular case, when A C X is itself a open set in (X, 7)), we can verify
that U C A is a open set of (A,74) iff U is a open set in (X, 7).

Let us also notice that if 7; and 7Ty are different topologies in X, they can generate the same
relative topology T4 in A.

Definition A.1.10 Let (X, Tx) and (Y,Ty) be two topological spaces. The product topology in
X XY, denoted T = Tx ® Ty, is defined by calling U C X XY open if

V(z,y) e U3V € Tx and W € Ty such that x € V, ye W and V x W C U.

Example A.1.8 R? = R x R is a topological space with the usual product topology constructed
on the two usual topologies in R.

A.1.3 Dense subsets and connected topological spaces

Definition A.1.11 Let A and B be subsets of a topological space (X, T). Let A C B. The set A
is dense in B if A D B. Here we take A in topology on X :

Vx € B Y open neighborhoods U of x (U €T) UNA#®.

Remark A.1.2 We can also say for A C B that the set A is dense in B if A= B for the induced
topology on B (we have = , because, in this case by definition of the induced topology A cannot be
bigger than B.) Le.

Vx € BV open neighborhoods UNB ofx (UeT) (UNB)NA#Q2.

Definition A.1.12 Let A be a subset of a topological space (X,T). The set A is said to be dense
in X if A= X. A set A is said to be nowhere dense if it is dense in no (open) set at all.

Example A.1.9 The set of all rational numbers Q is dense in R.

Given any topological space (X,7T), the empty set @ and the space X itself are both open and
closed, by definition.

Definition A.1.13 A topological space (X,T) is said to be connected if it has no subsets other
than @ and X which are both open and closed.

Example A.1.10 The real line R is connected, but not the set R\ {zo} obtained from R by
deleting the point xg.
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Example A.1.11 Let (X,d) be a metric space. Then, the distance d define a topology on X by
Ta={0O C E|Vz € O 3r > 0,B,(z) C O}, (A.3)

where by B,(x) is denoted the open ball of radius r centered in x.

A.2 Convergence and continuity

A.2.1 Continuous mappings. Homeomorphism

Definition A.2.1 Let f be a mapping of one topological space (X, Tx) into another topological
space (Y, Ty), so that f associates an element y = f(x) € Y with each element x € X. Then
f is said to be continuous at the point xo € X if, given any neighborhood Wy, of the point
yo = f(zo), there is a neighborhood Uy, of the point xo such that f(Ug,) C Wy,.

Definition A.2.2 The mapping f : (X, Tx) — (Y, Ty) is said to be continuous on X if it is
continuous at every point of X.

In particular, a continuous mapping of a topological space (X, Tx) into the real line (R, Tgr) is
called a continuous real mapping on X. Here by Tr we denote the usual topology on R (see

Definition [ALT.4]).

The notion of continuity of a mapping f of one topological space into another is easily stated in
terms of open sets, i.e., in terms of the topologies of the two spaces:

Theorem A.2.1 A mapping f of a topological space (X,Tx) into a topological space (Y, Ty)
is continuous if and only if the inverse image f~(W) of every open set W € Ty is open, i.e.

fHwW) e Tx.

Proof. Suppose f is continuous on (X, Tx), and let W be any open subset of Ty. Choose any
point € f~1(W), and let y = f(x) (see Fig. [Ad]). Then W is an open neighborhood of the
point y. Hence, by the continuity of f, there is a neighborhood Ux of = such that f(Ux) C W,

[ ‘,
[ ® = //’"\\\;f(Um)
NG \
: 7.
J7Hm) . —
! 17

Figure A.1 — lllustration of the proof of Theorem[A2.1} for any open W in Y, any point z € f~1 (W)
is associated with y = f(x); Ux is a neighborhood of z such that f(Ux) C W.

i.e., Ux C f~1(W). In other words, every point x € f~1(W) has a neighborhood contained in
f~Y(W). Consequently f~1(W) is open.

Conversely, suppose f~ (W) is open whenever W C Y is open. Given any point z € X, let Uy
be any open neighborhood of the point y = f(z).
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Then clearly x € f~'(Uy), and moreover f~!(Uy) is open, by hypothesis. Therefore Ux =
f~1(Uy) is a neighborhood of  such that f(Uy) C Uy. In other words, f is continuous at = and
hence on X, since x is an arbitrary point of X. [

Naturally, Theorem [A.2.1] has the following dual form:

Theorem A.2.2 A mapping f of a topological space (X, Tx) into a topological space (Y, Ty) is
continuous if and only if the inverse image f~1(W) of every closed set W €Y is closed in X.

Proof. Use the fact that the inverse image of a complement is the complement of the inverse
image.[]

Let us recall the following Lemma:

Lemma A.2.1 1. The inverse image of a union (or intersection) of sets equals the union (or
intersection) of the inverse images of the sets:

JHAUB) = ;N A UFNB),  FNANB) = (A)NfTNB) VABCY.

2. The inverse image of the complement of a set is the complement of the inverse image of the
set:
YUCY fHY\U)=X\fYU).

Remark A.2.1 Suppose f: (X, Tx) — (Y, Ty) is a mapping of a topological space (X, Tx) into
a topological space (Y, Ty). Let f~1(Ty) be the inverse image of the topology Ty :
FYTy) = { system of all sets f~H(U) | U € Ty}.
Thanks to the point 1 of Lemma [A 2.1, we obtain that f~(Ty) is a topology in X.
Problem A.2.1 Prove the following theorem:

Theorem A.2.3 Let f : (X, Tx) — (Y,Ty) be a mapping of a topological space (X,Tx) into a
topological space (Y, Ty). The mapping f is continuous if and only if the topology Tx is stronger
than the topology f~(Ty).

Thanks to point 2 of Lemma [A.2.1] we obtain the “dual” form of Theorem [A.2.1t

Theorem A.2.4 A mapping f of a topological space (X, Tx) into a topological space (Y, Ty) is
continuous if and only if the inverse image (W) of every closed set W CY is closed in X.

It is important to notice that the image (as opposed to the inverse image) of an open set under
a continuous mapping need not be open. Similarly, the image of a closed set under a continuous
mapping need not be closed.

Problem A.2.2 Give an example of a continuous mapping f : X — Y which maps a closed set
of X in an open set of Y.

As a direct Corollary of Theorem [A.2.T], we have the theorem on continuity of composite mapping:

Theorem A.2.5 Given topological spaces (X, Tx), (Y, Ty) and (Z,Tz), suppose f is a continuous
mapping of (X, Tx) into (Y,Ty) and g is a continuous mapping of (Y, Ty) into (Z,Tz). Then the
mapping go f: x € X — g(f(z)) € Z is continuous.

Definition A.2.3 Given two topological spaces (X, Tx) and (Y, Ty), let f be a bijection of (X, Tx)
onto (Y, Ty), and suppose f and f~1' are both continuous. Then f is called a homeomorphic
mapping or simply a homeomorphism (between X and Y ). Two spaces (X, Tx) and (Y, Ty)
are said to be homeomorphic if there exists a homeomorphism between them. We note the home-
omorphic spaces by (X, Tx) = (Y, Ty).
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Homeomorphic spaces have the same topological properties, and from the topological point of
view are merely two “representatives” of one and the same space. In fact, if f is a homeomorphic

mapping of (X, Tx) onto (Y,Ty), then Tx = f~1(Ty) and Ty = f(Tx).

Example A.2.1 The interval | — 5, 5| equipped with the usual topology on R is homeomorphic to

R also equipped with the usual topology, as f(x) = tan(z) is a homeomorphic mapping of | — 5, 5|
into R.

Remark A.2.2 The relation = of being homeomorphic is reflexive, i.e. for any topological space
(X’ TX);
(X7 TX) ~ (Xa TX)7

symmetric, i.e. for all topological spaces (X, Tx) and (Y, Ty),
(X, Tx) =~ (Y, Ty) <= (Y, Ty) = (X, Tx),
and transitive, i.e. for all topological spaces (X, Tx), (Y, Ty) and (Z,Tz),
(X, Tx) = (Y, Ty) and (Y, Ty) = (Z,7z) = (X, Tx) = (Z,7z),

and hence is called an equivalence relation. Therefore any given family of topological spaces
can be partitioned into disjoint classes of homeomorphic spaces.

A.2.2 Converging sequences in (X,7)

Let V(x) denote the set of all neighborhoods of x € X and O(x) denote the set of all open
neighborhoods of z € X.

Definition A.2.4 Let (X,T) be a topological space and (x,) be a sequence of elements of X.
We say that (x,,) converges to x, if

VU € V(x),3N € N such that Vn > N = x,, € U.
We note that

e (z,) may converge to several elements of X;
e If the topology on X is stronger (larger/finer), it is “harder” for (z,,) to converge;
e If X is equipped with the discrete topology, only sequences that become constant converge.

Remark A.2.3 Thanks to the definition of the neighborhood U, as any set containing an open
set V' such that x € V' (and thus V is an open neighborhood of x!), we can consider the equivalent
form of Definition[A.2.4] choosing only open neighborhoods of L:

Definition A.2.5 Let (X,T) be a topological space and (xy) be a sequence of elements of X.
We say that (z,,) converges to = if

VvV € O(z),AN € N such that Vn > N = z, € V.

For the sake of clarity, in what follows we will use Definition[A.2.5.

Proposition A.2.1 Let (X,7x) and (Y,Ty) be two topological spaces. Let f : X — Y be a
continuous mapping and (x,) be a sequence in X converging to x. Define y, = f(x,). Then (yy,)
converges to f(x) inY.
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Proof. Let U be any open neighborhood of f(x). Since f is continuous, f~(U) is open (thanks
to the definition of continuity). Since f(z) € U, we have [ € f~1(U) and consequently f~1(U) is
a open neighborhood of z. Since (x,) converges to [ in X,

IN € N such that ¥n > N z, € f~1(U),

implies y, = f(z,) € U for all n > N. As U is an arbitrary chosen open neighborhood of f(x),
we find that
YU € O(f(x)),3dN € N such that Vn > N = y,, € U.

So (yn) converges to f(x). O

Example A.2.2 Let us consider the topological space (X,Ty) from Example [A11. We denote
by [z] the integer part of x. The sequence (xy,)n>1 is defined as

[4] (=)™ +3
Tp=|—|+—F5—,
n 2
from where we find

1 =95, x0=4, x3=2, x4=3, x5=1, x6 =2, z7 =1, xg =2,...

We notice that for n > 2 xo,11 = 1 and for n > 3 w9, = 2. It means that forn > 5 z, € {1,2}.
The set {1,2} is the smallest open neighborhood containing 1 or 2 in (X,T1):

1,2 € {1,2} C {1,2,3,4} C X.

Therefore, (x,) converge to 1 and to 2 (the limit x is not unique) in (X, 7T1).

Example A.2.3 Let us consider R with the usual topology. The sequence (%)nzl converge to 0
in R: for any open neighborhood of zero | — L, L[ with m € R\ {0} there exists ng € N such that

m’m
1 11
for all n. > ng we have - €] — -, —-[.

A.3 Initial topology

We can equip a set X with a topology that makes every mapping f; on X continuous. If all else
fails, the discrete topology will work!

Definition A.3.1 Let f; : X — Y; be given mappings defined on a set X (i € I). We call initial
topology, noted o(X,{fi,i € I}), the coarsest topology in X that makes every f; continuous, as
mappings from the topological space (X,0(X,{fi,i € I})) to the topological space (Y;, Ty;).

Example A.3.1 Let X =R, Y =R and f be defined by

)0 ifx<O
f(x)_{l ifr>0"

Equip Y with the usual topology. The initial topology on X for f is

J(Rv {f}) = {@, ] - 0070]7 ]07 +OO[7 R}'

Remark A.3.1 Let f; : X — Y;. We notice that the initial topology o(X,{fi,i € I}) is con-
structed on the family of sets ;1 (Vi) for open Vi in'Y; (see Section [A.11). Moreover, the family
of sets Ninite f;*(V;) is a base of the initial topology (see [§)] or [16] p.80).
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Let us formulate the following important result for the initial topology (see for instance, [4] for
the proof):

Proposition A.3.1 Let f; : X — Y; be given mappings defined on a set X (i € I finite or
not) with image in sets Y; equipped with topologies Ty, and let (x,,) be a sequence of X. In the
topological space (X,o(X,{fi,i € I})), equipped with the initial topology, for n — oo

xn —x  if and only if Vi€ I, fi(xzy) — fi(z) [in the topological spaces (Y;, Ty;)]-
Two natural examples of the initial topology is the weak and weak™ topologies on a Banach space.

A.4 What a topology “sees” and does not “see”. Separa-
tion of topological spaces

Let (X, 7Tx) be a topological space. We would like to address these questions:

e If z is a limit point of A C X. Is there a sequence (z,,) of points of A converging to z?
o Let z, = x in (X, Tx). Is the limit unique?

e Let x and y be two different points of (X, Tx). Can we “separate” them?

To do so, we need to specify the separation properties of the topological space (X, Tx).

Figure A.2 — First axiom of separation.

Definition A.4.1 A topological space (X, Tx) said to satisfy the First axiom of separation (or
to be T1 space) if for all two distinct points x and y in (X, Tx) there exists an open neighborhood
O, of the point x such that y ¢ O, and there exists a open neighborhood O, of the point y such
that © ¢ Oy. (see FiglA.2)

Example A.4.1 The topological space (X, Tx) constructed in Example is not a T1-space.

In a Ti-space singleton point is a closed set. Indeed, if & # y, then there exists an open neighbor-
hood O, of the point y such that z ¢ O,, i.e. y ¢ T. Thus, T = z. Consequently, in a 7;-space
any finite union of points is a closed set.

In the topological spaces which are not 7i-spaces, even sets composed only of a finite number of
points can possess limit points. In the topological space (X, Tx) constructed in Example [A.T.5
the point {a} is the limit point for the set W = {b}.

But in a 7i-space, it holds
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Lemma A.4.1 Point x is a limit point of the set W in a Ti-space if and only if all open neigh-
borhoods U of x contains infinite number of points of W.

Proof. If any open neighborhood U of x contains an infinite number of points from W it is
obvious (see Definition [A.1.6) that in this case z is a limit point of W. Let us prove the converse.
Let x be a limit point of W. Suppose that there exists an open neighborhood U of x such that
U contains only a finite number of points {z1,...,z,} of W (where z; # x for all i in the case
when z € W). As in a Ti-space any finite union of points is a closed set, {z1,...,x,} is closed.
Therefore, O = U \ {x1,...,2,} is open and, thus, O is an open neighborhood of = such that
ON(W\{z}) = &, which contradicts the definition of a limit point. [J Let us introduce Hausdorff
spaces.

Definition A.4.2 A topological space (X, Tx) is a Hausdorff space (or a Tz2-space or a sep-
arated space) if all two distinct points in X have two disjoint neighborhoods. (see FiglA.3)

Oy
Figure A.3 — Hausdorff space.

The main advantage of a Hausdorff space is that the limit of a sequence is unique.

All Hausdorff spaces are 7i-space, but not converse.

Example A.4.2 (7i-space, but not Ty-space) Let us consider the interval [0,1] and all sets
Amar,am = 10,1\ (UZ1{ai}), where a; € [0,1] and 0 < m < +o0.

If X =10, 1] with the topology T composed by & and all sets Ay, q,
but not a Hausdorff space.

ams then (X, T) is T1-space,

-----

o

Figure A.4 — Third axiom of separation

Definition A.4.3 A topological space (X, Tx) is said to satisfy the Third axiom of separation
(or to be T3 space) if for all points x and closed sets M in (X, Tx) not containing x, there exist
two disjoint neighborhoods O, of the point x and Opy of the set M. (see FiglA.]))

We note that the open neighborhood of a set M in the topological space (X, T) is called any open
set U containing M.

Problem A.4.1 Show that third axiom of separation can be also formulated in the following
equivalent form:
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All open neighborhood U of a point x € (X,T) contains the closure of a smaller neighborhood O
ofz:x€eOCU.

Definition A.4.4 Topological spaces which satisfy the axioms T1 and T3 are called regular.

Obviously, each regular space is a Hausdorff space. But not converse:

Example A.4.3 (Hausdorff spaces which are not regular) Let X = [0,1]. Let all points of
X different to 0 have the usual neighborhoods of the usual topology. Define the neighborhoods of
zero as all semi-intervals [0, o without points %, n € N*. This is a Hausdorff space, but the point
0 and the closed set {%}nGN* are not separated by disjoint neighborhoods, i.e. axiom T3 is false.

Definition A.4.5 A topological Ti-space (X, Tx) is said to satisfy the Fourth axiom of sepa-
ration (or to be a Ty space or a normal space) if for all two disjoint closed sets M and P in
(X, Tx), there exist two disjoint neighborhoods. (see FiglA.5)

P
@ (¢
Oum

Figure A.5 — Normal space.

As every metric space is a topological space, we can also use it as the example of 7T7-spaces:

Theorem A.4.1 FEvery metric space (E,d) is a normal space, and thus, a Hausdorff space, and
thus, a T1-space.

Proof. Let X and Y be any two disjoint closed subsets of (E,d). Every point € X has an
open neighborhood O, disjoint from Y, and hence is at a positive distance r, from Y (recall
Problem ?7). Similarly, every point y € Y is at a positive distance 7, from X. Consider the open
sets

U= UxEXB%C (1‘), V= UyeyB% (y)

We have X C U, Y C V. Moreover, U and V are disjoint. In fact, suppose the contrary that
there is a point z € U N V. Then there are points zg € X, yg € Y such that

d(xo,2) < % and d(z,y0) < %
Assume that r;, < ry,. Then we have

r r
d(z0,y0) < d(x0, 2) + d(z,90) < % + % < Tyo,

i.e., o € By, (yo). This contradicts the definition of ry,, and consequently, this shows that there
isnopoint ze UNV. U

Definition A.4.6 A topological space (X, T) is said to be metrizable if the topology T can be
specified by means of some metric (if (X,7T) is homeomorphic to some metric space).

Example A.4.4 The topological space (X, T;) is not metrizable. Indeed, (X,T;) is not Hausdorff,
therefore cannot be a metric space, and therefore it is not metrizable.

Finally, specifying a metric in F, we define a topology in E. Thus, any metric defines a topology,
but not conversely. Therefore all properties of topological spaces hold for metric spaces.
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A.5 Weak and Weak™ topologies

A.5.1 Weak topology
Definition A.5.1 Let X be a normed vector space. Let X* = L(X,R) be its dual space.
The weak topology on X is the initial topology with respect to X*. It is noted o(X, X™).

The weak topology has fewer open sets compared to the topology derived from the norm on X.
We note that if X is a normed space, then the topological space (X,o(X,X*)) is a Hausdorff
space.

These statements are equivalent:

e For all fin X*, f(x,) converges to f(z)
e (z,,) converges to z in o(X, X*) .

Remark A.5.1 If a topology T is weaker than T, then T contains less open/closed sets to compare
to T, but it contains more compact sets. The compact sets are very important for theorems of
existence.

Theorem A.5.1 For a normed space X, (X,0(X, X™)) is a Hausdorff not metrizable topological
space.

A.5.2 Weak" topology

Definition A.5.2 Let X be a normed vector space. Let X* = L(X,R) be its dual space. For all
x € X we consider a linear functional ¢, : X* — R defined by

When x varies on X we obtain a family of linear functionals (¢z)rex -

The weak* topology, noted by o(X*, X), is the coarsest topology in X* that makes all linear
functionals (¢y)rex continuous.

Since X C X**, the weak™ topology o(X™*, X) is weaker than the weak topology o(X*, X**), which
is weaker than the strong topology on X*. Clearly, the two topologies o(X*, X**) and o(X*, X)
will be the same if and only if X is reflexive. In particular, if X is a Hilbert space then X** = X,
therefore the weak™ topology and the weak topology coincide.

Definition A.5.3 The weak® convergence is the convergence in the weak® topology o(X*, X),
denoted by .

Theorem A.5.2 Let X be a normed space. Then (X*,0(X*, X)) is a Hausdor(f topological space
and

B1(0) C (X*,0(X™, X)) is metrizable <= X is separable.
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Appendix B

More about compactness

B.1 Compact topological spaces

Definition B.1.1 1. A cover of a set A in a topological space (X,T) is a family of sets {Uy}
such that A C U,U,,.

2. A cover {U,} of A in a topological space (X,T) is called open if all U, are open in (X, T).
3. A family of sets {Vy} is called a subcover of A in (X,T) if

(a) {Va} is a subset of the cover {Uy} of A

(b) {Va} is a cover of A.

Definition B.1.2 A topological space (X,T) is said to be compact if every open cover of (X, T)
has a finite subcover.

Example B.1.1 Any closed bounded subset of R™ is compact (see Chapter[d). On the other hand,
R™ itself (e.g., the real line, a two-dimensional plane or three-dimensional space) is not compact.

Definition B.1.3 A system of subsets {U,} of a set A is said to be centered or to have the
finite intersection property, if every finite intersection N;_,U is nonempty.

Theorem B.1.1 A topological space (X,T) is compact if and only if every centered system of
closed subsets of (X,T) has a non empty intersection.

Proof. Suppose (X,7) is compact, and let {F,} be any centered system of closed subsets of
(X,T). Then the sets U, = X \ F, are open.

Since any finite intersection N7, F; is not empty, de Morgan’s law (A.2) implies

U Ui = Ui X\ F =X \NL Fi ¢ X
that there is no finite system of sets U; = X \ F; which covers X. But X is compact, thus the
whole system of {U,} cannot cover X (see Definition [B.1.2]), and hence NF, # @.

Conversely, suppose every centered system of closed subsets of (X,7) has a non-empty intersec-
tion, and let {U,} be any open cover of X. Setting F, = X \ U,, we find using de Morgan’s

law (A.2) that
NaFo =Na(X\Upy) =X\ (UaUs) =X\ X = 2.

By the hypothesis, this implies that the system {F,} is not centered, i.e., that there are sets
F1, ..., F, such that N, F; = @. But then the corresponding open sets U; = X \ F; form a finite
subcover of the cover {U,}. Consequently, (X,7) is compact. [J
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Theorem B.1.2 FEvery closed subset F' of a compact topological space (X,T) is itself compact.

Proof. The subset F' is considered as a topological space with the induced topology Tp =T N F.
Therefore, since F' is closed in T, every set W closed in the induced topology Tr, is also closed in
the initial topology 7T .

Let {F,} be any centered system of closed subsets of the subspace F' C X by the induced topology.
Then every Fy, is closed in (X,7T) as well, i.e., {F,} is a centered system of closed subsets of
(X,T). Therefore Ny F, # &, by Theorem [B.I1.Il But then F is compact, by Theorem [B.1.1]
again. [J

Corollary B.1.1 FEvery closed subset of a compact Hausdorff space is itself a compact Hausdorff
space.

Proof. The proof follows from Theorem [B.1.2] and the fact that every subset of a Hausdorff space
is itself a Hausdorff space. [J

Theorem B.1.3 Let (K, Tx) be a compact Hausdorff space and (X, Tx) be any Hausdorff space
containing (K, Tk), i.e. Tk is the induced topology by Tx. Then (K, Tk) is closed in (X, Tx).

Proof.

Suppose y ¢ K, so that y € X \ K. Let us show that X \ K is open in (X, Tx). Given any point
x € K, there is an open neighborhood U, of x and an open neighborhood V. of y (see Fig. [B.1])
such that

U, NV, =2.

The neighborhoods {U, },cx form an open (in 7x) cover of K. Let us recall that if a set W
is closed (or open) in the initial topology Tx, it is also closed (open) in the induced topology
Tr. Hence, by the compactness of K, the cover {U, N K },ck, open in Tk, has a finite subcover
Uy NK,...,U,, N K. Let

V=V,n...0V,,.

Then V is an open neighborhood of the point y which does not intersect the set U,, U...UU,, 2 K,
and hence y ¢ K. It means that

Vy € X \ K 3 open neighborhood V C X \ K,

which proves that X \ K is open in (X, Tx). O

————

N
/ ' U

( ) // / \\\

\ Yy / // \
~_.” 1 \
\
‘/;E { I e I
\ /

7
K

Figure B.1 — Compact K with y ¢ K, x € K and the open neighborhoods U, of x and V,, of y such
that U, NV, = @.
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Theorem B.1.4 FEvery compact Hausdorff space (K, Tk) is a normal space.

Proof. Let X and Y be any two disjoint closed subsets of K. Let us construct open sets VO X
and U D Y such that the normality condition holds:

VNnU =o.

Repeating the argument given in the proof of Theorem [B.1.3] we easily see that, given any point
y € Y, there exists an open neighborhood U, containing y and an open set V;, O X such that
UyNV, =@. Since Y is compact, by Theorem [B.1.2 the cover {Uy}ycy of the set Y has a finite
subcover Uy, ,...,U,,. Thus we take

V=V,Nn...0V,, U=U,U...ul,. O

Theorem B.1.5 If (X,7T) is a compact space, then any infinite subset of X has at least one limit
point.

Proof. Suppose X contains an infinite set J with no limit point. Then in J there exists a
countable subset

J1 = {1‘1,1‘2,. . }

(we remind that a set S is called countable if there exists an injective mapping from S to the set
of natural numbers N). Therefore, J; has no limit point. Let us show that J; is closed.

Let us consider x € X \ J;. Since J; has no limit point, there exists a neighborhood U of x which
does not contain any point of Ji:
dyeJi: yel.

Then for all x € X \ J; there exists a neighborhood U C X \ Jj, and thus X \ J; is open.
Consequently, we conclude that J; is closed.

But then the sets
In =A{xn, xns1,...} neN”

form a centered system of closed sets in (X,7) with an empty intersection
Mnen= Jn = 9,

i.e., (X,T) is not compact.[

Remark B.1.1 The following assertions are not equivalent in topological spaces:

1. any infinite subset of X has at least one limit point;
2. any sequence in X has a convergent subsequence.

Definition B.1.4 A subset K C X of a topological space (X, T) is called countably compact
if every infinite subset of K has at least one limit point (in K ).

Thus Theorem [B.1.5 says that every compact set is countably compact. The converse, however,
is not true. For the relation between the concepts of compactness and sequentially compactness
see [16]. We just formulate the following Theorem (see [16] p.95 for the proof):

Theorem B.1.6 A topological space (X,T) is countably compact

1. if and only if every countable open cover of X has a finite subcover.
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2. if and only if every countable centered system of closed subsets of X has a nonempty inter-
section.

Definition B.1.5 A subset K C X of a topological space (X,T) is called sequentially compact
if every sequence in K has a convergent subsequence.

Definition B.1.6 A topological space is called locally compact if every point has a compact
neighborhood.

Example B.1.2 R" is locally compact.

B.2 Continuous mappings of compact spaces

Next we show that the "continuous image" of a compact space is itself a compact space:

Theorem B.2.1 Let (X,Tx) be a compact space and f a continuous mapping of (X,Tx) in a
topological space (Y, Ty). Then f(X) endowed with the induced topology TyN f(X) is itself compact.

Proof. Let {V,} be any open (by T, N f(X)) cover of f(X):
UaVa = f(X)a

and let U, = f~1(V,). As f is continuous, U, are open in (X, Tx). Moreover {U,} covers the
space X:
X = f_l(UaVoz) = Uaf_l(va) = UyUa.

Since (X, Tx) is compact, {U,} has a finite subcover Uy, ..., Uy:

Then the sets Vi,...,V,, where V; = f(U;), cover the entire image f(X). It follows that
(f(X), Ty N f(X)) is compact. O

Theorem B.2.2 If f be a continuous bijection of a compact Hausdorff space (X,Tx) onto a
compact Hausdorff space (Y,Ty), then f is a homeomorphism.

Proof. Let f be a continuous bijection between two compact Hausdorff spaces (X, 7x) and
(Y, Ty). We need to show that the inverse mapping f~! is itself continuous:

(f~H7YV) is closed for all closed V € X.
We notice that f = (f~!)~! which means that we need to prove
f(V) is closed for all closed V' € X.

Let V be a closed set in (X,7x) and P = f(V) its image in (Y,7y). Then P is a compact
Hausdorff space, by Theorem [B.2.3l Hence, by Theorem [B.I.3, P is closed in (Y, 7y). Therefore,
we conclude that for any closed set P C Y the inverse image f~}(P) = V is closed in (X, Tx).
Consequently, from Theorem [A.2.4] it follows that f~! is continuous. [J

B.3 Relatively compact subsets

Among the subsets of a topological space, those whose closures are compact are of special interest:

Definition B.3.1 A subset M of a topological space (X,T) is said to be relatively compact
in (X, T) if its closure M in (X, T) is compact.
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Example B.3.1 According to Theorem [B.1.3, every subset of a compact topological space is rel-
atively compact.

Example B.3.2 As we have seen in Section [2.3, every bounded subset of the real line R is rela-
tively compact.

Problem B.3.1 A topological space (X,T) is said to be locally compact if every point x € X has
at least one relatively compact neighborhood. Show that a compact space is automatically locally
compact, but not conversely. Prove that every closed subspace of a locally compact subspace is
locally compact.
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Appendix C

General theory of Hilbert spaces

C.1 Series with any (countable or not) index sets

In Definitions [1.2.3] and [£.2.4], the set of index I can be an arbitrary set. It means I can be any
countable or uncountable set. If I is an uncountable set, how do we define a series over 17?7

Definition C.1.1 Let us consider a series

Zai, a; > O,CLZ‘ e R. (Cl)
1€l

Let F be any finite subset of a set I. We call

SF = Zai
1eF

by a partial sum of the series (C1]).
Definition C.1.2 Series (C1) is called convergent, if there exists

S =supSr (F a finite subset of I).
FCI

In this case the number S is called the sum of series (C.1):

S = Zai.
el

If such S does not exist, then series (C.1) is called divergent.

Lemma C.1.1 If series (C.1l) converges, then there are only a countable (or finite) number of
elements a; which are different to 0. Thus, series (C1) is equal to an usual series with a sum

[e.9]
Zai = Z Qg -
k=1

iel

over i € N:

Proof. Let S = supp-; SF, where F'is a finite subset of I. Then, by definition of the supremum,
1
Vn=12,... 3JF,: 0S-S5 <—.
n

Let us construct a non-decreasing sequence

FFcFhc...cF,C....
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For instance, we can take:

P =F,

Fy, = Fi UFy, (=> F1CF2 andSZSF225F2)

F,=FLUFU...UF,,

By construction,
1
VneN* §>8; >Sp, and S-S5 <—.
n n /rL

Moreover, since the sequence (F}, )nen+ is non-decreasing, thus, by definition, the sequence (S Fn)nEN*
is a bounded (by S) non-decreasing sequence:

SF1 SSFQ <... §5Fn <...< S
Therefore, S — S for n — +o0.

We define .
F= Unen= Fn

The set F' is countable (as a countable union of finite sets).

Let us prove that

Zai:Zai:S,

icl icF
or equivalently, let’s prove that
a; =0 fori¢F.

Indeed, let’s take a;, such that iy ¢ F and let’s suppose that

(271 + Z a; = S.
i€l
Then we define
F,=F,U{i}.

A

Since (Fy, )nen+ is a non-decreasing sequence of finite sets, then (S Fn)HEN* is also a non-decreasing
sequence bounded by S. Therefore, we find that

Sg =8k, +a;, — S for n — +o0.
But, at the same time, Si — S for n — 4o00. Thus, passing to the limit, we obtain that
S =5+a;,
from where we conclude that a;, = 0. [

Remark C.1.1 If we consider series (C1l) with any real (or complex) coefficients a;, we say that
the series converges if Y ;<1 |a;| converges.

Using Definition [C1.J] we can generalize the Bessel inequality for all systems (countable or not)
of a Pre-Hilbert space X: Since for all finite F in I 3,cp |e;[* < || f]|?, thus

> leif? = sup (Y leif?) < |I£1%.
FcI

el 1€EF

Let us formulate it in the following Lemma:
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Lemma C.1.2 Let {v;,i € I} be an orthonormal system in a Pre-Hilbert space X. For all f € X,
the Fourier coefficients of f with respect to the system {v;,i € I}

Q‘::<f7v»7 (RS I7

satisfy the Bessel inequality:

> lel® < NI

i€l
As |¢;|? > 0 for all i € I and the series 3¢ ;| is bounded by || f||?, it follows that >;c; |ci|?
converges. Therefore, we notice:

Corollary C.1.1 Let {c;,i € I} be the Fourier coefficients of f with respect to an orthonormal
system {v;,i € I} in a Pre-Hilbert space X. Then J = {i € I| ¢; # 0} is a countable set.

Since any convergant series is actually a countable series, in what follows we only consider the
convergant series with I = N*.

Let us prove

Lemma C.1.3 Let v = {v;,i € I} be an orthonormal system in a Hilbert space H and let
{ci,i € I} be an arbitrary set of numbers satisfying the inequality:

Z‘Ci‘Q < 0.

el
(Thus J = {i € I| ¢; # 0} is a countable set.) Then in H there exists a unique vectory = > ;c ¢iv;.

Proof. Thanks to Lemma [C.1.1] we can write y = >0 ; ¢;, v;,. Let us define the partial sum

n
Sn = Z Cikvik
k=1

and show that the sequence (S, )en+ is a Cauchy sequence in H.

For all e > 0 and p € N we have

n+p
2 2
1Snsp = Sull* =11 D civvi, |-
k=n+1
Since v is an orthonormal system, we find that
n+p n+p
2 2 2
I1Snp = Sul? =11 Y- envil?= D el
k=n+1 k=n+1

By the assumption, >, |c;|?> < oo, and, consequently, there exists ng(e) € N such that for all
n > no(e)
n-+p

| Sntp — SnH2 = Z ‘Cik’2 <€
k=n+1

from where we conclude that (Sy,)nen+ is a Cauchy sequence in H. As H is complete, then there
exists a unique y € H such that S,, — y for n — +o0 in H (the unicity follows from the unicity
of the limit). O
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C.2 Hilbertian basis

Using the previous section, we can formulate the general theorem of the basis existence in a Hilbert
space:

Theorem C.2.1 Let H be a Hilbert space. Then in H there exists an orthonormal basis.

Moreover, for an orthonormal system e = {e;,i € I} in H the following assertions are equivalent:

1. e is total,

2. et ={0}:
Viel (e,z)=0 = x=0, (C.2)

3. e is an orthonormal basis.

Proof. The proof of the existence of an orthonormal basis in a Hilbert space is based on Zorn’s
lemma. Instead of this general case, we will prove it for a separable Hilbert space in Theorem .42

Let us prove the equivalence of 1), 2) and 3).
1) = 2) Let z € H and let

Viel zle e, Viel (ze)=0.
The inner product (-, ) is a bilinear form, consequently

z L Span(e), id.e., Va; €R (z, Zaiei> = 0.
el
The inner product (-,-) is continuous. In addition, if 2, — « in H such that (z,z,) = 0 for all n,

then, by the continuity of the inner product,

Tlim (z,2,) = (2,2) = 0,

i.e., the limit points of orthogonal sequences to z are orthogonal to z. We conclude that

z 1 Span(e) = H.
Then z 1. H, from where z 1 z and hence z = 0.

2) = 3) For all f in H we construct the Fourier series of f with respect to e:

Z<f, 6i>6i-
1€l

Thanks to the Bessel inequality (see Lemma [C.1.2))

dolfre) < IFIIP < oo,
el
we find that the numerical series Y";c; |(f, e;)|* converges. We apply Lemma there exists a
unique y € H such that
Yy = Z(fa ei>6i-
el

We recall that the sum (of non-zero elements) here is at most countable (see Corollary [C.1.]).



C.2. Hilbertian basis 157

Let us show that y = f. Define z =y — f. Then we have

Vjel <Z,€j> - <y_f7ej> - <Z<faei>ei7ej> - <f7ej> - <faej> - <faej> =0,

iel
which means that
Viel zle;.

Since e satisfies (C.2)), this implies that z = 0, and therefore, f = y. We conclude that e is an
orthonormal basis.

3) = 1) Let e be an orthonormal basis. Let us prove that Span(e) = H.

For all fe H
f = Z<f7 ei>ei-
el
If S, = > ,(f,ei)e; € Span(e) is a partial sum, then S,, — f for n — oo in H and f € Span(e).

Thus H C Span(e).

Conversely: since e C H, then Span(e) C H and thus Span(e) C H = H.
Finally, we conclude that Span(e) = H. [
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Appendix D

LP spaces: reflexivity, separability,
dual spaces

D.1 Definition

Let’s consider €2 an open set of R" equipped with the Lebesgue measure.

Definition D.1.1 The set of Lebesque-integrable functions from Q to R is noted L*(Q) or simply
L' when no confusion is possible. For f € L'(Q2) we define

£y = | 1£1de

FEach element of L' is a classe of equivalent functions, which are equal almost everywhere.

Definition D.1.2 Let 0 < p < o0, and f : Q@ — R be measurable functions. The function f
belongs to LP(QY) if | f|P € LY(Q). For f € LP()) we define

1 flzr (o) = </Q |f|pd,u)% )

Remark D.1.1 For p =1 we obtain from Definition D124 that f € L'(Q) implies that

1. f is measurable,

2. |fl e L),
which exactly means that f is Lebesque-integrable. Hence, Definition[D. 1.9 for p = 1 is equivalent
to Definition[D.1.1. Functions that are equal almost everywhere are “identified”.
Remark D.1.2 The space (C(2), | - [|11(q)) is not complete. By the way,

Ll(Q) — m”.”Ll,

i.e. L1(Q) is the completion of C(S) by the norm || - || 1.

Definition D.1.3 Let f be a function from Q to R. We define essential supremum of f as a
number

€ss su z) = inf su z)| = inf su z)| . D.1
Poe f(z) = inf LGQI\JAf( )] sea I 5o Legf( )1 (D.1)
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Example D.1.1 Let f(z) = Lgno,1(7). By definition of the essential supremum,
ess sup,eo,1) f(z) =0,

but  supgepoq) f(z) = 1.

Remark D.1.3 1. It holds

ess sup,eq f(z) =inf{M e R: f(x) <M a. e. in Q}.

2. Let QQ C R”™ be an open set and f: Q — R be a continuous function. Then it holds

ess sup,eq f(x) = sup f(x).
€N

Definition D.1.4 We note L*>°(Q2) the set of measurable functions from Q to R for which there
exists a real number C' such that for almost every x in Q, |f(z)| < C, i.e.

ess sup,cq | f(2)] < 0.

Functions equal almost everywhere are identified. We note

£z () = ess supeq |f(2)]-

Problem D.1.1 Prove using Remark[D.1.3 1) that

f@)] < [fllze@ a e inQ.

Proposition D.1.1 Let f € LP(Q) for 0 < p < co. Then

[flry=0 <= f=0ae onf

Proof. For 0 < p < co we have:

1fllzr) =0 <= /]f]pd,u:O <~ |fP=0ae. onQ <= f=0a.e. on
Q

Problem D.1.2 Prove it for p = oo:
[fllze@ =0 <= f=0ae on.

There are some indications:

1. Use Remark[D.1.3 1).

2. Show for A = |[f|pec(q) that Qu .1 = {x € Q: f(z) < A+ 1} has Lebesque measure
M(QAJF%):,LL(Q) form=1,2,....

3. Consider Qq = N;2 12, 1 which is a full Lebesgue measure: p(24) = pu(Q2).
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Problem D.1.3 Show that LP(Q2) for 0 < p < oo is a linear vector space. Indication: use the

numerical inequality
Va,b>0 andp >0 (a-+b)? <2P(aP + 7).

For example, if a > b, then
(a+b)P > (2a)P = 2PaP < 2P(a? + bP).
Definition D.1.5 Let p € [1,00].

A function f belongs to LP'°(Q) when fly belongs to LP(Q) for every compact K C , where
1k is the characteristic function of K: 1g(xz) =1 if x € K and 0 otherwise.

Definition D.1.6 Let p € [1,00].

We call Holder conjugate (or dual index) of p, the number p’ =1 + p%l so that % + 1% =1
(see Section[Z11) (if p=1 then p' = 00 and p = oo then p' =1).

Note that the Holder conjugate of 2 is 2.

Proposition D.1.2 (Hélder’s Inequality) Let p € [1,00] and p' be its Holder conjugate. Let
feLPQ) and g € LV (Q). Then fg € L' and

1ol < 1 lrlgll oo
Problem D.1.4 Using results of Section[2Z1.1, prove Hélder’s inequality.
If we summarize all the results, we have

Corollary D.1.1 Let p € [1,00]. | - || is a norm on LP(2).

D.1.1 Applications of Hdlder’s inequality
Proposition D.1.3 Let 0 <p < g < oo, Q CR", u(Q) < oo. Then
1. L1(Q) C LP(Q),
2. 1l < 1@ 5 f o).
Proof. We denote by @ =

> 1 and calculate the dual index of Q:

q

g >
Q@ _ _a
Q_Q—l q—p

We now apply Holder’s inequality with Q and @Q’:

p = Pq :/ P.1d
£y = [ WPdie= [ 117 1dn

< WPl 1o = ( [ 0517)%)

from where

Q=

(/{lld;t)& = (/Qlflqdufﬂ(ﬁ)%,

9o = ( [, Iflpdu>% <([ Iflqdﬂ)%u(ﬂ)%,

which gives 2). If f € L7, thanks to 2), ||f||r(q) < 00, what implies that f € LP, i.e. 1) holds. O

Let us notice that the condition p(€2) < oo is very important. For instance,
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Problem D.1.5 For Q =R" give an ezample of a function f such that for 0 < p < q¢ < oo
fe€LYRT), butf¢ LP(RT).
Proposition D.1.4 Let 0 < p; < p < ps < 0. Let’s define o by the equality

1_a 1—a

= +
p P P2

(D.2)

Note that for p =p1 a =1 and for p = po a = 0. Such « €]0,1[ exists and it is unique. Then
from f € LP1(Q) N LP2(Q) follows that f € LP(Q2) and

1 1zo@) < IFIZos o1 f I zmste (D.3)
Proof. Let us consider ps < oo. We denote by ¢ = g—; and calculate the dual index of ¢
using (D.12)):
1_
TR N ) PN g>1
p1 p2 p1
1 1 1-—
quiéjzl__zl_%:ﬂ’
g—1 ¢ q p1 P2
ie ¢ = L.
(I—a)p

We now apply Holder’s inequality with ¢ and ¢’

11 py = [ 1fPdu = |f|°‘p' |f|0=rgy,
@ = J,
(-a)p (1-a)p

< (farensa)” (/ arit-omstma) 7 = ([ )™ ([ )
from where
i = ([ )" < ([ 1) ™ ([ 150a) ™

= [1£11Zes o 1 1 sty

which gives (D.3)).

Problem D.1.6 Prove (D.3) for ps = 0o

We finish with the interpolation inequality (see [4]):

Proposition D.1.5 Let {f;,i € I} be a family of functions with f; € LPi() and % =3 pli <1.

Then I] fi € LP(2) and
ITT fillzey < TT1illei o
Corollary D.1.2 If f € LP(Q) N L4(Q2) then f € L"(Q) for any r such that p <r <gq.

D.1.2 Completeness of L? spaces
Are LP Banach spaces? The answer is given in the Fischer-Riesz Theorem:

Theorem D.1.1 (Fischer-Riesz) Let p € [1,00], Q CR", u(Q) > 0. Then LP(Q) is a Banach
space.
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Note that: () is the measure of Q.
Remark D.1.4 The theorem can be reformulated in terms of Cauchy sequences as:

For p € [1,00], let (fx)ken be a Cauchy sequence in LP(SY). Then there exists f € LP(Q) such that
limy o0 | fx = fllr(@) = 0.

Proof. Proof for p = co. Let (f,,) be a Cauchy sequence in L*>°(£2), thus we can write

Hfm - fn||L°°(Q) —0 m,n— oo,
what means that

there exists y,, C 2 of full measure (u(2\ Q) = 0) such that

sup | fm(x) = fu(x)] =0 m,n — occ.
TEQnm

We note Q' = N5%, Ly € Q, then p(Q\ Q') =0 and Q' C Q,;;, for all n and m in N. Therefore,

sup |fm(x) = fu(z)] = 0 m,n — occ.
zeQ)

Thus, (fn(z)) is a Cauchy sequence (in R) for all z € /. Thanks to Cauchy criteria for numeric
sequences, we conclude that there exists

lim f,(x) = f(z) Voe,

n—o0
i.e. almost everywhere on ).
We need to verify that f € L*°(Q) and that f, — f for n — oo in L*>°(Q).

For any k£ in N*, there exists an integer N such that n > m > N implies

|fn(x) = fulz)] <1/k Vo e,

Taking m to the limit yields
|f(x) — fu(z)] < 1/k VYn> N(k) Vze.
Therefore,

sup |f(z) — fu(z)| <1/k Vn > N(k),
zeQ)

i.e.

1f = fallz chazﬁ?a\sz'):ojgg‘f(x) fa(@)] <1/k Vn> N(k)

We summarize:

o f—foeL™® Yn>N(k),

o |f—fullee <1/k Vn> N(k) = f,— fforn— ooin L>®(Q).

Since L™ is a linear vector space and in addition f,, € L*(), it follows that

f=/+ (f_fn) € LOO(Q)
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Proof for p € [1, o0

Let (fn) be a Cauchy sequence in LP(2), i.e.

Hfm - fn”Lp(Q) —0 m,n — 00.

Step 1- There exists a subsequence ( fy,, ) such that

1
”fnk+1 - fnkHLP(Q) < 2_k;

Since (f,,) is a Cauchy sequence, there exists N1 € N such that m > n > Ny implies || f,— fin||p < %
Let ny = Nj. There exists No € N such that m > n > Ny implies ||f, — fillp < 2. Let
ny = max{ni, Na}.

(fn,,) is constructed by induction.

Step 2- (fy,) converges in LP: Let

m
9m = Z ‘fnk+1 - fnk‘
k=1

We note that g,, > 0. We have

m m
1
lgm e =112 | Fager = Frulllie < D0 M i = Fillir <1 o0 <1
k=1 k=1

Then the theorem of Beppo-Levi (see [§]) provides g € LP such that g,,(z) — g(x) a.e. and
\gm — gllz»r — 0.

For [ and k with [ > k, we have

(@) = fu ()] < S () = frus (@) + -+ 1 (2) = fo (@) < 9(2) — gra(z)  (D4)

Consequently (fy,(z)) is a Cauchy sequence in R. Note f(z) its limit.

Taking [ to the limit gives
[f(@) = far(@)] < 9(2) — ge—1(2) < g(2)
Hence:

o |f(z)— fn,(z)P — 0 for a.e.x,

o |f(z) = fu ()" < g(a)?.
From the Dominated Convergence Theorem (see [§]) we derive

f:fnk+(f_fnk)€Lp
and [|f — f, llp — 0.

Let € > 0 be arbitrary and n € N. Let m > n be such that m = ny, for a given k. Since (f,) is a
Cauchy sequence, ||fr, — fml|lzr < €/2. Since (fy,) converges toward f, || fm — f|lLr < €/2. Hence

an - fHLP < an - meLP + Hfm - fHLP <e
Thus (f,) converges toward f in LP. [
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Remark D.1.5 We note that we can use Theorem[2.6.1] to prove the case p = oo in Fischer-Riesz
Theorem: Let f, be an absolutely convergent series. We define

n={z € Q| fulz) <|fnll}
of full measure and take

=)

Since,

p(Q\ Q) =Ju@\ Q) =0

and Y, fn(x) converges on Q' since it is absolutely convergent in R.

D.2 Study of L7 (1 <p < )
D.2.1 Reflexivity

First we prove the Clarkson inequality for 2 < p < oc:

Proposition D.2.1 (Clarkson inequality) For 2 < p < co, we have

vroer |2 |52 <5 0 + ol (D.5)

1
2

Proof. It is suficient to show (since a norm is a function with values in R™) that for 2 < p < oo
a+blP |a—>b ‘p
2

1
R “(lal? p
Va,b e | < 50al + o).

We have
Vo, 8>0 of + 7 < (o + %)%,

Indeed, for all positive fixed 3, the function y = (22 + ,82)§ — 2P — BP is increasing on |0, 4+o00[ for
2 <p<oo:

>0 & pE+ )T o >0 e @24 )T -2 220
iS4 (232 + 52)1)*2 > $2(p72) PN 272 + 52 > $2 N ,82 > 0.

We notice that for z = 0 4’ = 0 and that if we fix « instead of 3, by the symmetry of the formula,
we also obtain an increasing function (2% + « )2 —aP —aP.

We chose o = “TH’ and § = % and find that
2\ & 2 2
a b 1
) <2+2> 2(!(1\ + [b]P).

|

Here we have used that the function z — |z|% is convex for p > 2. O

a—>
2

a+b?
2

a+b
2

P |gq—blP
- 2

Remark D.2.1 For 1 < p <2 it holds the following Clarkson inequality:

Hf gl

Vf g€ LP Hf”

1
1 1 p—1
(;vww+;mwg , (D.6)

+ z% = 1. The proof of (D.4) can be found

where p' is the Holder conjugate of p (see [§]), i.e.,

1
_ p
in [12].
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Theorem D.2.1 Let p €]1,00[. LP is uniformly convez.
Proof. We know, thanks to the Fischer-Riesz Theorem, that LP is a Banach space.

Let us prove that LP is uniformly convex (see Definition B5.3) for 2 < p < oo using (D.3) (the
proof of the case 1 < p < 2 is analogous and is based on (D.G))).

Given € > 0, we suppose that
[fllze <1, llgllze <1 and [|f —gllzr > €.

From (D.5) we find that

P P
1=, <1-(E)"
2 Lp 2
and thus
HM <1-— 5
2
with

B =

e\P
s=1-(1-(5) ) >0 ©

2

Corollary D.2.1 Let p €]1,00[. LP is reflexive.

Proof. Since LP is uniformly convex for p €]1, 0o, then by the Milman-Pettis Theorem Lp
is reflexive.

Let us give the proof that LP is reflexive for p €]1, 2] using the fact that L? is reflexive for p € [2, o0].
Define T : LP — (LP)* as follows:

For a fixed u € LP, the mapping Tu: f € LP — Juf €Ris a linear functional on LY, which is
continuous thanks the Holder inequality:

sl < Wl flyr = 3C =l =05 | [uf| SCIfl (asue L7, Jullis < o0).

Thus, in our notations,

fer (Tuf)= [uf.
where T : u € LP +— Tu € (LP')*.

Let us prove that ||Tul ;. = [Jullre.

By the Hoélder inequality, we have

[(Tu, )] < Mlulleelfll e = Tull oy < Nlullze-

On the other hand, let us take

folz) = Ju(@)P~*u(z)  (folx) =0 if u(z) = 0).

For fy we have
fo € L, Nl foll o = llullzs’s  (Tu, fo) = [lulf,.
Thus, we find that
(T'u, fo)
1 foll

ITull gy > = Jullz-

Since
lullze < 1Tull oy < lullzo,
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we conclude that HTu||(Lp/)* = ||ul|ze-

LP is reflexive: From ||Tul|( 1) = [lu|r» it follows that T"is an isometry of L? to a closed (as L?

is complete) sub-space of (L?')*. Indeed, let us show that T(LP) is a closed sub-space of (L?")*.
Since LP is complete, for all Cauchy sequence (fx) in LP there exists f € LP such that

fk—>fian.

Thus, Tf € T(LP) c (LP)* and, as T is linear and continuous operator from LP to (LP')*, it
follows that
fuo> finL? = Tfy—Tfin (LP)"

Therefore, T(LP) contains all its limit points, and hence is closed in (L?')*.

Since p €]1,2], then p’ € [2,00[ and we know, thanks to the Clarkson inequality and the Milman-
Pettis Theorem 5.2, that LP is reflexive. Therefore, by Theorem 511 (Lp,)* is reflexive.

Consequently, by Theorem B.1.3] each bounded sequence in (Lp/)* contains a subsequence which
converges weakly in (LP')*. Since T'(LP) is a closed sub-space of (L?')* endowed with the norm of
(LP")*, thus T(LP) is a Banach space and, in addition, each bounded sequence in T'(LP) contains
a subsequence which converges weakly in T'(LP). Thus, by Theorem (B3] T'(LP) is reflexive, from
where LP is reflexive too. [

D.2.2 Dual space

Theorem D.2.2 (Riesz) Let p €]1,00[ and ¢ € (LP)*. There exists a unique u € LP such that

vieLr, (.f)=[uf.

In addition

l[ull o = NIl o~
Proof. For u € L¥ | we define T : LV — (LP)* by
VfelLP (Tu,f)= /uf
As in Corollary [D.2.1] (replace p by p’ and p’ by p), we have that T is a linear continuous operator
which is also isometric:

Vue L |[Tullwry = llull p-

We now prove the surjectivity of T'.

Define E = T(L?"), it is closed since L?" is complete and
1Tull(zey = lull -
Let us prove F is dense in (LP)*.

We use Corollary B.4.4] of the Hahn-Banach Theorem.

Suppose the converse, i.e., E is not dense in (LP)*:

Jh € (LP)™ h # 0 such that (h,Tu) =0 VY(Tu) € E.
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Since L? is reflexive, then h € LP. Let (T'w,h) = 0 for all u in L* (it is equivalent to (h, Tu) =0
for all (T'w) € E). Therefore

Vu € LV /uh:O.
For u = |h|P~2h, we obtain
/mpqmmp:a

Hence h = 0. This is a contradiction with the assumption that A # 0. Therefore, E is dense in
(LP)* and at the same time F is closed, i.e.

E=TF = (IP).

Therefore, T is a linear operator which is an isometry surjective of LP" to (LP)*. Thus, it is a
bijection and (LP)* can be identified with L?'. O

Corollary D.2.2 (LP)* can be identified with LP".

D.2.3 Separability
Theorem D.2.3 Let p € [1,00] and Q be a domain in R™. LP(Q) is separable.

Proof. Let R = (R;)icr be the (countable) family of multidimensional intervals with rational
ends (an element of R is [[}_q]ag, bx[ with aj and by in Q) included in €.

Let E be the vector space over (Q generated as a span of characteristic functions associated with
elements of R. It means that E contains all finite linear combinations with rational coefficients of
functions 1g;:

N
if ¢ € E then ¢(x) = Zaj]lRij
j=1

for a finite N, rational a; and R;; € R.
By its definition, F is countable.
Let us prove that E is dense in LP(Q).

Let fix f € LP and a real number € > 0. Since Cy(€2) is dense in LP(£2), there exists a continuous

function g such that
€

17 =gl < 5

Let Q' be an open bounded set such that

suppg C ' C Q.
As g € Cp(Q) and Q' is a bounded open subset of , we can build ¢ € E such that

6 .
lg(x) = p(x)| < —F  a.e. in @,
7

where by |©'| we denote the volume (measure) of €', which is finite.

Indeed, by definition of functions in E, ¢(x) has the form of Zévzl a;jlg;. Let us take a cover of

€

supp g by a disjoint finite union of R;, ]_[jvzl R; such that the oscillation of g is smaller than —:
|

N 2
V(z,y) € (H Rj) l9(x) — gly)] < — T
i=1 4K
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For instance, we chose oj = g(x;) for a 2; € R;. Let us notice, that the construction of ¢ is quite
similar to the construction of a Riemann sum for a continuous bounded function on a compact

domain.
Then
lg — &llLr < 5
Thus we find
If = dllee <|f —gllr + [lg — ¢llr < + —=e O

=2
Remark D.2.2 The proof fails when p = oo due to the lack of denszty of Cy in L. But it does
not prove L is not separable!

Remark D.2.3 When p = 2. For f and g in L? note (f,g) = [ fg
Equipped with this inner product, L? is a Hilbert space.
As expected (L?)* = L2.

D.3 Study of L!

D.3.1 Separability
From Theorem [D.2.3 we directly have

Theorem D.3.1 L! is separable.

D.3.2 Dual space
We recall that 2 is a domain in R™.

Theorem D.3.2 Let ¢ € (L1)*(Q). Then there exists a unique u € L>(Q) such that

VfELNQ), (6, f) = /Q fu.

We further have
[ullzee = [l (1)~

Subsequently, we can identify (LY)* and L*°.
Proof. Let ¢ € (L1(Q))*.

1. Existence of u:

Let’s fix w € L?(f2) such that for all compact K C €, there exists ax > 0 such that
w > ag a.e. on K.

Such a function exists, take for instance:

1

(n+1)

1+ ]

where ||z|| is the Euclidean norm in R".

The mapping
FeLQ) = (p,wf) ER
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is a linear continuous functional on L?. (Since, w and f are in L2, thus by the Cauchy-
Schwartz inequality (or the Hélder inequality) wf € L!. Therefore, as ¢ € (L'(2))*,
d(wf) = (p,wf) is well defined).

Let us apply Theorem [D.2.2 of Riesz for p = 2: there exists unique v € L?(€2) such that
Ve 1*@) | of = (o fu) (D7)
We note
Ve e u(x)= v(z) .
w(x)
The definition of w is correct since w(z) > 0 for all z € 2 and, as in addition v and w are
in L2, thus u is measurable (as a product of two measurable functions v and %)
2. ueL>:

From (D.7) and the fact that fw € L', comes

vf e I3(Q) \ [ ot| < el fulla. (D.8)

Let
C > [loll 1) (D.9)

Note
A={x € Q| |u(z) > C}.

Let us show that A is a null set (of Lebesgue measure u(A) = 0). This will prove that
u € L*®: |u(z)| < C for a.e. x € Q implies that u € L.

Suppose the converse: let A not be a null set.
There exists B, a subset of A, which is not a null set and has a finite measure u(B) > 0.
Consider f defined by:
Flz) = T ifeeB
0, ifxeQ\B

Thus, by definition of u, v = uw and

ww lu|lw, ifx e B
_ e )t = lufw, _ D.10
vf =uwf {0, ifzeQ\B (D-10)
Therefore, since B C A and for all z € A |u(z)| > C, we have
/ vfdu :/ lu|wdp > C/ wdl. (D.11)
Q B B

Since B is of finite measure, then B is bounded and B is compact. By our construction,
w > 0 a.e. in B, hence |w| = w a.e. in B and

[ win =l > 0.
B
We further find, using the definition of f, that

u
Ifwlsio = [, || di= [ ol = [ wdn = fwloso. (D.12)
B |ul B B
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Since vf > 0 in Q by (D.I0), then [, vfdu > 0, and finally,
[ sl = [ odn= [ ofldi=lofllse.
Q Q Q
Putting (D.1I)) and (D.12l in (D.7) we obtain
Cllwllzysy < lvflli) = |/Qvfdﬂ| < llellzry@lfwlii) = lelay-llwl -

Therefore C' < [[¢||(z1)+. It is in contradiction with (D.9). Consequently, A is null set and
thus u € L.

3. Jlullpe @) < ol

For all C > |¢l|(£1y+(q) we have
lu(z)| < C for ae. x € Q.

Thus
Ve >0, |ullp=() < el +e€
Therefore

ulll o) < llellzry-(@)-

4 Jull ey > [lollrry-0):
From (D.7) and v = uw, we have

Vi€ L2(Q), <o, fw>= /Quwfd,u. (D.13)

For any g € Cp(Q), f = £ is in L?, since w > € > 0 on suppg and g is bounded in Q.
Therefore, for f = £, from (D.13) we obtain

Vg e Cp(R), < p,g>= / ugdp. (D.14)
Q
But Cp(f) is dense in L*(Q), thus

Vg e L(Q) (p,9) :/ngdu-
Hence
Vge L'(Q) [{p,g)| < /Q lugldp < l|ull L @) 19l 21 (@)

and therefore
el (L) < llull oo (-

5. JJullpe ) = el it follows from the points 3) and 4).

6. Uniqueness of u:

Suppose the converse. Let u; and ug in L>°(€2) be such that:

VI, (ef)= [ fuds and (o) = | furd
from where we have that

Vi e L) /Qf(ul — ug)dp = 0.
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As z =u; —ug € L*(9Q) (u; and ug are in L*>°(Q2) and L*>(Q) is a vector space), therefore
z € L} (Q): for all compact subset K in

loc

lellzan = | lokdi < w(Ollzee @) < +oc.
As Cp(Q) is a subset (even dense) in L'(Q)

Vf e L) Lgmﬂ:o Vg e Q) /QMM:Q

Then, by Lemma [7.T.3, z =0 a.e. on . [J

D.3.3 Reflexivity
Proposition D.3.1 Let Q be a domain in R™. L'() is not reflexive.
Proof.

Let x be in the interior of €1, i.e., there exists U an open neigborhood of x such that U C .
Moreover, since 2 C R™ which is a metric and a normed space, it is equivalent to the existance of
N € N* such that B (z) C Q, where B (z) is a ball centered in z with the radius .

N N

For m > N, let

15, @)
Im =B, @1
where by |B]| is denoted its volume. We have
[ fmllLr ) = 1.

Suppose L' is reflexive. Then the unit ball is compact for the weak topology (L', L>) (see
Kakutani Theorem [5.1.4). Thus there exists a subsequence of (fy,), denoted by (fm,), and a

function f € L'(2) such that (f.,,) converges to f weakly in L! (see also Theorem B.I3). It
means that

Ve € (LN = L™, /Qfmksodu — /Qfsodu- (D.15)

For p € Co(2\ {z}) there exists kg € N* such that

vk > ko, / fmppdp = 0.
Q

Hence

Vo € Co(R2\ {z}) /ﬂfsodu =0.

A point {z} has the Lebesgue measure equal to zero, thus

/fsodu=/ fedu = 0.
Q O\{z}

Applying Lemma for an open set Q\ {z} (f € L'(Q) implies that f € L} (Q2)), we obtain

loc

that f =0 a.e. on Q\ {z} and thus f = 0 a.e. on Q. If we take ¢ =1 in (D.I)), then

/fmkdﬂzlé/fd,u,:(),
Q Q

which is a contradiction.

Therefore “L! is reflexive” is false. Hence L! is not reflexive. O
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D.4 Study of L™

D.4.1 Reflexivity
Proposition D.4.1 Let Q be a domain in R™. L*°(Q) is not reflexive.
Proof. If it was, so would be L}(Q). O

D.4.2 Separability

We know from Example that £°° is not separable. Let now prove
Proposition D.4.2 Let Q2 be a domain in R™. L>(Q) is not separable.
Proof.

As Q is a domain in R™, it is an open connected set. For any z in the (open) set Q we define the
distance between x and the boundary of €2

r(z) =d(xz,R"\ Q).
Consequently, (see Fig. [D.J]) for all z € Q all open balls
By () ={y €R"| |z — y|lr» <r(z)} C Q.

Therefore, let us define

Figure D.1 — Example of B,.(,)(z) C Q.

VeeQ f,= ]lBr(z)(I)'
The set {f;, = € Q} is not countable subset of L>(2) (since 2 is not countable) such that

Ve eQ | fallpe@) =1,
and if z # y (z and y in Q) then the distance between f, and f, is equal to 1:
| fe = fyllLoe) = 1.

For all x € Q let’s take in L*°(£2), an open ball centered in f, of radius %:

By(fe) = {h € I |~ full @) < 5}

1
2
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Then for all z # y in Q we have B(f,, ) OB%(fy) = .

Suppose a set E be dense in L*°(Q2). Thus (see Apendix [A]) for all x € Q
By(f)NE#8.

Hence, E can not be countable and therefore, L>°(2) is not separable. [J

D.5 Recap

SPACE D DENSE REFLEXIVE SEPARABLE DUAL SPACE

p=1 YES NO YES L
l<p<o YES YES YES LP’

p=w MO MO MO strictly containing L1

> A Hilbert space for p=2

Figure D.2 — Properties of LP spaces.

Let’s summarize the properties of L? space in Fig. [D.2



Appendix E

General Sobolev embedding theorems

E.1 Sobolev embeddings

Sobolev’s embedding theorems give the fundamental properties of the Sobolev spaces.

These properties are connected with the degree of smoothness that can be expected in a Sobolev
space.

The larger the product mp ... the smoother the function!

The critical value is the space dimension n. If mp > n then all functions in W"P are continuous
(usual disclaimer: we are dealing with classes).

Proposition E.1.1 For any domain Q2 in R™ (bounded or not), we have
WwmP(Q) C LYQ) forl/g=1/p—m/n if mp<n
and

W™P(Q) C LY(Q) for any q € [1,00] if mp = n.

We recall that if X and Y are two normed vector spaces, then a linear application A : X — Y
is compact if from any bounded sequence (xj) of elements of X one can extract a subsequence
(xr,) such that its image (Axy,) is strongly convergent in Y.

Definition E.1.1 If there exists a compact linear application from X to Y, we note X CCY
Theorem E.1.1 Let Q be a bounded domain in R™ with locally Lipschitz boundary 0. Then

1. WmP(Q) ccC L"(Q) for any r € [1,q[, where 1/q =1/p — m/n provided mp < n.
2. WmP(Q) cC LYQ) for any q € [1,00][ provided mp = n.

3. WmP(Q) cc C(R) if mp > n.

Example E.1.1 Let Q be a a bounded domain of R? (n = 2) with a reqular boundary and let take
HY(Q) =W2(Q).

As 1 x 2 =2, therefore Wh2(Q) cC L4(Q) for any q € [1, .

Thus, if |u| g1 () is bounded then, one can extract a subsequence in L?(Q) that converges strongly
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in L?(2). The unit ball of H*(Q) is compact in L*(Q) but not in H*(Q).

We conclude this section by

Theorem E.1.2 Let Q be a bounded domain in R™ with a locally Lipschitz boundary 0. If k > I,
(k—Up<mnandl/q=1/p—(k—1)/n, then WFP(Q) Cc Wh4(Q) and the embedding is continuous.



Appendix F

Examples for elliptic PDEs

Let us study the 2D deformations of an elastic membrane. We will consider two cases of boundary
conditions:

e Dirichlet boundary condition: u|r = 0 (the membrane is attached on I, this is what we do
in the video lecture),

e Neumann boundary condition: 2%|p = 0 (then membrane is free on I'),

where % is the normal derivative over the external normal n defined by the scalar product Vu - n.

F.1 Dirichlet boundary-valued problem for the Poisson equa-
tion
Let Q be a compact connex subset of R” with a boundary 9Q: Q = Q| |9. We consider

—Au = f(x), x=(x1,...,2,) € Q, (F.1)
ulag = 0. (F.2)
Let f € L?(Q). As the trace of u on 99 is zero, we define the following variational problem in
H}(Q): find u € H}(Q) such that
Vo € HY(Q) / VuVédz = / F(2)d(x)d. (F.3)
Q Q

To obtain the variational problem, if u is regular, for instance u € C?(Q2)NC(Q), we multiply (E.1)
by ¢, integrate the equality over Q (by Lebesgue measure) and integrate by parts:

— [ Busde =~ [ Sodo+ [ Vuvods = [ fapota)d

Here [y, g—;ﬁqﬁdx = 0 since ¢ € H&(Q) (¢ € H&(Q) implies that ¢|gn = 0).

Definition F.1.1 u € H}(Q) is called weak solution of problem (F.1)-(F.2), if u is a solution
of the variational problem (F.3).

Remark F.1.1 We have shown that from (E1)-(F.2) we obtain the variational problem (F.3).
Let’s now show that the converse: if u € H}(Q) is a solution of the variational problem (F.3),

then u is a solution of (E.1)-(F.2).
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Indeed, since (F.3) is true for all ¢ € HL(Q) and D(Q) C HL(Q), then (E3) also holds for all
¢ € D(Q). Thus,

Vo € D(Q) /Q VuVéds — /Q F(2)b(x)de.

Since Vu and f are in L*(2) C L} (Q), we obtain that in sense of distributions

loc
Vo € D(Q) /Q(—Au — f)édz = 0.
Thus, by du Bois-Reymond Lemma [71.3, we obtain that
Au+ f=0 a.e. inQ.

On the other hand, since u € H}(SY), it means that its trace on 9S) is equal to zero (see point 6 of
Theorem [8.4.2).
We conclude that problem (E1)-(F.3) and the variational problem (E.3) are equivalent.

Definition F.1.2 Function u € C?(Q) N C(Q), satisfying (F1)-(F.3), is called a classical so-
lution of problem (E.1)-(F.2).

Proposition F.1.1 Letu € C?(Q)NC(Q) be a weak solution of (F.1)-(F-2). Then u is a classical
solution of (E.1)-(E.2).

Proof. Since u € C?(2)NC(Q) is a weak solution of (FI)—([E.2) then u € H{ () and it holds (E.3).
In particular,([3]) holds for all ¢ € D(2). We integrate by parts:

Vo € D) /Q Augdz + /Q F(@)d(z)dz = 0,

or equivalently,

Vo € D(Q) /Q(Au + féde = 0.

As, by assumption, f € L*(Q) and Au € C(), then Au + f € L},.(2). Moreover, by du
Bois-Reymond Lemma [[.T.3] we obtain that

Au+ f=0 ae. in Q.

In other words, f = —Au € C(Q2) a.e. in Q, i.e., f is equivalent to the continuous function.
Therefore, for the continuous representative of the class of f this equation (see (E.l)) holds for
all z €

—Au=feC(Q) Vre.

Since u € C(Q) N H}(2) (see also point 6 of Theorem B4.Z), thus we have that the trace of u is
defined in the classical sense and it is u|sq = 0.

We conclude that u is a classical solution of (EI)—(E.2). O
Let’s show the following proposition:

Proposition F.1.2  Problem (F.1)-(F.3) is well-posed: there exists an unique weak solution
u € HE(Q) and for all f € L?(QQ) there eists a constant C > 0 such that

lull i) < Cllfllz2)- (F.4)
0

Estimation (F])) shows the stability of u as a function of f.
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Proof In Chapter § in the proof of Theorem [B.4.4] it was shown that the following norms on

H}(Q) are equivalent:
lull gy = \/ [ w2+ [VuP)da
Q

Julliey = 1/ [ IVuPde = [Vulsaq).

Since these norms are associated with the inner products:

o = o myer (Do = [ (w6 + VuV)da, (F.5)
[l = yTuaby, L Ohio) = [ VuVods, (F.6)

it implies that (-,-) and {-,-} are equivalent inner products in H} ().

Therefore, we will apply the Theorem of Riesz to show the existence of a unique weak solution

of (E3). We write (E3) in the form:
Vo € Hy(Q) {u,dbiya) = (f:0) 120 (F.7)

The space (HE(9),]| - [|*¢*) with the norm || - ||*%, and with the associated inner product {-,},
is a Hilbert space.

For fixed f € L?(9), we define on L? a linear functional

14(6) = (f, ) L2y = /Q fo. (F.8)

As f € L*(Q), the linear functional [;(¢) is well defined for all ¢ € L?(2), and consequently, I ¢(¢)
is also well defined for ¢ € H}(Q2) C L?(£2). Let us show that s is continuous on (H{ (), || - [|"*).

Let ¢, € HE(Q) and ¢, — ¢ in (HF(Q), || - [|**). As the norm || - [|*¥ is equivalent to the
canonical norm || - || of H}(Q), the sequence ¢, also converges by the norm | - || of H}(f2) and,
hence, the sequence ¢, also converges by the norm of L?(2). Thanks to the continuity of the
inner product in L?, it means that

nh_)rrgo l(pn) = 7111_{%0(]07 bn) 2y = (fr O r2() = Uy (9).

Applying the Theorem of Riesz in the Hilbert space (H{(9),] - ||***), we conclude that for all
¢ € HE(Q) there exists a unique solution u € HE () of equation (7).

To finish the proof, we need to show the stability estimation (E.4). As (EZ) holds for all ¢ €
H} (), we are able to take ¢ = u. Using Cauchy-Schwartz and Poincaré inequalities, we find

(el = [ 1Vulde < 1f iz llulle < COI e llalio:

from which directly follows (E.4). O
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F.2 Robin boundary-valued problem for the Poisson equa-
tion

Let © C R™ be a bounded domain with a regular boundary (otherwise Q admits the extension of
elements in H'(Q) to a wider domain keeping the the same regularity properties). We consider
the Poisson equation in 2 with the homogeneous Robin boundary condition:

—Au = f(x), x=(x1,...,2,) € Q, (F.9)
o+ o(w)ulan =0, (F.10)

where 77 is the external normal defined at all points of 9. We suppose that f(x) € L?(2), and
that o(x) € C(09) is a measurable bounded function, separated from zero

o(xz) > 09> 0.

Let us show that the corresponding variational problem is to find u(z) € H(£2) such that

Vo(z) € HY(Q) /Q VuVedz + /8 . oupds = /Q f(z)o(x)dx. (F.11)

In fact, it is a corollary of the formula of the integration by parts using the boundary condition:

—/ Augpdr = —/ @éds—i—/ VuVedx :/ Vquﬁdx—i—/ ougds.
Q a0 On Q Q a0

Definition F.2.1 u € HY(Q) is called weak solution of problem (F.9)-(F10), if u is a solution
of the variational problem (F.11]).

Problem F.2.1 Prove that problem (E.1)-(E.2) and the variational problem (E.3) are equivalent.

Definition F.2.2 Function u € C?(Q) N CY(Q), satisfying (F.9)-(F10), is called a classical
solution of problem (F.49)-(F.1d).

Proposition F.2.1 Let u € C?(2) N CY(Q) be a weak solution of (F.9)-(F1d). Then u is a
classical solution of (F.9)-(F.10).

Proof. Let’s just notice that since 2 is bounded and u € C*(Q), it follows that u € H(2). In
addition, we have the following inclusions

D(Q) ¢ Hy(Q) ¢ HY(Q).

As u is a weak solution of (F29)-(EI0), then for all ¢ € D() it holds (EI1]). In the same way as
for the Dirichlet boundary condition, we integrate by parts:

Vo € D(Q) /Q(Au + éde = 0.

By assumption, f € L*(Q) and Au € C(), then Au+ f € L} (Q). Moreover, by du Bois-
Reymond Lemma [Z.T.3] we obtain that

Au+ f=0 ae. in Q.
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In other words, f = —Au € C(Q) a.e. in Q, i.e., f is equivalent to the continuous function.
Therefore, for the continuous representative of the class of f this equation (see (E.9)) holds for
all z €

-Au=feC(Q) Vre.

Let us prove that u satisfies (E.10). Since 0f is regular, then (see Proposition B.3.2))
Cc>*(@Q) c H(Q).

We take ¢ € C*°(Q) in (F-I1)) and integrate by parts:
Vo(z) € (@ / VuVéds + / cugds — / f(z 0, =
Vé(x) € C(Q) /Q(—Au _ P)éde + /aQ (5 + Uu) ods — 0.

By the previously proven (E.9), we find
Vo(z) € C°(Q / <—+Ju>¢d8—0

Since (% +Ju) log € C(09), and D(09) < C>(Q), thus we can apply du Bois-Reymond

Lemma [Z.T.3] and obtain that
ou

— tou

Ov =0

o0N

We conclude that w is a classical solution of (E.9)-(E10). O
To proceed to the existence of a solution of (E.9)-(E10Q), we firstly show the following Lemma:

Lemma F.2.1 The norm

)2 = / Vu[2de +/ oulds (F.12)
Q o9
is equivalent to the canonical norm || - || of H* ().
Proof. We prove it in two steps:
1. We show that || - ||, is equivalent to the norm
2 = / Vul2dz +/ W2ds. (F.13)
Q o0

2. Using an analogue of the Poincaré inequality in H!(£2)

2
/u2dx§ CQ/ uds
Q oN

we show the equivalence of || - ||; and the canonical norm of H'(Q).

+ /Q |Vu|2dx> (F.14)

It is easy to see that, since o(x) > o¢ > 0, if

Cy = min(1,00), Ci=max(1, sup o(x)),
x€oN

then C|ull1 < JJulle < Cal|ull1. Let us show the existence of C1 and Cy such that

Cillully < fJullgr ) < Caflulfr-
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As the boundary 99 is regular, the embedding of H'(£2) in L?(9Q) is bounded:
[ullL2(a0) < Cllullm@)-
Consequently,
lull = IVl 2200y + lulZ200) < IVUllZe@a) + Cllullf gy < Cllullf gy,
and C; = 1/C.
Using (E.14)), we find

2
HUH%{l(Q) < HVUH%Q(Q) +C (‘/an uds| + HvUH%Q(Q)>

2
= (1+C)||Vul? +C’}/ 1-ud
( il uHL2(Q) 50 uas

<(1+ C)HVUH%Q(Q) + M mes(09) /BQ u?ds < Cyllul|?,

where Cy = max(M mes(02),1 + M). O

Proposition F.2.2 Problem (E9)-(F10) is well-posed: there exists an unique weak solution
u € HY(Q) and for all f € L?(Q) there exists a constant C > 0 such that

/|Vu|2dx+/ ou?ds < C/ |f|?da. (F.15)
Q o0N Q

Estimation (F.4) shows the stability of u as a function of f.

Proof. Using the result of the previous Lemma [F.2.1] we apply (see the Poisson problem with
Dirichlet boundary conditions) the Riesz theorem in (H!(f2),]| - ||) and obtain the existence of
the unique weak solution of (E.II]) which is also stable (E.4). O
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