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Introduction

It is the coursebook of the 2nd year CentraleSupélec courses “Contrôle des ondes, voie Analyse
Théorique”.

We are focused on the engineering problem: a conception of the most efficient anti-noise ab-
sorbing barrier, especially for the low frequencies. It is known that in acoustics, an absorbing
material is a porous material. As any realistic problem, it is a complex problem, mixing the con-
struction constraints, the physics (of the wave propagation in the air and the porous materials),
the choice of absorbent material and its properties, the modeling of the problem, the choice of
the model adapted for a fixed application. Then we consider the mathematical analysis of this
model and its properties, make the choice of a method allowing the optimization, and in the end,
perform the visualization, at least numerically, of an optimal shape of the barrier, and, ideally,
the comparison with the experimental measurements.

The complexity of the problem is also related to a vast number of theoretical questions, which
are partially shown in this coursebook, which are still entirely or partially open.

Taking the main ideas coming from physics and numerics, we explain how the mathematical
methods can treat this shape optimization problem and how some engineer concepts could be
explained or improved using a mathematical approach.

We make attention that the course does not pretend to give the best solution to this problem
but explain some mathematical methods on the most simple models and show that modern
mathematics can help develop and solve engineer problems on this particular example. At the
same time, we will also see the limits of the known up of today’s mathematical results, posing
numerous open problems.

Therefore, it is crucial to understand “what happens” useful in modern mathematics to solve
this engineering problem, understand the main physical ideas, and then apply them to conceive
an optimal shape of an absorbent acoustical or electromagnetic wall.

Almost all modern mathematics methods, especially models described by a partial differential
equation, are based on Functional Analysis. For instance, some notions of it, the Lebesgue and
Sobolev spaces, have been seen in the 1st year. The course subject is presented in 7 Chapters,
and some formulated theorems are proven on TDs.

These 7 Chapters and TDs with a numerical project on the eigenmodes localization are sufficient
and necessary for the final exam and the “EI” one-week project.

In Chapter 1, we recall themain facts from the 1st year course “EDPs” and show the passage from
the one-dimensional case to the multidimensional case with the importance of the boundary
regularity on PDE’s solution.
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In Chapter 2, we show from one hand the importance of fractal geometry as an efficient model
and, on the other hand, how to solve the PDEs on domains with fractal boundaries.

In Chapter 3, we present the main wave propagation models with energy dissipation and the
models of the wave propagation in the porous medium. Different experimental parameters of
the porous media are also given.

In Chapter 4, we introduce the localization phenomena of eigenmodes for domains with “irreg-
ular” boundaries and relate them with the energy dissipation.

In Chapter 5, we give a small survey of what it is the controllability of the PDEs and then of
wave propagation problems. In Chapter 5, we also relate this course, on the optimal control of
the waves, with the commune course “Automatique et contrôle”. This chapter can be viewed as
the last introductory chapter.

Chapter 6 is deduced to introduce all needed new notions of Functional Analysis, not seen in
the 1st year, which we use not only for the well-posedness questions, but also to be able to start
the parametric (in Chapter 7) shape optimization for a fixed frequency and on a fixed frequency
range.

In Chapter 7, the parametric optimization is adapted, for instance, for the optimization of per-
forated panels, and the geometrical shape optimization is adapted to find an optimal shape of
an absorbing wall. We show the existence of optimal distributions theoretically. The theory
is illustrated by several numerical results of given numerical algorithms. For an example of
a partially absorbing wall filled with 50% of absorbing material, we show (numerically) that
there exists a distribution of porous material that absorbs more efficiently (≈ 31% better) the
acoustical energy than the totally absorbent wall (filled with 100% of absorbing material, see
Subsection 7.7.2).

As the practical problem is to have an efficient anti-noise wall in a range of frequencies, we
investigate this question physically and numerically. We also give an example of the most ab-
sorbing wall for the highway, called ’Fractal Wall’ TM.

Attention: Please be aware that it is impossible to give all mathematical proofs during the
course. However, if it is not presented as an open problem, all proof can be found in the literature.
If you are interested, you are welcome to explore the given 69 references and to go to others. I
will be pleased to discuss themwith you outside the contributed time for the course. Please send
me an email. The attributed hours for this course will mainly allow for presenting the essential
ideas and not too complicated proofs, formulating methods, and discussing their applications.
All the most technical proofs will be done during TDs. For a more detailed functional analysis
presentation, you can read my other course book, “Functional Analysis,” available on Edunao.
All these additional studies are not required by the program of the exam.

0.1 Mainphysical highlights for the optimal control ofwaves

1. If we change the shape of an absorbing wall, it will modify the wave absorption.
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2. To have an optimal interaction between a wave of the wavelength λ and the absorbing
wall, the size of the wall’s fragments must be equal to λ/2.

3. To be efficient at different frequencies, the absorbing wall must have multiscaling struc-
tures (with sizes related to the half wavelengths).

4. Fractal or pre fractal shapes give examples of a model of multiscaling structures.

5. High-frequency wave propagation can be modeled by the laws of the geometrical optic.
Thus, structures, which could capture the rays or make significant the number of the wave
interactions with the absorbing wall, are efficient in the high-frequency energy absorp-
tion.

6. Porous media are natural media of high-frequency acoustical wave absorption when its
wavelength becomes comparable to the sizes of the holes/inhomogeneities in the porous
media.

7. For low frequencies, the wavelengths λ = 2π
ω

can become too important, which makes
irrealistic the construction of an absorbing wall with fragments of the size λ/2. Generally,
the low frequencies are the most difficult for the efficient absorption.

0.2 Notations

X is a set or a space.

∅ is the empty set.

X
G

is the closure of a set X in the space G (if G is a vector normed space, the closure is by a
norm of G).

M if M a subset or subspace of X , M is the closure of M in the topology of X (fixing a
convergence in X , we add all limits toM of sequences of elements fromM ).

a if a is a complex number or a complex valued matrix, then a is its complex conjugated, i.e
for a = 1 + 2i we have a = 1 − 2i.

A ⊂ B means that a set A is a subset of a set B and A can be equal to B.

A ( B means a set A is a proper subset of B (A 6= B).

ImA is the image of an operator A.

KerA is the kernel of an operator A.

⇒ means the uniform convergence.

→ means the strong convergence.

⇀ means the weak convergence.
∗
⇀ means the weak∗ convergence.

supp f means the support of a function f , i.e. the closure of the set {x ∈ Rn| f(x) = 0}.
(X, dX) is a metric space: a set X equipped with a distance dX .

‖ · ‖X is a norm on a vector spaceX .
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(X, ‖ · ‖X) is a vector normed space: a linear vector spaceX equipped with a norm ‖ · ‖X .

dX(x, y) denotes a distance between two elements x and y in themetric space (X, dX). An example
of a distance in the normed vector space ‖ · ‖X is dX(x, y) = ‖x− y‖X .

Br(a) is an open ball of radius r centered in the point a. If (X, ‖ · ‖) is a normed space and
Br(a) ⊂ X , then

Br(a) = {x ∈ X|‖x− a‖X < r}.

Br(a) is a closed ball of radius r centered in the point a of a vector normed space (X, ‖ · ‖):

Br(a) = {x ∈ X|‖x− a‖X ≤ r}.

H is usually used to denote a Hilbert space.

L(X, Y ) is the space of all linear continuous operators from X to Y .

X∗ is the dual space to X : X∗ = L(X,R).

〈f, g〉X∗,X is f(g) (the value of the functional f ∈ X∗ on the element g ∈ X).

(f, g)H is the inner product in H .

Span(e) is the set of finite linear combinations of elements of e.

I is the identity operator I(x) = x.

D′(Ω) is the dual space to the space D(Ω) = C∞
0 (Ω), named the space of distributions.

Dα is the derivative in the sense of distribution (α ∈ Nn).

∇u · ∇v by · it is denoted the inner product of two vectors of Rn: ∇u · ∇v =
∑n

i=1 ∂xi
u∂xi

v.

Ω is a domain (open connected set) of Rn.

∂Ω is the boundary of Ω.

µ is a measure on the boundary ∂Ω.

ν is the external normal to the boundary.

ΓDir is a part of the boundary ∂Ω on which the Dirichlet boundary condition is imposed.

ΓNeum is a part of the boundary ∂Ω on which the Neumann boundary condition is imposed.

ΓRob or simply Γ is a part of the boundary ∂Ω on which the Robin boundary condition is imposed (in the
geometrical shape optimization it is a moving part of ∂Ω).



Chapter 1

Introduction to Partial Differential
Equations (PDE)

1.1 Domain and its boundary

We consider a domain Ω ⊂ Rn for n = 1, 2, 3 or even it is possible formally to take n ∈ N∗.
Here N is the set of all natural numbers. N∗ means that 0 is not included.

When we say that Ω is a domain this means:

Definition 1.1.1. A subset Ω ofRn is called a domain if Ω is open and connected (any two points
of Ω can be joined by a path, actually, by a continuous line belonging to Ω.1 See Fig. 1.1.

Ω

x

y

Figure 1.1 – Example of a connected set Ω: all points x and y in Ω can be joined by a continuous line
(in red) belonging to Ω.

We notice thatD is an open set inRn if for all point x belonging toD there exists a radius r > 0
of an open ball Br(x) centered at x such that

Br(x) ⊂ D.

By an open ball in Rn it is understood

Br(x) = {y ∈ Rn| ‖x− y‖Rn < r}.
1Rn endowedwith its natural topology is an example of a topological space where there is no difference between

the notion “connected” and “connected by arcs”. It is used in definition 1.1.1.
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If there is not a special precision, by the norm ‖x‖Rn is understood the Euclidean norm

x = (x1, . . . , xn) ∈ Rn ‖x‖Rn =

(

n
∑

i=1

x2
i

) 1
2

.

A set S ⊂ Rn is called closed if its complement Rn \ S is an open set.

In what follows, we always suppose that Ω is a domain in Rn.

If Ω is bounded (bounded in the sense that there exists a non trivial ball Br(x) in Rn such that
Ω ⊂ Br(x), i.e. of a finite n-dimensional volume), then it has a boundary:

Definition 1.1.2. The intersection of the closure of Ω with the closure of its complement Rn \ Ω
is called boundary of Ω and denoted by ∂Ω = Ω ∩ Rn \ Ω. A point x ∈ ∂Ω is called boundary
point of Ω.

Example 1.1.1. • InR, the domain ]0, 1[ has two boundaries points 0 and 1. The set {0}∪{1}
is the boundary of ]0, 1[.

• In R2, let Ω = {(x, y) ∈ R2|x2 + y2 < 1}. Then ∂Ω = {(x, y) ∈ R2|x2 + y2 = 1}.

Remark: If U is an open set of Rn, then U is a closed set of Rn.

In section 1.5 we will see that the form or the regularity of the boundary it is important for the
properties of solutions of the PDEs.

1.2 Differential operators

1.2.1 Derivation in the classical sense

Considering x ∈ Rn we write in different notations

∆ =
∂2

∂x1
+ . . .

∂2

∂xn
= ∂2

x1
+ . . .+ ∂2

xn
= div∇,

the Laplacian operator, which if we apply to a scalar valued function u : Rn → R which in
addition u ∈ C2(Rn) (two times continuously differentiable over all variables), then ∆u ∈
C(Rn) and the derivation is done in the usual classical sense.

Here ∇ and div are first order derivative operators: for a scalar valued function u : Rn → R

∇u is the vector function Rn → Rn:

∇u = (∂x1u, ∂x2u, . . . , ∂xn
u)t.

The divergence operator div take a vector of functions (v1, . . . , vn)t and associates a scalar func-
tion ∂x1v1 + ∂x2v2 + . . . + ∂xn

vn. Thus, it is easy to see, that for a scalar function u : Rn → R

(or to the complex numbers C) div∇u = ∆u.

To be able to derive a function, it must have the necessary properties to be derivable. These prop-
erties are usually described by an assumption on the function to belong (or not) to a functional
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space. It means we define a set of functions having all the same property: as previously, C2(Rn)
is the set of all functions from Rn to R (or C) which are two times continuously differentiable.
This set is a normed vector space with the norm

‖u‖C2(Rn) = max
i=1,2,3

sup
x∈Rn

|∂i−1
xj
u(x)|.

If we have a bounded domain Ω, then to have the first derivatives of a function u in a classical
sense we need to ensure that u ∈ C1(Ω), i.e u must be a differentiable function up to the
boundary.

Remarks on the spaces of continuous functions on compacts or not

Attention: If Ω is a bounded domain, it means that Ω is a compact of Rn. As Rn is a finite-
dimensional space (of the dimension n), then, thanks to the Heine-Borel theorem, a set of Rn is
compact if and only if it is closed and bounded. In addition, the continuity of a function u on a
compact ensures that

1. it is bounded on it (there exists its minimal and maximal values),
2. it is uniformly continuous: if u : Ω → R

∀ǫ > 0 ∃δ > 0 : ∀x1, x2 ∈ Ω such that ‖x1 − x2‖Rn < δ, |u(x1) − u(x2)| < ǫ.

Thus, for bounded domains, the functions of the space C(Ω) are all bounded and uniformly
continuous functions on the compact Ω.

If we consider a function f from C(Ω), this time Ω is an open set, then we only know that f is
continuous on Ω. It can be unbounded, and it cannot be uniformly continuous on Ω.

Example 1.2.1. For instance, it is easy to see that for Ω =]0, 1[, n = 1, the functions

f1(x) =
1

x
: is not bounded and not uniformly continuous ⇒ f1 ∈ C(Ω), f1 /∈ C(Ω)

f2(x) = sin
1

x
: is bounded but not uniformly continuous ⇒ f2 ∈ C(Ω), f2 /∈ C(Ω).

We have

Proposition 1.2.1. Let K be a compact of Rn. The space C(K) of all continuous functions on K
endowed with the norm

‖f‖∞ = sup
x∈K

|f(x)| ∀f ∈ C(K),

is the Banach space (a complete vector normed space): any Cauchy sequence (fj)j∈N converges by
this norm, more precisely, uniformly converges, to a element of C(K).

We use⇒ for the uniform convergence of functions.
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1.2.2 Derivation in the sense of distributions

There are two ways to define a derivative of a function. If we need to derive it once on xj and
it is continuously differentiable on Ω, then there exists its derivation on xj in the classical or
strong sense. Nevertheless, if it is less regular, for instance, fromL2(Ω) (see the first-year course
CIP), it is also possible to define its derivative, but this time in a weak sense.

It is known that it is possible to derive infinitely many times any element of L2(Ω) in the sense
of distributions (see the first-year course EDP). However, for the solving of the PDEs, it is crucial
to work in a Hilbert space. For example, we need to work in Hilbert space to apply the Riesz
representation theorem or the Lax-Milgram Lemma. Thus, we also need to impose some regu-
larity on the derivatives, even if it is L2(Ω) regularity, to have, if possible, a Hilbert space. This
goal restricts the space of infinitely differentiable distributions D′(Ω) to much smaller spaces as
H1(Ω) or to its subsetsH1

0 (Ω), H2(Ω) and others.

Remark: The spaces Lp(Ω, µ) were introduced in the first year course CIP: if µ is a positive
measure, σ-additive and Ω ⊂ Rn, then

Lp(Ω, µ) = {µ− measurables classes of functions f : Ω → C| ‖f‖Lp(Ω) =
(∫

Ω
|f(x)|pdµ

) 1
p },

where it is supposed that all two functions equal µ-almost everywhere belong to the same class
and thus associate to the same element of Lp(Ω, µ). In what follows, we will use these spaces
referring to CIP course and use them not only on the whole domain Ω but also on its boundary
∂Ω, on which we will specify the measure µ as a d-dimensional measure (see Chapter 2). The
advantage of working in L2(Ω, µ) is that it is a Hilbert space endowed with the inner product:

〈u, v〉L2(Ω,µ) =
∫

Ω
uvdµ, ∀u, v ∈ L2(Ω, µ),

where by v is denoted the complex conjugate of v.

Space H1(Ω), or equivalently H1(Ω), is the Sobolev space introduced in the first year course
EDPs:

H1(Ω) = {u ∈ L2(Ω)| the distibution∇u belongs to [L2(Ω)]n}.

We recall that u ∈ L2(Ω) ⊂ L1
loc(Ω) (and thus it is a regular distribution) has in the sense of

distributions the first order derivatives ∇u ∈ [L2(Ω)]n (here we impose the regularity L2 for all
distributions defining the first derivatives of u), if

∀φ ∈ D(Ω)
∫

Ω
∂xi
uφdx = −

∫

Ω
u∂xi

φ, i = 1, . . . , n.

Remark: If the derivative exists in the classical sense, then the derivative in the sense of distri-
butions is equal to the classical one.

For more details on the distributions, see the first-year course EDP.
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Attention: For any domain Ω (bounded or not) we obviously have

H1(Ω) ⊂ L2(Ω) ⊂ L1
loc(Ω) ⊂ D′(Ω).

with all strict inclusions.

The usual norm on H1(Ω) is defined by

‖v‖H1(Ω) = (
∫

Ω
|v|2dx+

∫

Ω
|∇v|2) 1

2 = (‖v‖2
L2(Ω) + ‖∇v‖2

L2(Ω))
1
2 (1.1)

and it is associated with the inner product

〈u, v〉H1(Ω) = 〈u, v〉L2(Ω) + 〈∇u,∇v〉L2(Ω).

With this inner product, H1(Ω) is a Hilbert space.

Attention: If Ω ⊂ R, i.e. in the one-dimensional case n = 1, it is known that H1(Ω) ⊂ C(Ω).
But it is not true any more for n ≥ 2!

However, for all domains Ω of Rn, n ∈ N∗ the space C∞(Ω) is dense in H1(Ω).

1.3 Integration by parts or Green’s formulas

1.3.1 One dimensional case (1D)

If f and g are functions defined on ]a, b[⊂ R (for a simplicity we suppose that ]a, b[ is bounded),
the integration by parts formulas

∫

]a,b[
f ′gdx = fg|x=b

x=a −
∫

]a,b[
fg′dx (1.2)

holds if f and g are C1([a, b]) functions (continuously differentiable and continuous on the
compact [a, b]). Thus the Lebesgue integrals are equal to the Riemann integrals (see course
CIP of the first year).

For the well posedness of Lebesgue integrals, it is sufficient to impose f ′ and g from L2(]a, b[)
to ensure the well posedness of

∫

]a,b[ f
′gdx (the well posedness here means that the integral

exists, i.e. it is finite). In the same way, we need to have f and g′ in L2(]a, b[) to ensure the
well posedness of

∫

]a,b[ fg
′dx. Indeed, by the Cauchy-Schwarz inequality, as soon as f and g′ in

L2(]a, b[),
∫

]a,b[
fg′dx ≤ ‖f‖L2(]a,b[)‖g′‖L2(]a,b[) < ∞.

More briefly, we need to have f and g from H1(]a, b[). But we also need to now the values on
the boundary of f and g, since in (1.2) we need to calculate f(b)g(b) − f(a)g(a). As in the one
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dimensional case all elements of H1(]a, b[) are continuous up to the boundary (H1(]a, b[) ⊂
C([a, b])), then f(b)g(b) − f(a)g(a) is well defined as involves the finite values of a bounded
and continuous on the compact [a, b] functions.

Remark: Knowing the function f (and g) only on ]a, b[, it is possible to define the values in
points a and b by the continuity. These values of f are called a trace of the function f on the
boundary {a} ∪ {b}.

1.3.2 2D and general case

LetΩ ⊂ R2 be a bounded domainwith a compact boundary ∂Ω. This time ∂Ω is a curve ofR2 (or
more generally a subset ofR2 those 2-dimensional Lebesguemeasure is equal to 0). Considering,
u and v on Ω, there is a question how to define them on ∂Ω. If u and v are in C(Ω) the question
can be solved as in the one dimensional case. The main problem is when we consider elements
ofH1(Ω) in Rn with n ≥ 2. As it was mentioned previously, it is the case when the embedding
H1(Ω) ⊂ C(Ω) does not hold.

In this situation, we need to generalize the notion of the trace of a continuous function to a trace
of an element of L1

loc(Ω). This means to define the trace for regular distributions.

In the classical sense

Let us start by the classical case when u and v belong to C2(Ω). In particular, we also suppose
that the boundary can be locally described by a non-trivial twice time continuously differentiable
function. Here “locally” means that for all boundary points x ∈ ∂Ω there exists a non trivial
ball Br containing x, such that ∂Ω ∩Br is a graph of a C2 function:

Definition 1.3.1. The boundary ∂Ω is called a regular boundary of the class Ck (k ≥ 1, see
Fig. 1.2), if for all x0 ∈ ∂Ω there exist r > 0 and f(x) ∈ Ck(Br(x0)) such that

{x ∈ Br(x0)| f(x) = 0} = ∂Ω ∩Br(x0), df |Br(x0) 6= 0.

By df |Br(x0) is denoted the differential of f considered only on Br(x0) (i.e. only for x ∈ Br(x0)).

∂Ω

Br(x0)

x0
f(x) = 0

Figure 1.2 – Example of a regular boundary from Definition 1.3.1.
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In addition we define the (locally) Lipschitz boundaries (see also [41, Definition 2.4.5]) with a
geometrical parametrization):

Definition 1.3.2. Let Ω be a bounded domain of Rn. Its boundary ∂Ω is (locally) Lipschitz if

∀x ∈ ∂Ω ∃ neighborhood Ux : ∂Ω ∩ Ux is the graph of a Lipschitz continuous function f,

and, Ω lies on one side of its boundary.

Remark: Here by a Lipschitz continuous function we understand f : Rn−1 → R which is
continuous and there existsM > 0 such that

∀x, y ∈ Rn−1 |f(x) − f(y)| ≤ M‖x− y‖Rn−1.

Example 1.3.1. A typical example of a Lipschitz boundary is a polygon domain, i.e. a piecewise
regular boundary with angle points. The other example is a prefractal domain constructed with a
finite number of fractal generations, as shown in Fig. 1.3. In the angle points, the first derivative

does not exist in the classical sense. It is the case when the first derivative (and also the normal
unit vector) exists almost everywhere: for all x ∈ ∂Ω except for a finite number of points (or more

generally of a zero measure set of points).

Figure 1.3 – Example of Lipschitz boundaries for a prefractal domain for a shapewhich, if the prefractal
iterations are repeated infinitely many times, is called fractal of Minkowski or the square
Koch curve. These shapes’ main property is that they are symmetrical and thus keep the
initial volume a2 constant for each new prefractal iteration. The figure is by B. Sapoval.

For C1 boundary ∂Ω it is possible to define the unit normal vector and the normal derivative in
the following strong sense:

Definition 1.3.3. If ∂Ω is C1, then for any point x0 ∈ ∂Ω is defined the outward pointing unit
normal vector field ν(x0) = (ν1, . . . , νn), the vector of the norm ‖ν(x0)‖Rn = 1 perpendicular to
the tangent plane to ∂Ω at the point x0 and oriented outside of Ω (see Fig. 1.4).
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∂Ω

Ω

ν outward (external) normal

Figure 1.4 – A ball gives an example of domain with a C∞ boundary on which exists the outward unit
normal for all x ∈ ∂Ω.

Definition 1.3.4. If u ∈ C1(Ω), then we call ∂u
∂ν

(x0) := ν(x0) · ∇u for x0 ∈ ∂Ω the (outward)
normal derivative of u on ∂Ω.

We notice that the differential operator ∆ can be defined in the classical sense from C2(Ω) to
C(Ω).

Thus there holds the following Green’s formulas or integration by parts:

Theorem 1.3.1. Let u ∈ C2(Ω), v ∈ C1(Ω) and µ be the boundary measure on ∂Ω. Then

∫

Ω
∆uvdx =

∫

∂Ω

∂u

∂ν
vdµ−

∫

Ω
∇u · ∇vdx. (1.3)

For u, v ∈ C1(Ω) it holds the usual integration-by-parts formula:

∫

Ω
(∂xi

u)vdx =
∫

∂Ω
uvνidµ−

∫

Ω
u(∂xi

v)dx (i = 1, . . . , n). (1.4)

In the weak sense

If ∂Ω is Lipschitz, then the normal vector exists almost everywhere on the boundary. If ∂Ω is
a self-similar fractal, i.e. the limit boundary obtained by infinitely many pre-fractal Lipschitz
generations, then there does not exists a boundary point in which it is possible to construct the
normal vector by Definition 1.3.3. All points in a fractal ∂Ω are irregular in the classical sense:
the classical derivative does not exist. Thus, we need to use the notion of the derivative in the
sense of distribution. It is also possible to define the normal derivative on an irregular boundary,
but this time in the weak or distributional sense. For more information about fractal boundaries,
see Chapter 2. Here we don’t care about the form or kind of fractal boundary and how it could
be constructed, but we only use the fact that it has a known dimension d (n−1 ≤ d < n, d ∈ R).
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Remark:
• If ∂Ω ∈ C∞ or in Ck (k ∈ N) or is Lipschitz, then its dimension is equal to n − 1. These
are examples of (n − 1)-sets. The typical measure on them is the (n − 1)-dimensional
Lebesgue measure.

• If ∂Ω has a bigger dimension, equal to a real number d (n − 1 < d < n), then ∂Ω is
a non-Lipschitz (possibly fractal) boundary, given by a d-set. On a d-set boundary with
d > n− 1 the (n− 1)-dimensional Lebesgue measure is not finite: the length of a fractal
curve in 2D is infinite. But any d-dimensional measure on a d-set is finite. An example of
a d-measure is the d-dimensional Hausdorff measure md (its definition is not considered
in this course, but it is useful just to mention its existence) [48].

This is a rigorous definition of a d-set:

Definition 1.3.5 (Ahlfors d-regular set or d-set [49, 50, 69, 68]). LetF be a Borel non-empty subset

of Rn. The set F is is called a d-set, or a d-dimensional set, (0 < d ≤ n) if there exists a d-measure
µ on F , i.e. a positive Borel measure (defined for all Borel sets) with support F (supp µ = F , i.e.
for all A ⊂ Rn A ∩ F = ∅ µ(A) = 0) such that there exist constants c1, c2 > 0,

c1r
d ≤ µ(F ∩Br(x)) ≤ c2r

d, for ∀ x ∈ F, 0 < r ≤ 1,

where Br(x) = {y ∈ Rn| ‖x − y‖Rn ≤ r} denotes the closed Euclidean ball centered at x and of
radius r.

Remark: By [49, Prop. 1, p 30] all d-measures on a fixed d-setF are equivalent. It is also possible
to define a d-set by the d-dimensional Hausdorff measuremd (we don’t consider the definition
of the Hausdorff measure in this course). In particular, F has the Hausdorff dimension d in the
neighborhood of each point of F [49, p.33].

More precisely, let Ω be a bounded domain, and ∂Ω be its Ahlfors d-regular boundary (for more
general boundaries see [44, 45]).

Let in addition µ be a positive finite (in the sense that µ(∂Ω) < ∞) d-measure on the boundary
∂Ω (if ∂Ω is Lipschitz, then µ is the usual (n − 1)−dimensional Lebesgue measure). Then it is
possible to define as in Remark 1.2.2

L2(∂Ω, µ) = {µ− measurables classes of functions f : ∂Ω → C|

‖f‖L2(∂Ω,µ) =
(∫

∂Ω
|f(x)|2dµ

)
1
2

< ∞}, (1.5)

where, as usually, it is supposed that all two functions equal µ-almost everywhere belong to the
same class and thus associate to the same element of L2(∂Ω, µ).

A particular example of a d-set boundary is a self-similar fractal of the dimension d (not all d-sets
are self-similar). In what follows, we always suppose that we work with bounded domains Ω ⊂
Rn with a self-similar fractal d-set boundary (d ∈]n− 1, n[) or Lipschitz boundary if d = n− 1.
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Remark: This choice is motivated by the fact [17, 66, 69] that these kind of domains are ex-
amples of H1-extension domains [37]: i.e. there exists a bounded linear extension operator
E : H1(Ω) → H1(Rn):

(i) ∀u ∈ H1(Ω), Eu|Ω = u,
(ii) ∀u ∈ H1(Ω), ‖Eu‖H1(Rn) ≤ C‖u‖H1(Ω),

where C > 0 depends only on Ω.
Initially, it was known that the Lipschitz domains are H1-extension domains [17, 66]. Then, it
was generalized by [47] for n = 2 and by [37] for all n for a more general class of domains
containing not only Lipschitz domains, but also domains with fractal boundaries.
Thanks to [37], it is known that all H1-extension domains are n-sets (a d-set with d = n):

∃c > 0 ∀x ∈ Ω, ∀r ∈]0, δ[∩]0, 1] λn(Br(x) ∩ Ω) ≥ Cλn(Br(x)) = crn,

where λn(A) denotes the (n-dimensional) Lebesgue measure of a set A in Rn. This property is
also called the measure density condition [37]. Let us notice that an n-set Ω cannot be “thin”
close to its boundary ∂Ω, since it must all times contain a non trivial ball in its neighborhood.

If we have an element of u ∈ H1(Ω) it is possible to define its trace on ∂Ω locally (point by point)
µ-almost everywhere (a.e.) in the following way (a definition-theorem byWallin (1991) [69] and
also by a more recent work [22]):

Definition 1.3.6. For a domain Ω of Rn with a self-similar or Lipschitz boundary ∂Ω defined as
the support of a d-measure µ, the trace operator Tr : H1(Ω) → L2(∂Ω, µ) is defined µ-a.e. by

Tru(x) = lim
r→0

1

λn(Ω ∩ Br(x))

∫

Ω∩Br(x)
u(y)dy, x ∈ ∂Ω.

Here, as previously, λn is the n-dimensional Lebesgue measure.

In the last definition we take a function u defined for x ∈ Ω and define its values, i.e. its trace
on the boundary ∂Ω by formula (1.3.6).

Therefore, it is possible to consider the trace of elements ofH1(Ω) without taking into account
if these elements are continuous or not.

Definition 1.3.7. The space B(∂Ω) := Tr(H1(Ω)) is the image of the trace operator considered

from H1(Ω).

In what follows we use without proof the following particular case of the trace theorem due to
Jonsson and Wallin in the years of 1990:

Theorem 1.3.2. Let Ω be a bounded domain in Rn with a self-similar or Lipschitz boundary ∂Ω
defined as the support of a d-measure µ, n− 1 ≤ d < n. Then

1. The spaceB(∂Ω) is the proper (dense) Hilbert subspace ofL2(∂Ω, µ), endowed with the norm

‖ϕ‖B(∂Ω) := min{‖g‖H1(Ω) | ϕ = Tr g}. (1.6)

2. Ker Tr = H1
0 (Ω) = C∞

0 (Ω)
H1

is the closure in H1 of the set of indefinitely differentiable
functions with compact support in Ω.
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3. The trace operator Tr : H1(Ω) → B(∂Ω) is linear continuous and, in particular, there exists
a constant C > 0 (depending only on n and d) such that for all u ∈ H1(Ω)

‖Tru‖L2(∂Ω,µ) ≤ C‖u‖H1(Ω). (1.7)

4. There exists a continuous linear extension operatorE : B(∂Ω) → H1(Rn) such thatTr(Ef) =
f , f ∈ B(∂Ω) (the right inverse of the trace operator).

Remark:
1. Since, B(∂Ω) ⊂ L2(∂Ω, µ) then for some constant C > 0

‖Tru‖L2(∂Ω,µ) ≤ C‖Tru‖B(∂Ω).

2. The continuity of the trace operator Tr : H1(Ω) → B(∂Ω) reads (by using (1.6)):

‖Tru‖B(∂Ω) ≤ ‖u‖H1(Ω) (1.8)

Combining these two points we have estimate (1.7).

More generally, we take in mind that

Remark:

1. If A is a linear continuous operator from a normed vector space X to a vector normed
space Y , then its continuity is equivalent to its boundness, i.e. there exists a constant
C > 0 such that for all x ∈ X

‖Ax‖Y ≤ C‖x‖X .

The infinum of the possible constants C gives the operator norm of A, denoted by
‖A‖L(X,Y ). For more details see TD 1 Problème 6.

2. Any operator considered on its image is surjective.
3. The trace operator on the boundary is not injective:

Ker(Tr(H1(Ω)) = H1
0 (Ω) = {u ∈ H1(Ω)| Tr u = 0 on ∂Ω}.

4. The extension operator E : B(∂Ω) → H1(Rn) is also called the right inverse operator
because of only one identity Tr ◦E = Id (since Ker(Tr(H1(Ω)) 6= {0}, the identity E ◦
Tr = Id does not hold).

5. Let V1(Ω) be the orthogonal complement space toH1
0 (Ω) (the kernel of the trace operator)

in H1(Ω):
H1(Ω) = H1

0 (Ω) ⊕ V1(Ω).

Then, the restriction of the trace operator on V1(Ω) Tr|V1(Ω) : V1(Ω) → B(∂Ω) is bijective
(and, as previously, linear continuous). The space V1(Ω) = {u ∈ H1(Ω)| − ∆u + u =
0 in D′(Ω)} is the space of 1-harmonic functions.

Definition 1.3.8. The set B′(∂Ω) = L(B(∂Ω),C) is the dual space to B(∂Ω), i.e. the set of all
linear continuous functionals (or forms) from B(∂Ω) → C. We denote the value of F ∈ B′(∂Ω)
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on an element u of B(∂Ω) by

〈F, u〉(B′(∂Ω),B(∂Ω)) := F (u) ∈ C.

As F is a linear continuous (or bounded) functional, then there exists a constant C > 0 such that
for all u ∈ B(∂Ω)

|〈F, u〉(B′(∂Ω),B(∂Ω))| ≤ C‖u‖B(∂Ω).

In addition, there holds
B(∂Ω) ⊂ L2(∂Ω, µ) ⊂ B′(∂Ω). (1.9)

Knowing the properties of the trace operator, it is possible to generalize the Green formulas of
Theorem 1.3.2 in the following weak sense (initially due to Lancia in the years of 2000).

Proposition 1.3.1. LetΩ be a bounded domain inRn with a d-set compact boundary ∂Ω on which
it is defined a d-measure µ, n − 1 ≤ d < n. Then

1. for all u ∈ H1(Ω)with∆u ∈ L2(Ω)we can define a bounded linear functional ∂u
∂ν

∈ B′(∂Ω)
by

〈∂u
∂ν
,Trv〉(B′(∂Ω),B(∂Ω)) :=

∫

Ω
(∆u)vdx+

∫

Ω
∇u · ∇vdx, (1.10)

v ∈ H1(Ω).

2. Similarly, for any u ∈ H1(Ω) and 1 ≤ i ≤ n, we can define a bounded linear functional
u · νi ∈ B′(∂Ω) by

〈u · νi,Trv〉(B′(∂Ω),B(∂Ω)) :=
∫

Ω

∂u

∂xi
vdx+

∫

Ω
u
∂v

∂xi
dx, (1.11)

v ∈ H1(Ω).

Proof
(it could be omitted)

The statement of proposition follows, thanks to Theorem 1.3.2, from the surjectivity of the lin-
ear continuous trace operator Tr : H1(Ω) → B(∂Ω). Indeed, let us take v ∈ H1(Ω). By
Theorem 1.3.2, there exists Tr v ∈ B(∂Ω) and it holds (1.8).

We define for a fixed u ∈ H1(Ω) with ∆u ∈ L2(Ω) the linear functional

L : w ∈ B(∂Ω) 7→ L(w) =
∫

Ω
Ew∆udx+

∫

Ω
∇(Ew) · ∇udx ∈ C,

where by Theorem 1.3.2 the operator E : B(∂Ω) → H1(Rn) is the linear bounded extension
operator such that Tr(Ew) = w µ a.e. Hence, we denote 1ΩEw ∈ H1(Ω) by v. Then, by the
continuity of the extension operator, we state that L is continuous:

|L(w)| ≤
∣

∣

∣

∣

∫

Ω
v∆udx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
∇v · ∇udx

∣

∣

∣

∣

≤
(

‖∆u‖L2(Ω) + ‖∇u‖L2(Ω)

)

‖v‖H1(Ω) ≤ C
(

‖∆u‖L2(Ω) + ‖∇u‖L2(Ω)

)

‖w‖B(∂Ω).

Hence, as Tr v = w, with notations L(w) = 〈∂u
∂ν
,Trv〉(B′(∂Ω),B(∂Ω)) we exactly obtain the gener-

alized Green formula (1.10). �
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1.4 Multidimensional boundary valued problems for the

Poisson equation

1.4.1 Definitions of different boundary type problems and recall of a
definition of a well posed by Hadamard problem

If Ω ⊂ Rn is a bounded domain, to define correctly a PDE problem on it (especially for ensuring
its well posedness in the sense of Hadamard), we need to specify a boundary condition for x ∈
∂Ω.

Considering the example of the Poisson equation−∆u = f , there is the list of the most commun
types of boundary conditions:

Definition 1.4.1. Let φ(x) be a given function. We specially distinct three types of boundary

conditions for u(x) with x ∈ ∂Ω.

1. Dirichlet boundary conditions or boundary conditions of the first kind:

u|∂Ω = φ(x). (1.12)

If φ = 0, condition (1.12) is named the homogeneous Dirichlet condition: u|∂Ω = 0.

2. Neumann boundary conditions or boundary conditions of the second kind:

∂u

∂ν

∣

∣

∣

∣

∣

∂Ω

= φ(x). (1.13)

The homogeneous Neumann boundary condition is ∂u
∂ν

|∂Ω = 0.

3. Robin boundary conditions or boundary conditions of the third kind:

(

∂u

∂ν
+ αu

)∣

∣

∣

∣

∣

∂Ω

= φ(x), (1.14)

where α is a known parameter or a function.

The problem to find u satisfying for x ∈ Ω the Poisson equation (or an other PDE) and one of
the three boundary conditions above is called the boundary valued problem.

Let us also recall what it is a well-posed problem in the sense of Hadamard. Jacques Hadamard
named the “good” mathematical models by well-posed problems defined in the following way.

Definition 1.4.2. We say that a given problem for a partial differential equation is well-posed

(by Hadamard) if

a) the problem in fact has a solution;

b) this solution is unique;

c) the solution depends continuously on the data given in the problem (the solution is stable).

If one of these conditions does not hold, the problem is called ill-posed.
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Obviously not all boundary valued problems are well posed.

The stability is particularly important for problems arising from physical applications: the con-
ditions specifying the problem (initial or/and boundary conditions) are often obtained from the
measurements which can never be exact. Therefore, we would prefer that small variations of
data in initial or/and boundary conditions correspond to small changes of the unique solution. If
a small error in data implies a big difference in solutions, we cannot conclude about a reasonable
solvability of the model.

Example 1.4.1. There is an example of an ill-posed problem of Hadamard for an elliptic equation

(the Laplace equation, which is actually the Poisson equation with f = 0).

△u = 0 for (x, y) ∈ (−∞,+∞) × (0, δ),

u|y=0 = φ(x),
∂u

∂y

∣

∣

∣

∣

∣

y=0

= 0 with φ(x) =
cosx

k
.

The solution of this problem is u(x, y) = cos kx cosh ky
k

. For large k the function φ is small, but u is
not.

Example 1.4.1 shows that if we add initial conditions to an elliptic equation, it is possible to get
an ill-posed problem.

1.4.2 Poisson equation with Dirichlet boundary conditions: from 1D

to nD

Let Ω be a bounded domain of Rn. Let us consider the Poisson equation

−∆u = f, on Ω (1.15)

with for instance the Dirichlet homogeneous boundary conditions:

u|∂Ω = 0. (1.16)

For n = 1 the problem becomes

− u′′ = f, on ]a, b[⊂ R (1.17)

u(a) = u(b) = 0, (1.18)

which has the unique explicit solution. Suppose we chose Ω as a product of intervals, a paral-
lelepiped, or a cylindrical domain or a sphere. In that case, it is possible to express the solution
using themethod of separation of variables. This time the solution is less explicit since it is given
by series. Nevertheless, if the domain Ω is different from these cases, it is no longer possible.
However, for the general case of an arbitrary domain Ω of Rn, there is a possibility to prove the
existence of a unique weak solution u depending continuously from the initial data (f here).

Indeed, if we take f ∈ L2(Ω), then from (1.15) it follows that∆u ∈ L2(Ω). We take u, v ∈ H1
0 (Ω)

and apply (1.10) to obtain the following variational form:

∀v ∈ H1
0 (Ω)

∫

Ω
∇u∇vdx =

∫

Ω
fvdx. (1.19)



1.4. Multidimensional boundary valued problems for the Poisson equation 15

We recall that

H1
0 (Ω) = D(Ω)

‖·‖
H1(Ω) = {u ∈ H1(Ω)| Tr u = 0 on ∂Ω}

is a proper Hilbert subspace of H1(Ω) (it is equal to H1(Ω) only if Ω = Rn, but here it is not
allowed as Ω is supposed to be bounded). From the first year course EDP it is known thatH1

0 (Ω)
is a Hilbert space endowed with the inner product

(u, v)H1
0 (Ω) =

∫

Ω
∇u · ∇vdx ∀u, v ∈ H1

0 (Ω). (1.20)

This inner product is associated with the norm ‖u‖H1
0 (Ω) := ‖∇u‖L2(Ω), which is equivalent to

the usual norm of H1(Ω) given in (1.1): there exist constants C1 > 0 and C2 > 0 such that for
all u ∈ H1

0 (Ω)
C1‖u‖H1(Ω) ≤ ‖u‖H1

0(Ω) ≤ C2‖u‖H1(Ω).

Attention: This norm equivalence is due to the Poincaré inequality: for all u ∈ H1
0 (Ω)

‖u‖L2(Ω) ≤ CP ‖∇u‖L2(Ω) (1.21)

for a constant CP > 0 depending only on the diameter of Ω. It is important to understand that
Poincaré inequality does not hold on H1(Ω), which contains all constant functions on Ω. If we
take u = 1 on Ω then from (1.21) it follows

Vol(Ω) ≤ 0.

Since the volume of Ω is strictly positive, we obtain a contradiction.
Working on H1

0 (Ω), we only have access to the 0 constant, for which the inequality obviously
holds. But it is also held if we impose to have zero traces only on a part of the boundary ∂Ω,
since, in this case, all constants, except 0, are again excluded.

Thus the variational formulation (1.19) can be written using the inner product of H1
0 (Ω):

∀v ∈ H1
0(Ω) (u, v)H1

0 (Ω) = (f, v)L2(Ω). (1.22)

The data f is fixed in L2(Ω). For all v ∈ H1
0 (Ω) the map v ∈ H1

0 (Ω) 7→ (f, v)L2(Ω) ∈ C is a
linear continuous functional on H1

0 (Ω) (a Hilbert space):

|(f, v)L2(Ω)| ≤ ‖f‖L2(Ω)‖v‖L2(Ω) ≤ CP ‖f‖L2(Ω)‖v‖H1
0 (Ω). (1.23)

Thus we apply the Riesz representation theorem to obtain that there exists unique u ∈ H1
0 (Ω)

solving (1.19) and in addition it satisfies the a priori estimate (taking v = u in (1.22) and com-
bining with (1.23))

‖u‖2
H1

0 (Ω) = (f, u)L2(Ω) ≤ CP ‖f‖L2(Ω)‖u‖H1
0(Ω) ⇒ ‖u‖H1

0(Ω) ≤ CP ‖f‖L2(Ω).

This is the stability estimate ensuring the continuous dependence of the solution u from the
data f : if there is a small error in the input data these implies a small error of the solution.

Thus we have proved
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Theorem 1.4.1. For an arbitrary bounded domain Ω of Rn and all f ∈ L2(Ω) there exists unique
weak solution u ∈ H1

0 (Ω) of the homogeneous Dirichlet problem in the sense of (1.22). In addition,
it satisfies

‖u‖H1
0 (Ω) ≤ CP ‖f‖L2(Ω),

where CP > 0 is the constant from the Poincaré inequality.

Remark: Herewe don’t care at all about the regularity of the boundary ofΩ. The only important
thingwhichwas used is thatΩ is bounded. For the validity of the Poincaré inequality, the domain
must be bounded at least in one direction of Rn.

The importance of the boundary regularity comes whenwe needmore regularity of the solution
u. Two typical regularities are to be the classical solution, i.e. u ∈ C2(Ω)∩C(Ω), or to be simply
in C(Ω). Let us discuss it in detail in the next section.

1.4.3 Poisson equation with an homogeneous Robin boundary condi-
tion

Let us consider the Poisson equation with this time the homogeneous Robin boundary condition
on ∂Ω with a real constant αR:

∂u

∂ν
+ αRu = 0.

We notice that if αR = 0, then we obtain the homogeneous Neumann boundary condition. For
these two types of conditions the trace of the solution u is not fixed on ∂Ω as it is in the case
of the Dirichlet boundary condition. Thus, we consider all elements of the Hilbert spaceH1(Ω)
are convenient for the weak formulation. As previously, we take f ∈ L2(Ω), which ensures
that −∆u ∈ L2(Ω). We know that for a d-set compact boundary ∂Ω on which it is defined a
d-measure µ if we consider a trace of u ∈ H1(Ω), then Tru ∈ L2(∂Ω, µ) (see Theorem 1.3.2).
Therefore, with the help of the Green formula (1.10) we obtain the following variational problem
for the homogeneous Robin boundary problem: to find u ∈ H1(Ω) such that

∀v ∈ H1(Ω)
∫

Ω
∇u∇vdx+

∫

∂Ω
αR Tr uTr vdµ =

∫

Ω
fvdx. (1.24)

If α > 0 then it is possible to show that

∫

Ω
∇u∇vdx+

∫

∂Ω
αR TruTr vdµ =: {u, v}

is an equivalent inner product on H1(Ω) (see TD 2), and thus to apply as previously the Riesz
representation theorem to deduce its well posedness.
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Attention: If α = 0, i.e. in the case of the Neumann homogeneous condition, ‖∇u‖L2(Ω) is
only a semi-norm on H1(Ω):
if u ∈ H1(Ω) and ‖∇u‖L2(Ω) = 0, it does not implies that u = 0 almost everywhere on Ω, but
only that u = constant (not necessary equal to zero) almost everywhere on Ω.
Thus it is not possible to apply the Riesz representation theorem, and moreover, it is easy to see
for f = 0, that any constant on Ω solves the problem (there is no unicity).
One of the ways to avoid this ill-posedness it is to impose in a part of the boundary a Dirichlet
boundary condition or a Robin boundary condition with αR > 0.
If αR < 0 then the Robin boundary problem becomes also ill-posed.

1.4.4 Poisson equation with mixed boundary conditions

In this course for the wave control applications, we specially interested in themixed boundary
conditions, i.e. when the boundary ∂Ω of the domain Ω is divided in three parts ∂Ω = ΓDir ∪
ΓNeum ∪ ΓRob:

1. ΓDir on which it is imposed a Dirichlet boundary condition;

2. ΓNeum on which it is imposed a Neumann boundary condition;

3. ΓRob on which it is imposed a Robin boundary condition.

To be able to define the tracesTrΓDir
: H1(Ω) → L2(ΓDir, µ) andTrΓRob

: H1(Ω) → L2(ΓRob, µ)
separately in the same way as in Theorem 1.3.2 the trace on all boundary, we suppose each time
for the convenience that

ΓDir and ΓRob are themselves compact d-sets as ∂Ω (i.e. they are closed subsets of ∂Ω with the
same d-measure µ). We also assume that

µ(ΓNeu ∩ ΓDir) = µ(ΓNeu ∩ ΓRob) = µ(ΓDir ∩ ΓRob) = 0. (1.25)

Remark: (could be omitted) If ΓNeum = ∅, then it is still possible to modify ΓDir and ΓRob on a
set of measure zero, that they will be still compacts separated by a set of zero measure. Since the
trace and the boundary conditions are imposed in the sense of L2(∂Ω, µ), there is no problem
to say that ∂Ω = ΓDir ∪ S ∪ ΓRob for a set S ⊂ ∂Ω having µ(S) = 0 on which we don’t define
any boundary condition.

In the case of the homogeneous mixed boundary conditions, we need have a “mixed” approach
from the treatments of the homogeneous Dirichlet and Robin boundary conditions. More pre-
cisely, considering the Poisson problem for αR > 0



























−∆u = f on Ω,

u = 0 on ΓDir,
∂u
∂n

= 0 on ΓNeu,
∂u
∂n

+ αRu = 0 on ΓRob,

(1.26)



18 Chapter 1. Introduction to Partial Differential Equations (PDE)

we need to fix the zero traces of elements of H1(Ω) on the Dirichlet part of ∂Ω by defining

V (Ω) = {u ∈ H1(Ω)|TrΓDir
u = 0}, (1.27)

with the norm taking into account the presence of the Robin boundary condition

‖u‖2
V (Ω) =

∫

Ω
|∇u|2dx+ αR

∫

ΓRob

|Tr∂Ωu|2dµ (1.28)

associated as previously with the inner product

(u, v)V (Ω) =
∫

Ω
∇u ∇v dx+ αR

∫

ΓRob

Tr∂Ωu Tr∂Ωvdµ. (1.29)

As it was previously noticed, on V (Ω), as there is a boundary part with zero traces, it holds the
Poincaré inequality: there exists a constant CP > 0 depending only on the diameter of Ω such
that for all u ∈ V (Ω) it holds (1.21).

1.5 Regularity of the boundary: why it is important?

Let Ω be a bounded domain of Rn. We have seen that in the framework of weak solutions, the
Dirichlet boundary valued problem for the Poisson equation is understood in the following vari-
ational form (1.19) in which there is no more any boundary influence (to compare with (1.24)).
Therefore, the unique weak solution u ∈ H1

0 (Ω) exists for an arbitrary bounded domain Ω by a
simple application of the Riesz representation theorem.

There are two notions for the regularity question of the solution: the interior regularity and the
regularity up to the boundary.

1.5.1 Interior regularity

Thanks to Evans [25] Theorem 2 p. 304 and Theorem 3 p. 316, we have (even for solutions in
H1(Ω) and thus for different boundary conditions) the interior regularity of the weak solution.

Definition 1.5.1. Let Ω be a domain of Rn andK be a subset compactly included in Ω,K ⊂⊂ Ω.

The weak solution on Ω has the interior regularity, if it has on K the same regularity as for a
domain with regular boundaries.

For instance, in our example of the Poisson equation with homogeneous Dirichlet boundary
conditions, if f ∈ C∞(Ω) then u ∈ C∞(Ω) ∩ H1

0 (Ω) independently on the shape of ∂Ω. The
key point here that Ω is open.

1.5.2 Regularity up to the boundary

The property to be in C(Ω) is much more restrictive, since the continuity on a compact requires
from u to be bounded and equicontinuous, and does not hold for arbitrary shapes of ∂Ω [23].

By very technical results of Nyström [58], the necessary condition forΩ is to be a non-tangentially
accessible domain (a NTA domain), which we give here the definition for a possible curiosity.
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a) b) c) d)

Figure 1.5 – Examples of “bad” domains, which are not NTA domains, as soon as at least one of Ω and
Rn \ Ω becomes infinitely thing closed to the boundary. From le� to right: a) a domain
with incoming cusp, b) a domain with outgoing cusp, c) two types of collapsing domains,
d) infinite fractal trees with parts becoming infinitely thin.

Attention: The definition of the NTA domain is not required to be read or understood. How-
ever, it is important to know that such domains exist and that they are called NTA domains.
As examples, they contain domains with Lipschitz and self-similar von Koch fractal boundaries;
hence they are rather general.

Definition 1.5.2 (NTA domain). [46] A bounded domain Ω ⊂ Rn is called NTA when there exists
constantsM and r0 such that:

1. Corkscrew condition: For any point Q ∈ ∂Ω, r < r0, there exists a point A = Ar(Q) ∈ Ω
such thatM−1r < |A−Q| < r and d(A, ∂Ω) > M−1r.

2. Rn \ Ω satisfies the Corkscrew condition.

3. Harnack chain condition: If ǫ > 0 and points P1 and P2 belongs to Ω, d(Pj; ∂Ω) > ǫ and
|P1 − P2| < Cǫ, then there exists a Harnack chain from P1 to P2 whose length depends on
C and not on ǫ.

For P1, P2 in Ω, a Harnack chain from P1 to P2 in Ω is a sequence ofM non-tangential balls such
that the first ball contains P1, the last contains P2, and such that consecutive balls have non empty

intersections. Finally, aM non-tangential ball in a domain Ω is a ballB(A, r) in Ω whose distance
from ∂Ω is comparable to its radius:

Mr > d(B(A, r), ∂Ω) > M−1r.

The main property of a NTA domain that Ω and its complement Rn \ Ω cannot be “thin” close
to its boundary ∂Ω.

Example 1.5.1. We give in Fig. 1.5 the examples of “bad” domains, which are not NTA domains,

as soon as at least one of Ω and Rn \ Ω becomes infinitely thin close to the boundary.

For C2 boundaries it is also known theH2-regularity [25, Thm. 4, p. 317] of the weak solutions:

if f ∈ L2(Ω) and ∂Ω ∈ C2, then the weak solution of (1.19) u ∈ H2(Ω) ∩ H1
0 (Ω) (see also

Theorem 5 p. 323 [25] for higher boundary regularity).
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But it is no more true in the general class of NTA domains. It is important to cite here the
theorem of Nyström [58]:

Theorem 1.5.1. Let Ω ⊂ R2 be von Koch’s snowflake (see Fig. 1.6). Let f ∈ D(Ω) be non neg-
ative and non identically zero. Let u ∈ H1

0 (Ω) be the weak solution of the Poisson problem with
homogeneous Dirichlet boundary condition. Then

u ∈ H1
0 (Ω) ∩ C∞(Ω) and u ∈ C(Ω),

but

u /∈ H2(Ω).

Figure 1.6 – von Koch’s snowflake (5th generation). For its generation and geometrical definition see
Chapter 2.

However, it holds for the convex polygonal domains [36]. The convexity condition does not
allow the incoming angles, which create the singularities. This is an example treated on TD1,
which we state briefly here.

Let Ω be the “camembert” (see Fig. 1.7) defined in the polar coordinates by

Ω = {(r, θ) / r < 1, 0 < θ < α},

bounded by an arc of circle
Γ0 = {(1, θ), 0 ≤ θ ≤ α}

and the rays
Γ1 = {(r, 0), 0 ≤ r ≤ 1} ∪ {(r, α), 0 ≤ r ≤ 1}.

Let g ∈ C(Γ0) be such that g(0) = g(α) = 0. We consider the boundary valued problem











−∆u = 0 on Ω,
u = g on Γ0,
u = 0 on Γ1.

(1.30)

We suppose that α > π. The gradient in the polar coordinates is given by
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Ω

α

Figure 1.7 – Domain “camembert” on the le�. On the right, the divergence on the coin point of the
modulus of the gradient (by P. Laurent).

∇u =

(

∂u

∂r
,
1

r

∂u

∂θ

)t

.

Using decomposition of the solution in a series, it thus possible to show that

∇u =

(

∂u

∂r
,
1

r

∂u

∂θ

)t

=

(

∑

k ak
kπ
α
r

kπ
α

−1 sin(kπ
α
θ)

∑

k ak
kπ
α
r

kπ
α

−1 cos(kπ
α
θ)

)

diverge pour π < α < 2π quand r → 0. Moreover we show:

Proposition 1.5.1. The point of an entering corner is a singular point of the classical solution of
Laplace’s equation in that the gradient of the solution tends to infinity at that point (see Fig. 1.7 on
the right). So we have

u ∈ C(Ω) ∩ C2(Ω), but u /∈ C1(Ω).





Chapter 2

Fractals and applications

The interest to the irregular geometries, and in particular, to fractals, initially comes from a
goal to model the complexity of the natural structures of different kinds [55, 56], as the coast
of Britain, human lung, intestine, the microstructure of electrodes, porous materials. . . The
fractal models present a particular case of boundaries or objects themselves of "complicated"
multi-scale structures with a bigger dimension than regular shapes. This higher dimension can
model, for instance, objects with "thick" boundaries, as vascularized tumors, and be a way to
create models favoring energy exchanges between two media [21, 63, 8] for the diffusion pro-
cess, and [28, 61] for the wave propagation. From physical experiments [51, 26], the impact
of the irregularity compared to the smooth geometry is known to be huge. It is also in the
origin of the energy localization [27] explained by spectral problems (see Chapter 4). Recently,
mathematically, it was shown that the irregular geometries, describing by measures with higher
dimensions to compare to the regular, typically Lipschitz, boundaries, are energy minimizers.
For instance, in applications of the absorbing anti-noise barriers near highways, non-Lipschitz
shapes minimize the acoustical energy [43]. Non-Lipschitz shapes are also the most stables ar-
chitecture structures under loads when investigating deformation of roofs under snow [44]. In
addition, it is shown that the minimum of the energy generally can not be reached by Lipschitz
shapes [53]. Since fractals are ideal mathematical shapes, not able to be represented numerically,
the question of approximation of optimal irregular shapes bymore regular ones is essential from
the theoretical and numerical point of view. Irregular geometries appear, going from applica-
tions to mathematics, and also going from mathematics to applications.

2.1 Self-similar fractals

There are two types of fractals: fractal domain itself as in Fig. 2.1 and domains with a fractal
boundary as in Fig. 2.2. The common to these fractals that the self-similar principle constructs
them, i.e., by applying to each basic element of a previous fractal generation a chosen number
of contractive similitudes (transformations) to obtain the next generation of fractal (see also
Fig. 2.3, for more examples and more details see [56]). As it is shown in Fig. 2.1, if we zoom on a
fragment of a fractal, this fragment is the same fractal itself, and we can zoom infinitely many
times, and each time we find the same shape as previously.

The paradox of the Serpinski gasket is that by its construction it has the surface equal to 0 and
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Figure 2.1 – Example of a fractal domain: Sierpinski gasket in R2 (fractal dimension d = log 3/ log 2)
and Menger sponge in R3. (E. Akkerman and Wikipedia)

Figure 2.2 – Five first generations of von Koch’s snowflake fragment of boundary (fractal dimension
1 < d = log 4/ log 3 ≈ 1.26 < 2). (Wikipedia)

a boundary length equal to +∞:

S = S0(1 − 1

4
− 3

42
− 9

43
− . . .) = 0,

L = 3L0(1 +
1

2
+

3

22
+

9

23
+ . . .) = +∞,

but considered with its d-measure, it has a finite strictly positive measure and it is a bounded set
ofR2. Without entering in details how to find the dimension of a fractal, we can notice that each
time d is a real number strictly bigger than n − 1 and less than n for a domain of Rn. Roughly
speaking, each time d = log(j)/ log(m), where j is equal to the number of elements/fragments
in the first generation and m is equal to the number of times that the fragments of the next
generation are smaller than the same fragments on the previous generation (the inverse of the
contraction number). For example, for von Koch’s snowflake d = log 4/ log 3. In this case, 4 is
the number of elements of the first generation, and 3 corresponds to the scaling factor 1/3 for
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Figure 2.3 – First generations of 3D domains with fractal boundary of von Koch type. On the top, the
fractal dimension 2 < d = log(6)/ log(2) ≈ 2.59 < 3 and on the bo�om the fractal
dimension 2 < d = log(13)/ log(3) ≈ 2.33 < 3. (Wikipedia)

the sizes to obtain the next generation. Formally, the dimension d is the solution of the equation

4
(

1
3

)d
= 1.

The Sierpinski gasket and the Menger sponge of Figs 2.1 give us the examples of fractal domains,
which are d-sets itself. Figs. 2.2 and 2.3 give the examples of domains with a d-set boundary, the
case which we will study in detail.

Remark: There are also other examples of fractals, as the fractals created by Brownian motion
or fractal trees, which for instance, could be useful to model the lungs or trees themselves. We
don’t consider these types of fractals in this course, as they are not helpful for our control of
waves subject with applications in the noise-absorbing barriers. Besides, the fractal trees need
a completely different functional analysis treatment, since they are not d-sets and not NTA
domains [1].

2.2 Applications of fractals to the control of the waves

Aswe can notice from the previous section, all fractal’s common property is to havemultiscaling
sizes/lengths. From physics, it is known that the interaction of a wave with a medium/obstacle
depends on the geometrical shape of the medium to compare to the wavelength of the wave.

The noise (of cars, trains, planes, instruments ...) presents a source containing a complex combi-
nation of different acoustical frequencies corresponding to different wavelengths. It is compli-
cated to model it precisely, but it is simpler to define the ranges of frequencies and wavelengths
possibly, or even better, the most frequently emitted by the source. Thus the problem is to ab-
sorb the noise created by a chosen source in the most efficient way, hence on all frequency range
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of the interest. As the optimality of the absorption depends on the ratio

geometrical size of a fragment of an absorbing wall

wavelength of the wave
≈ 1

2
, (2.1)

for large frequency ranges we need to have different geometrical lengths in the shape of the
absorbing wall and to privilege the multiscaling geometries. Therefore, ideally, if we want to
be optimal (or as close as possible to the optimal) in an infinite range of frequencies, we need
to have infinitely many geometrical scaling. Hence this could be naturally modeled by a fractal
boundary. However, the audible frequencies don’t go to infinity, and hence practically a pre-
fractal shape could be rather efficient too. On Fig. 2.4, we can see the multiscaling forms of
absorbing material in the acoustical and electromagnetic anechoic chambers constructed to dis-
sipate a wide range of frequencies. The acoustical anechoic chamber of Microsoft has −20dB
noise level and can be considered as the quietest place on earth. We also have an example in
Fig. 2.5 of themost efficient between existing acoustical road anti-noise walls “Fractal wall”(TM),
designed by B. Sapoval and M. Filoche, patent École Polytechnique and Colas, created from the
cement-wood porous material with a multiscale shape (see Subsection 2.3). For a more detailed
discussion about the control of the waves by the shape of a wall, see Chapter 5.

Figure 2.4 – On the le�: the anechoic chamber of Microso�: −20dB noise level (Alpha Acoustics). On
the right: the electromagnetic anarchic chamber of Thales (D. Lecoint).

Figure 2.5 – “Fractal wall” (TM) Brevet Colas-École Polytechnique 03/00881
US patent 7308965B2.

From another point of view, to absorb the energy of an acoustical wave, the barrier or the wall
need to be constructed with a porous medium (see for examples Fig. 2.6), which by its com-
plicity could be modeled as a fractal domain, for instance as Menger sponge. Nevertheless, we
prefer to avoid this additional difficulty, knowing by the experimental measurements on a cho-
sen porous material its essential macroscopic properties, from which it is possible to define the
corresponding energy losses (see Chapter 3).

2.3 Example of “Fractal” TM wall

For an introduction to experimental acoustical framework of auto traffic noise see section 2
of [4].
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Figure 2.6 – Fractals as multiscales porous materials (D. Grebenkov).

Ideas of creation of a bigger interaction of the wave with the absorbent media by a multiscale
geometry favored the eigenmodes localization phenomena [27] were successfully applied in the
construction of the anti-noise barrier named Fractal Wall1 by B. Sapoval and M. Filoche (PMC,
CNRS, École Polytechnique), the most efficient wall in the absorption of low-frequency traffic of
highways (see Fig. 2.5). It is made with a porous material cement with wood inclusions and has a
multiscale shape to capture the lower frequency waves. The construction of one panel performs
by demolding. The demolding procedure of small fragments of the wall is delicate, as they
can be easily broken. This complication of its construction makes the Fractal Wall expensive
compare to classical, less efficient walls. In Fig. 2.7, it is shown the coefficient of the absorption
of the Fractal Wall to compare to the wall with the plane shape. This coefficient is measured
experimentally (in a reverberant chamber). It is denoted here by α, but it is not the complex
coefficient in the Robin boundary condition of (5.7).

Considering the decibel performances of the wall, it is possible to introduce the efficiency coef-
ficient by EU norm 20354. Discretizing the range of frequencies and taking the average of the
traffic noise intensity in these frequencies, the efficiency coefficient is defined by the formula:

DLα = −10 log10



1 −
∑

i αiI
(A)
i

∑

i I
(A)
i



 = 17dB(A).

The best wall in the European market before had 11dB(A).

2.4 PDEs on domains with fractal boundaries

As it was mentioned in Chapter 1, fo the simplicity, to avoid too much abstract framework, in
this course we only suppose that

1. for d = n − 1 the boundary ∂Ω is Lipschitz (see Definition 1.3.2);

2. for d ∈]n − 1, n[ the boundary ∂Ω is a self-similar fractal (for examples see Section 2.1).

For the treatment of more general boundaries, see [5, 62, 53, 43, 44].

There is the following important theorem, which is admitted without proof, but it is very im-
portant to know, as we will use it many times in what following:

1product of Colas Inc., French patent N0- 203404; U.S. patent 10”508,119.
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Figure 2.7 – B. Sapoval: The experimental coefficient of absorption (measured in a reverberant cham-
ber) of anti-noise barrier ’Fractal Wall’ TM, Colas-École Plytechnique (French patent N0-
203404; U.S. patent 10”508,119), compared with the plane wall of the same volume and
made of the same porous material (cement with wood inclusions). The main performance
of the fractal wall is in the lower frequencies.

Theorem 2.4.1. Let Ω be a bounded domain in Rn with a d-set compact boundary ∂Ω, Lipschitz

for d = n − 1 or self-similar fractal for d ∈]n − 1, n[, on which it is defined a d-measure µ,
n − 1 ≤ d < n. Then,

1. H1(Ω) is compactly embedded in L2(Ω);

2. TrΩ : H1(Rn) → H1(Ω) is a linear continuous and surjective operator with linear bounded

right inverse (the extension operator EΩ : H1(Ω) → H1(Rn));

3. the operators Tr : H1(Rn) → L2(∂Ω, µ), and Tr∂Ω : H1(Ω) → L2(∂Ω, µ) are linear

compact operators;

4. the usual norm ‖ · ‖H1(Ω) is equivalent to

‖u‖Tr =
(∫

Ω
|∇u|2dx+

∫

∂Ω
|Tru|2dµ

) 1
2

(2.2)

for all u ∈ H1(Ω).

Wewill prove the equivalence of the norms on TD 2. This theorem is useful to establish the well-
posedness of the Poisson or the Helmholtz problems with Robin or mixed boundary conditions
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Figure 2.8 – On the le� the coefficient of the absorption of the Fractal Wall and on the right the traffic
noise spectrum and the normalized traffic noise spectrum (B. Sapoval).

on d-sets. But before to do it, we need to understand what it is a compact set and a compact
operator, explained in Chapter 6.

As mentioned previously, the fractal boundary allows all notions as the normal derivative and
the integration by parts only in the weak sense.





Chapter 3

Models of wave propagation

In this course, we chose the simplest possible models of the wave propagation useful for our
typical acoustic problem: to absorb most efficiently the noise of a source by a wall of a fixed
porous material (and of fixed quantity). We notice that the porous materials are acoustical ab-
sorbent. For the electromagnetic waves, the absorbent materials are different (ferromagnetic
foams) because of the different nature of the wave, and they were presented in the introductory
part of this course. The “efficient absorption” is supposed to be ensured by a wide choice of
wall’s shape, which acoustical performances are considered in the comparison of a plane wall
with the same quantity of the porous material (of the same volume). This problem is a complex
physical problem schematically presented in Fig. 3.1. We will discuss it in detail for an example

Reflected
Diffused

Diffracted

Absorbed

Transmitted

Wall

Ground

Ground effect

Source

Figure 3.1 – The complexity of the wave (acoustical or electromagnetic) propagation problem to model.

in the acoustical framework.
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3.1 Wave equation and Helmholtz equations

3.1.1 Linear wave equation

Let us say several words about the derivation of the linear wave equation (how it could be
obtained).

For instance, it could be obtained by a linearization (by performing small perturbations around
a constant state with the choice to keep only the largest terms) of a very general thermo-elastic
dynamical system given by compressible Navier-Stokes equations with the assumption [60] of
the potential motion and initially small viscosity effects of the medium.

For simplicity, let us demonstrate the derivation of the wave equation from the isentropic (i.e
independent of entropy) evolution of the thermo-elastic non-viscous media described by the
following Euler system:

∂tρ+ div(ρv) = 0 , ρ(∂tv + v · ∇v) = −∇p(ρ) . (3.1)

Here the ρ is the density, v is the velocity and p is the pressure, supposed to be a function of ρ.
Any constant state (ρ0, v0) is a stationary solution of system (3.1). Linearization near this state
introduces the perturbations with the same order ǫ (a dimensional parameter much smaller than
1)

ρ = ρ0 + ǫρ̃ , v = v0 + ǫṽ.

Taking v0 = 0 and putting the last expressions in (3.1), we obtain the acoustic system:

∂tρ̃+ ρ0∇.ṽ = 0 , ρ0∂tṽ + p′(ρ0)∇ρ̃ = 0. (3.2)

System (3.2) is equivalent to the wave equation:

1

c2
∂2

t ρ̃− ∆ρ̃ = 0 , ∂tṽ = −p′(ρ0)

ρ0
∇ρ̃, (3.3)

where c =
√

p′(ρ0) is the speed of sound in the unperturbed media. The linear wave equation
can be also obtain for the velocity or for the pressure of the wave.

Actually, the linear wave equation appears from (3.1) if we consider only the terms of the zero
order on ε:

∂2
t u− c2∆u = 0. (3.4)

The second partial time derivative ∂2u
∂t2 in the wave equation requires two initial data:

u|t=0
note
= u(0, x) = u0(x), x ∈ Ω (3.5)

∂u

∂t

∣

∣

∣

∣

∣

t=0

note
=

∂u

∂t
(0, x) = u1(x), x ∈ Ω (3.6)

where u0 and u1 are given functions of x which describe the initial wave propagation in time
t = 0. Without the initial data u0 and u1 the propagation process is undefined.
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Remark: Compare the difference between the solution of the ordinary differential equation of
the second order

d2y

dx2
− 3

dy

dx
+ 2y = ex

and of its Cauchy problem

d2y

dx2
− 3

dy

dx
+ 2y = ex,

y(0) = 0,

dy

dx
(0) = 0.

Problem (3.4)–(3.6) posed for x ∈ Rn is called the Cauchy problem for the wave equation.

But if we search a solution of the problem in a domain Ω ⊂ Rn with a boundary ∂Ω 6= ∅, we
need to identify the boundary conditions as well (see Subsection 1.4.1).

In the acoustical wave propagation framework, the boundary conditions of Subsection 1.4.1
considered for the linear wave equation could have the following physical interpretation:

1. the Dirichlet boundary condition u|ΓDir
= φ(t, x), x ∈ ΓDir, t ≥ 0 models the source of a

sound or noise projected to the boundary ΓDir;

2. the homogeneous Neumann boundary condition ∂u
∂ν

|ΓNeu
= 0 for t ≥ 0 models the reflec-

tive surfaces or sometimes the surfaces with very small and negligible absorption.

3. the homogeneous Robin boundary condition ∂u
∂ν

+αu|ΓRob
= 0 models more precisely the

reflective/absorption phenomena depending on the values of the parameter α. We will
consider this boundary condition in the next section.

If we would like to model the linear wave propagation in an open or a partially open situation
as in Fig. 3.1, then especially for numerics, we need to limit the computations of the solution
to a bounded domain. In this situation, we need to impose artificial boundary with some
absorbent boundary conditions, which are maximum possibly non-reflective. If it is the case,
the wave, absorbed by this artificial boundary, is not reflected and hence does not affect any
propagation changes inside the domain. Thus, the obtained solution inside the bounded domain
can be considered by the desired solution of the initial open space problem, since the main
property, to have outgoing waves never returning back, is (at least approximatively) respected.

There is a lot of literature, theoretical and numerical, on this subject. Numerically, it is some-
times more convenient to create not an artificial boundary, but an artificial region or a part of the
domain, called Perfect Matched Layers (PML) on which the wave is (artificially) exponentially
attenuated (see, for instance, the references given in the introduction of this article [52]).

In this course, we mainly consider the damping of the wavesmodeling by the Robin type bound-
ary condition and, in particular, the artificial boundary conditions for the Helmholtz equation
named the Sommerfeld radiation conditions for the scattering problems.

The problem to find u satisfying for all x ∈ Ω and t ≥ 0 the linear wave equation (3.4), the
initial conditions (3.5)–(3.6) and some boundary conditions discussed above is called the initial-



34 Chapter 3. Models of wave propagation

boundary valued problem for the wave equation.

Let us just consider for an example the homogeneous Dirichlet initial-boundary valued problem
for some initial data u0 ∈ H1(Ω) and u1 ∈ L2(Ω).

Multiplying formally the linear wave equation (3.4) by ∂tu and integrating over Ω, we have

∫

Ω
(∂2

t u− c2∆u)∂tudx = 0.

To able to integrate by parts using Proposition 1.3.1 we need to have u ∈ H1
0 (Ω) and ∆u in

L2(Ω). For the well posedness of
∫

Ω ∂
2
t u∂tudx we also need to have ∂2

t u and ∂tu in L2(Ω).

Thus, for the simplicity we suppose that u ∈ C2([0, T ], Ĥ1
0(Ω)) with the notation

Ĥ1
0 (Ω) = {u ∈ H1

0 (Ω)| ∆u ∈ L2(Ω)}.

Remark: To say ∆u ∈ L2(Ω) for u ∈ H1
0 (Ω), it means to say that there exists an element

f ∈ L2(Ω) such that ∆u = f (in the distributional sense of D′(Ω)). As u ∈ H1
0 (Ω), it means

that u is the weak solution of the Poisson problem with the homogeneous Dirichlet boundary
condition:

∀v ∈ H1
0 (Ω)

∫

Ω
∇u∇vdx =

∫

Ω
fvdx.

It is known, by the Lax-Milgram Theorem or the Riesz Representation Theorem, that for all
f ∈ L2(Ω) there exists a unique solution u ∈ H1

0(Ω). Consequently, the mapping

f (= ∆u) ∈ L2(Ω) 7→ the weak solution u ∈ H1
0 (Ω)

is bijective.
Thus, the space Ĥ1

0 (Ω) with the norm ‖u‖2
Ĥ1

0 (Ω)
= ‖u‖2

H1
0 (Ω) + ‖∆u‖2

L2(Ω) is a (closed!) subspace

of H1
0 (Ω) of all weak solutions of the homogeneous Dirichlet Poisson problem.

Remark: If w ∈ Ĥ1
0 (Ω) for Ω ⊂ Rn, n ≥ 2, then it does not follow that w ∈ H2(Ω) or w ∈

H2
0 (Ω). The existence ofw, its first order weak derivatives and its weak Laplacian ∂2

x1
+ . . .+∂2

xn

in L2(Ω) is not enough to ensure in addition the existence of all weak derivatives of the second
order in L2(Ω). Indeed,

H2
0 (Ω) ( Ĥ1

0 (Ω).

The space Ĥ1
0 (Ω) is the natural space to provide the validity of the Green formula and formula of

integration by parts. Hence, it is a natural space [22] to consider the weak solutions of different
models involving the Laplacian in general domains without a regular boundary, which could
ensure H2-regularity of the weak solutions of the Poisson boundary value problem.

In this case, we can apply the Green formula on the term with the Laplacian and also change the
integration over Ω and the time derivative (by the Theorem of the derivation under the integral
from CIP and EDP courses of the first year).

Indeed, by the integration by parts, and taking into account that ∂tu ∈ H1
0 (Ω) (i.e. its trace on
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∂Ω is zero), we firstly have
∫

Ω
∂tu∂

2
t udx+

∫

Ω
c2∇u.∂t∇udx = 0.

Then we notice that

∂tu∂
2
t u = ∂t

|∂tu|2
2

and ∇u.∂t∇u = ∂t
|∇u|2

2
.

Consequently, writing
∫

Ω
∂t

|∂tu|2
2

dx =
d

dt

∫

Ω

|∂tu|2
2

dx, (3.7)

∫

Ω
c2∂t

|∇u|2
2

dx =
d

dt

∫

Ω
c2 |∇u|2

2
dx, (3.8)

we conclude that
d

dt

(∫

Ω
[|ut|2 + c2|∇u|2](t, x)dx

)

= 0.

We recognize in this quantity the total energy of the wave problem given by the sum of the
kinetic and potential energy:

E(t) =
∫

Ω
[|ut|2 + c2|∇u|2](t, x)dx. (3.9)

Therefore, we obtained the conservation of the energy of our initial-boundary valued problem
with the homogeneous Dirichlet boundary condition:

d

dt
E(t) = 0.

Let us just notice that this equivalent to

∀t ≥ 0 E(t) = E(0) =
∫

Ω
[|u1|2 + c2|∇u0|2](x)dx.

Question: Do we have a conservation of the energy if we replace the Dirichlet condition by
the homogeneous Neumann boundary condition?
Whatwill change if we consider the homogeneous Robin boundary condition with α > 0? What
is happening in the case when α < 0?

3.1.2 Helmholtz equation

Let us consider a non homogeneous wave equation

∂2
t u− c2∆u = f(x, t)

with a source term f periodic with a frequency ω on time and with the spatial amplitude c2f(x),

f(x, t) = c2f(x)e−iωt.

Therefore, if we search the solutions in the form u(x, t) = U(x)e−iωt with the unknown am-

plitude U(x), then for the function U(x)
note
= u(x) we obtain a stationary equation

△u+ k2u = −f(x), with the wave number k =
ω

c
. (3.10)

Equation (3.10) is called the Helmholtz equation.
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Sommerfeld radiation conditions for the sca�ering problems

ν

G

a(·, ·)

v(x)

S

Figure 3.2 – Example of the bounded obstacle G with a boundary S.

An example of the boundary-valued problem for the Helmholtz equation is the scattering prob-
lem.

For x ∈ R2 or R3, suppose that the incoming (from infinity) plane wave eik(a,x), |a| = 1, k > 0
is modified due to the presence of some obstacles on the boundary S of the bounded region
G (Fig. 4.5). The obstacle can be defined, for example, using the boundary condition (see
Subsection 1.4.1)

u|S = 0 or
∂u

∂ν

∣

∣

∣

∣

∣

S

= 0.

This obstacle generates a scattered wave v(x). Far from the scattering centers this wave will be
close to the outgoing spherical wave

v(x) = f

(

x

|x|

)

eik|x|

|x| + o

(

1

|x|

)

.

Therefore, for |x| → ∞ the wave v(x) must satisfy the following conditions

v(x) = O

(

1

|x|

)

,
∂v(x)

∂|x| − ikv(x) = o

(

1

|x|

)

, (3.11)

called Sommerfeld radiation conditions. The function f(s), s = x
|x| , is called the amplitude of

the scattering. The total wave perturbation u outside ofG (in Rn \G) is given by the sum of the
plane and the scattered waves:

u(x) = eik(a,x) + v(x).

3.2 Absorption phenomena

As it was mentioned, the porous materials are acoustical absorbents.

3.2.1 Porous materials

We give several examples of porous or fibrous materials which are used in the interior isolation
of buildings on Fig. 3.3. As it is could easily seen from these examples (see also Chapter 2) that
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Figure 3.3 – Example of heterogeneous and anisotropic porous or fibrous materials which are used in
the interior isolation of buildings (ANR “Silent wall”).

the porousmaterials have very complicatedmicro structure filledwith the air. The complexity of
a porous material and its dissipative properties can be described by these physical macroscopic
characteristics:

1. the porosity φ (dimensionless),

2. the tortuosity αh (dimensionless)

3. the resistivity to the passage of air σ (N.m−4.s, i.e. depends on the size of the tested
material).

The experimental data for the fibrousmaterials given partially on Fig. 3.3, named Isorel, ITFH, B4
and B5 of these physical characteristics are given on Fig. 3.4 and their experimental absorption
coefficients are presented on Fig. 3.5.

Question: How depends the coefficient of absorption for a fixed porous materials from the
thickness of a sample? How it could explained? Which material could be more interesting in
the sound absorption problem and why (give different scenarios with an argumentation).

3.2.2 Damping in volume

There are two possibilities to describe the acoustic wave absorption by a porous medium. The
first one is to consider wave propagation in two media, typically air and a wall, which corre-
sponds to damping in the volume. The most commonmathematical model for this is the damped
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Figure 3.4 – Physical macroscopic characteristics σ, φ, αh of four types of porous materials for samples
of different thickness (LAUM, ANR “Silent wall”).

wave equation [7]. The second one is to consider only one lossless medium, air, and to model
energy dissipation by a damping condition on the boundary. In both cases, we need to ensure
the same order of energy damping corresponding to the physical characteristics of the chosen
porous medium as its porosity φ, tortuosity αh, and resistivity to the passage of air σ [38].

Thanks to Ref. [38], we can define the coefficients in the dampedwave equation (damping in vol-
ume) as functions of the characteristics mentioned above. More precisely, for a regular bounded
domain Ω ⊂ R2 (for instance ∂Ω ∈ C1) composed of two disjoint parts Ω = Ωair ∪ Ωwall of
two homogeneous media, the air in Ωair and a porous material in Ωwall, separated by an internal
boundary Γ, we consider the following boundary value problem (for the pressure of the wave)











ξ(x)∂2
t u+ a(x)∂tu− ∇ · (η(x)∇u) = 0 in Ω,

∂u
∂n

|Rt×∂Ω ≡ 0, [u]Γ = [η∇u · n]Γ = 0,
u|t=0 = u01Ωair

, ∂tu|t=0 = u11Ωair
,

(3.12)

with ξ(x) = 1
c2

0
, a(x) = 0, η(x) = 1 in air, i.e., in Ωair , and

ξ(x) =
φγp

c2
0

, a(x) = σ
φ2γp

c2
0ρ0αh

, η(x) =
φ

αh

in the porous medium, i.e., in Ωwall. The external boundary ∂Ω is supposed to be rigid, i.e.,
Neumann boundary condition are applied, and on the internal boundary Γ we have no-jump
conditions on u and η∇u · ν, where ν denotes the normal unit vector to Γ. Here, c0 and ρ0

denote respectively the sound velocity and the density of air, whereas γp = 7/5 denotes the
ratio of specific heats.

If we repeat the procedure of finding the energy of the wave equation for the damped wave
equation, we obtain

d

dt
E(t) = −2

∫

Ωwall

a(x)|∂tu|2dx < 0,

as soon as a(x) > 0 in Ωwall. This ensures that the energy decays in time. We can notice that if
there is no porousmaterial, i.e. a ≡ 0 onΩ, then as previously, we have the energy conservation.
The question about is it possible to maximize the speed of the energy decay to have, for instance,
exponential decay of energy in time, is actually the question of the theory of control of thewaves.
For a constant volume of the wall, constructed with a fixed porous material, the maximization
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Figure 3.5 – Coefficient of absorption experimentally measured for samples of different thickness, from
top to bo�om, for Isorel, for ITFH and for B5.

of the energy decay depends exclusively on the shape of the wall and its location corresponding
to the wave’s source. These questions are discussed in Chapter 5.

This model is obtained in the assumption that the wave all times propagates in the air, involving
the air in the porous medium’s pores. The damped wave equation is the simplest model of
this propagation, and there are other models known to be more precise but more complicated
too [38, 32].
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Time dependent energy decay We consider the three cavitiesΩ = Ω0 ⊔Ω1 =]0, 1[×]−2, 2[,
partially shown on Fig. 3.6 with two homogeneous media, air (lower part) and a porous material
(upper part), separated by an internal boundary Γi, i = 0, 1, 2. To preserve the volume of each
medium and to model the increasing irregularity of the interface, as compared to the plane Γ0

(at y = 0), we choose Γ1 and Γ2 as the first two fractal generations of a symmetric element. The
external boundary ∂Ω is supposed to be perfectly rigid (Neumann boundary condition). Air is
considered as a loss-less medium, and the porousmedium (ISOREL) is considered as a dissipative
homogeneous medium. As it was mentioned in Chapter 3, using the ideas of Hamet [38], we
can describe the wave propagation in the porous material by a dampedwave equation involving
the physical characteristics of the material: the porosity φ, the tortuosity αh, and the resistivity
to the passage of air σ. Denoting by c0 and ρ0 the sound velocity and the density in the air, and
by γp = 7/5 the ratio of specific heats, the equations of wave propagation in Ω are given by

0
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Time
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rg
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Figure 3.6 – Pressure contours at t = 0.01 in cavities with an internal boundary of different Minkowski
fractal generations (from le� to right and top to bo�om: Γ0 (flat), Γ1 and Γ2) and the
corresponding energy damping. The size of the mesh is 128 × 512.

ξ(x)∂2
t u+ a(x)∂tu− ∇ · (η(x)∇u) = 0 in Ω = Ω0 ⊔ Ω1, (3.13)

with ξ(x) = 1
c2

0
, a(x) = 0, η(x) = 1 in the air and ξ(x) = φγp

c2
0
, a(x) = σ φ2γp

c2
0ρ0αh

, η(x) = φ
αh

in the porous medium. Equation (3.13) is supplemented with the following no-jump conditions
through Γi

[u]Γi
= [η∇u · ν]Γi

= 0

and with an initial data chosen as a Gaussian, centered in a fixed point x0 = (0.75,−1.5) of Ω0:

u|t=0 =
1

δ
√

2π
e− |x−x0|2

2δ2 , ∂tu|t=0 = 0,
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where δ = 0.1. Such a choice of δ ensures that supp(u|t=0) is extremely small outside Ω0.
Equation (3.13) is the wave equation in the air (a = 0), and is the damped wave equation [7, 18]
(a 6= 0) in the porous medium. This provides the energy decay (see TD1):

1

2

d

dt

(∫

Ω

[

ξ(∂tu)2 + (µ∇u) · ∇u
]

dx
)

= −
∫

Ω
a(∂tu)2dx. (3.14)

We discretize Eq. (3.13) in a way which mimics the energy dissipation (3.14), and which is an
adaptation to damped acoustic waves of the finite volume method presented in Ref. [42]. Let un

i

be the discretized pressure in the control volume i at time n∆t, then we write

ξ
un+1

i − 2un
i + un−1

i

∆t2
+ a

un+1
i − un−1

i

2∆t
− [∇ · (µ∇un)]i = 0,

so that the energy like functional

En+1/2 :=
1

2

(∫

Ω
ξ
(un+1 − un

∆t

)2
dx+

∫

Ω
µ∇un · ∇un+1dx

)

is damped as
1

∆t

(

En+1/2 − En−1/2
)

= −
∫

Ω1

a
(

un+1 − un−1

2∆t

)2

dx.

Fig. 3.6 shows that an irregular shape of the internal boundary can significantly increase the
dissipation properties of the porous medium (Γ1,2 as compared to Γ0). The energy damping by
Γ1, compared to the damping performances of Γ0, is much better, and we notice that the wave-
length λ of the wave, created by the initial data, is comparable (twice bigger) to the characteristic
length scale size of the geometry Γ1. At the same time, the small difference in the energy de-
cays corresponding to the internal boundaries Γ1 and Γ2 confirms that the optimal iteraction of
the wave with the wall happens for the geometric fragments of the size λ/2. We see that the
wave does not penetrate in the smallest geometry parts of size λ/8, but the wave still keeps a
good penetration for the scales of the order λ/2 as for Γ1. This finally implies that the shape
of the internal boundary does not need to be “too complicated” for being an efficient acoustic
absorbent for a fixed frequency.

3.2.3 Damping by the boundary

Instead of energy absorption in volume, we can also consider the following frequency model
of damping by the boundary. Let Ω be a connected bounded domain of R2 with a Lipschitz
boundary ∂Ω.

We suppose that the boundary ∂Ω is divided into three parts ∂Ω = ΓDir ∪ ΓNeu ∪ Γ (see Fig. 3.7
for an example of Ω) and consider







△u+ ω2u = f(x), x ∈ Ω,

u = g(x) on ΓDir,
∂u

∂n
= 0 on ΓNeu,

∂u

∂n
+ α(x)u = Trh(x) on Γ,

(3.15)

where α(x) is a complex-valued regular function with a strictly positive real part (Re(α) > 0)
and a strictly negative imaginary part (Im(α) < 0).
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Γ

ΓNeu

ΓNeu

ΓDir Ω Porous

Figure 3.7 – Example of a domain Ω in R2, shown in blue, with three types of boundaries: ΓDir , where
there is a source of the noise and ΓNeu for the reflective part (for instance of a room or of a
tunnel) and Γ on which we impose an absorbing boundary condition giving an equivalent
energy decay as for the model with damping in the volume.

Remark: This particular choice of the signs of the real and the imaginary parts of α are
needed for the well-posedness properties [30] and the energy decay of the corresponding time-
dependent problem. In addition, as the frequency ω > 0 is supposed to be fixed, α can contain
a dependence on ω, i.e., α ≡ α(x, ω).

Problem (5.7) is a frequency version of the following time-dependent wave propagation problem
with U(t, x) = e−iωtu(x), considered in Ref. [10] for g = 0 on ΓDir:

∂2
t U − △U = −e−iωtf(x), (3.16)

U |t=0 = U0, ∂tU |t=0 = U1, (3.17)

U |ΓDir
= g,

∂U

∂n

∣

∣

∣

∣

∣

ΓNeu

= 0, (3.18)

∂U

∂n
− Im(α(x))

ω
∂tU + Re(α(x))U |Γ = 0. (3.19)

To show the energy decay, we follow [10] and introduce the Hilbert space X0(Ω), defined as
the Cartesian product of the set of functions u ∈ H1(Ω), which vanish on ΓDir with the space
L2(Ω). The equivalent norm on X0(Ω) is defined by

‖(u, v)‖2
X0(Ω,µ) =

∫

Ω

(

|∇xu|2 + |v|2
)

dx+
∫

Γ
Re(α(x))|Tru|2dµ

with the corresponding inner product

〈(u1, u2), (v1, v2)〉 =
∫

Ω
(∇xu1∇xv1 + u2v2) dx+

∫

Γ
Re(α(x))Tru1Trv1dµ. (3.20)

Here µ is a finite positive d-measure on Γ (n− 1 ≤ d < n), which in the case of a regular Γ (at
least Lipschitz), if there are no specific assumptions, is equal to the Lebesgue measure on Γ, and
in this case is denoted by λ.
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The advantage of this norm is that the energy balance of the homogeneous problem (3.16)–
(3.19) has the form (see TD 1)

∂t

(

‖(U, ∂tU)‖2
X0(Ω,µ)

)

=
2

ω

∫

Γ
Im(α(x))|Tr∂tU |2dµ.

Therefore, for Im(α) < 0 on Γ, the energy decays in time. We also notice that the positive real
part of α add a positive term in the definition of the energy and thus describe the reflection of
Γ. For the case of a smooth boundary ∂Ω (at least Lipschitz), we have the well-posedness of
both models. Thanks to [10], for all f ∈ L2(Ω), (U0, U1) ∈ X0(Ω) there exists a unique solution
(U,Ut) ∈ C(]0,∞[, X0(Ω)) of system (3.16)–(3.19) under the assumption that Re(α(x)) > 0
and Im(α(x)) < 0 are continuous functions.

But it is also possible to have the well posedness on domains with a d-set self-similar fractal
boundaries n − 1 ≤ d < n. (See TD3 or for more details [53]). More precisely, for g = 0 we
have (the result will be partially proved in TDs)

Theorem 3.2.1. Let Ω ⊂ Rn be a bounded domain with a (compact) Lipschitz or self-similar d-set
boundary ∂Ω (n − 1 < d < n) with a d-measure µ. Assume ∂Ω = ΓDir ∪ ΓNeu ∪ Γ such that it

holds (1.25), µ(Γ) > 0, Γ ⊆ ∂Ω and ΓDir and Γ are also compact with the same properties as ∂Ω
itself. Let in addition g = 0 and Re(α) > 0, Im(α) < 0 on Γ (α is a continuous function or simply

a constant).

Then for all f ∈ L2(Ω), h ∈ L2(Γ, µ), and ω > 0 (or equivalently, k > 0) there exists a unique
solution u ∈ V (Ω) (the space V (Ω) is defined in (1.27)) of the Helmholtz problem (3.15)in the

following sense: for all v ∈ V (Ω) it holds (see also (7.8))
∫

Ω
∇u · ∇v̄dx− ω2

∫

Ω
uv̄dx+

∫

Γ
αTr uTr v̄ dµ = −

∫

Ω
f v̄dx+

∫

Γ
Tr hTr v̄ dµ. (3.21)

Moreover, the solution of problem (3.21) u ∈ V (Ω), continuously depends on the data: there exists
a constant C > 0, depending only on ‖Tr‖L(V (Ω),L2(Γ,µ)), CP (Ω) (the Poincaré constant associated
to Ω), α and ω, such that

‖u‖V (Ω) ≤ C
(

‖f‖L2(Ω) + ‖h‖L2(Γ,µ)

)

. (3.22)

In addition, if, for m ∈ N∗, ∂Ω ∈ Cm+2 (hence µ is an (n − 1)-measure on ∂Ω), f ∈ Hm(Ω),
h = 0, then the solution u belongs to Hm+2(Ω).

For the treatment of the non homogeneous Dirichlet boundary condition see Remark 7.4.3.

Remark: Going back to the situation of Fig. 3.1 we could imagine the following configuration
presented on Fig. 3.8.

3.2.4 Calculation of the complex coefficient α in the Robin boundary
condition for a fixed porous material

We know the macroscopic physical characteristics of a fixed porous medium as porosity φ, tor-
tuosity αh and resistivity to the passage of air σ. We then know how to define the corresponding
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∂u
∂n

|ΓNeu
= 0

∂u
∂n

− iku|Γabs
= 0

∂u
∂n

+ α(ω)u|Γ = 0
u|ΓDir

= g(y) ∆u+ k2u = 0 on Ω, k = ω
c
> 0

Figure 3.8 – Typical model for the situation of Fig. 3.1.

energy decay from the damped wave equation. But mostly for the numerical simplifications, we
would like to work with a model of the wave propagation in the air with a boundary giving
us the shape of an absorbing wall and on which we impose a Robin type complex boundary
condition

∂u

∂n
+ α(ω)u|Γ = 0,

ensuring the same wave propagation behavior as for the case of damping in the volume (see
Fig. 3.9).

Air Air Porous

Figure 3.9 – We want to find a condition on the boundary of the wall which ensures that the solution
of the one medium problem is almost the same as the solution in the air of the two media
problem.

In other words we need to find the coefficient α from the following minimization problem, once
again for the simplicity considered for a plane shape of the wall:
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in Ωair :
∇ · (η0∇u0) + ω2ξ0u0 = 0
in Ωwall :

∇ · (η1∇u1) + ω2ξ1

(

1 + ai
ξ1ω

)

u1 = 0

on Γ :
u0 = u1 and η0∇u0 · ν = η1∇u1 · ν
on the left boundary:
u0(−L, y) = g(y)
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in Ωair :
∇ · (η0∇u2) + ω2ξ0u2 = 0

on Γ :
η0∇u2 · ν + αu2 = 0
on the left boundary:
u2(−L, y) = g(y)
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Find α such that for constants A ≥ 0 and B ≥ 0

A||u0 − u2||2L2(Ωair) +B||∇(u0 − u2)||2L2(Ωair) → min .

Thus it is possible to solve this problem numerically, using the formulas of the following Theo-
rem (the proof is given in [53], we don’t ask for it in this course):

Theorem 3.2.2. Let Ω =] − L,L[ × ] − ℓ, ℓ[ be a domain with a simply connected sub-domain
Ωair , whose boundaries are ]−L, 0[ ×{ℓ}, {−L} × ]−ℓ, ℓ[, ]−L, 0[ ×{−ℓ} and another boundary,
denoted by Γ, which is the straight line starting in (0,−ℓ) and ending in (0, ℓ). In addition let Ωwall

be the supplementary domain of Ωair in Ω, so that Γ is the common boundary of Ωair and Ωwall.
The length L is supposed to be large enough.

Let the original problem (the frequency version of the wave damped problem (3.12)) be

−∇ · (η0∇u0) − ω2ξ0u0 = 0 in Ωair, (3.23)

−∇ · (η1∇u1) − ω2ξ̃1u1 = 0 in Ωwall, (3.24)

with

ξ̃1 = ξ1

(

1 +
ai

ξ1ω

)

,

together with boundary conditions on Γ

u0 = u1 and η0∇u0 · ν = η1∇u1 · ν, (3.25)

and the condition on the left boundary

u0(−L, y) = g(y), (3.26)

and some other boundary conditions. Let the modified problem be

−∇ · (η0∇u2) − ω2ξ0u2 = 0 in Ωair (3.27)

with boundary absorption condition on Γ

η0∇u2 · ν + αu2 = 0 (3.28)

and the condition on the left boundary

u2(−L, y) = g(y). (3.29)

Let u0, u1, u2 and g be decomposed into Fouriermodes in the y direction, denoting by k the associated
wave number. Then the complex parameter α, minimizing the following expression

A||u0 − u2||2L2(Ωair) +B||∇(u0 − u2)||2L2(Ωair)

can be found from the minimization of the error function

e(α) :=
∑

k= nπ
ℓ

,n∈Z

ek(α),
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where ek are given by

ek(α) = (A+B|k|2)
(

1

2λ0

{

|χ|2 [1 − exp(−2λ0L)]

+|γ|2 [exp(2λ0L) − 1]
}

+ 2LRe (χγ̄)
)

+B
λ0

2

{

|χ|2 [1 − exp(−2λ0L)] + |γ|2 [exp(2λ0L) − 1]
}

− 2Bλ2
0LRe (χγ̄)

if k2 ≥ ξ0

η0
ω2 or

ek(α) = (A +B|k|2)
(

L(|χ|2 + |γ|2) +
i

λ0

Im {χγ̄ [1 − exp(−2λ0L)]}
)

+BL|λ0|2
(

|χ|2 + |γ|2
)

+ iBλ0Im {χγ̄ [1 − exp(−2λ0L)]}

if k2 < ξ0

η0
ω2, in which

f(x) = (λ0η0 − x) exp(−λ0L) + (λ0η0 + x) exp(λ0L),

χ(k, α) = gk

(

λ0η0 − λ1η1

f(λ1η1)
− λ0η0 − α

f(α)

)

,

γ(k, α) = gk

(

λ0η0 + λ1η1

f(λ1η1)
− λ0η0 + α

f(α)

)

,

where






λ0 =
√

k2 − ξ0

η0
ω2 if k2 ≥ ξ0

η0
ω2,

λ0 = i
√

ξ0

η0
ω2 − k2 if k2 ≤ ξ0

η0
ω2.

(3.30)
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Figure 3.10 – The real (top le�) and imaginary (top right) parts of α and the sum of the errors e∆x (in
the bo�om) as function of frequencies ω ∈ [600, 30000] calculated for the ISOREL porous
material.

Since the minimization will be done numerically and since the sequence (z,−z, z − z, · · · ) =
z(exp(i(j∆x)/∆x)) is the highest frequency mode that can be reached on a grid of size ∆x,
then, in practice, the sum may be truncated to

e∆x(α) :=
∑

k= nπ
ℓ

,n∈Z,− L
∆x

≤n≤ L
∆x

ek(α).

For the equations (3.23)– (3.24), we use the same coefficients as for problem (3.12) and take the
values corresponding to a porous medium, called ISOREL, using in building insulation. More
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precisely we assume: φ = 0.7, γp = 1.4, σ = 142300N.m−4.s, ρ0 = 1.2kg/m3, αh = 1.15,
c0 = 340m.s−1. We could find the value of α presented in Fig. 3.10.

Remark: Fig. 3.10 allows us to compare the difference between two considered time-dependent
models for the damping in the volume and for the damping on the boundary. We see that Re(α)
is not a constant in general, but for ω → +∞ Im(α) is a linear function of ω. In this sense,
the damping properties of two models are almost the same, but the reflection is more accurately
considered by the damping wave equation in the volume.





Chapter 4

Localization phenomena

The localization of the waves, their energy, the eigenmodes, and their role in the exchange of
energy and absorption are fundamental questions in physics and their applications. From a
mathematical point of view, most of these questions are not yet really understood and mathe-
matically analyzed. However, there are some partial results. A relatively complete survey about
the localization phenomena is given in [35]. For the mathematical explication of the localiza-
tion for elliptic operators and the Anderson localization in the homogeneousDirichlet boundary
condition framework, see [29].

In this course we will briefly see what it is mostly numerically and physically known for the
localization phenomena. In particular, we will discuss how they are related to the shape opti-
mization for more efficient absorption of a wave’s energy. Our goal is to understand that we
need to create the localization for efficient absorption.

4.1 Spectral problems for −∆

Let us start by introducing the spectral problems for−∆, which can be consideredwith different
types of homogeneous boundary conditions, as the Dirichlet, the Neumann, the Robin or mixed
type boundary conditions (see Chapter 1).

For instance, let us start with the Dirichlet Laplacian on a domain Ω ⊂ Rn:






−△u = λu in Ω,

u|∂Ω = 0.
(4.1)

This spectral problem (see Definition 6.4.1) is usually understood in the weak sense:

∀v ∈ H1
0 (Ω)

∫

Ω
∇u · ∇vdx = λ

∫

Ω
uvdx. (4.2)

This problem is solved in TD 3 (for the Robin Laplacian see Section 2 of TD 3) using the Hilbert-
Schmidt Theorem 6.4.1 for the compact auto-adjoint operators on a Hilbert space. Adding the
results of [24] (Section 6.5.1 p. 334) we can summarize the results in the following theorem:

Theorem 4.1.1. Let Ω be a bounded arbitrary domain in Rn (n ≥ 2). Then the spectral problem
for −∆ with homogeneous Dirichlet boundary conditions (4.2) has the following properties:

1. The eigenvalues of −∆ are at most countable, of finite multiplicity and strictly positive.
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2. If we repeat each eigenvalue according to its multiplicity, we have the sequence

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·

with
λk → +∞ for k → +∞.

3. The corresponding sequence of eigenfunctions {φk}∞
k=1 forms an orthonormal basis of L2(Ω),

an orthogonal basis of H1
0 (Ω) and for all k ∈ N φk ∈ H1

0 (Ω) ∩ C∞(Ω).

Remark: The key point to work on arbitrary domain is the compactness of the embedding of
H1

0 (Ω) into L2(Ω) [24]. In TD3 it was shown that {φk}∞
k=1 is an orthogonal basis ofH1

0 (Ω) with
‖φk‖L2(Ω) = 1. Thus, it is sufficient to notice that H1

0 (Ω) is dense in L2(Ω) to conclude that
{φk}∞

k=1 forms an orthonormal basis of L2(Ω).

If we consider (4.2) for all φ ∈ H1(Ω) we obtain the spectral problem of the Neumann Lapla-
cian. This time the compactness of the embedding H1(Ω) into L2(Ω) needs some geometrical
restrictions on ∂Ω (typically Ω should be an NTA-domain (see Chapter 1), or more generally an
extension domain, but we don’t study it in this course [5]). The same assumption on Ω is needed
for the Robin or mixed Laplacian. In the case of this “regular” Ω, the spectral problem for the
Neumann Laplacian has the same properties as the Dirichlet Laplacian, except that λ1 = 0 and
the corresponding eigenfunction w1 is constant on Ω (independently on Ω).

It is important to notice that all eigenfunctions areC∞(Ω) (independently on the cited boundary
conditions).

Physicists prefer to call eigenfunctions by eigenmodes.

Knowing that it is possible for the Dirichlet Laplacian to solve the eigenvalue problem (4.2) for
all arbitrary shapes of ∂Ω, the eigenmodes depend considerably from the shape of the boundary.
Actually, the shape of the boundary may or may not provide localization of some eigenmodes.

4.2 Localization phenomena

There is no a strict mathematical definition of the localization of the eigenmodes, but it rather
intuitive (see Fig. 4.1), and could be characterized by a simple phrase “Localized eigenfunctions:
here you see them, there you don’t” [40].

More precisely, we could say that a localization of an eigenfunction φ is the existence of a sub-
domain Ωloc in Ω such that the values of the eigenfunction in the closer of this subdomain Ωloc

are “much” or “considerably” larger by modulus than in its complement, i.e. in Ω\Ωloc. In other
words, in Ω \ Ωloc the eigenfunction is considerably smaller by modulus than in Ωloc:

max
x∈Ωloc

|φ(x)| ≫ max
x∈Ω\Ωloc

|φ(x)|.

In the most cases in addition, it is supposed that the volume of Ωloc is much smaller than the
initial volume of Ω.

It is clear that not for all Ω a such subdomain Ωloc exists, as it is known from the explicit cal-
culation of eigenfunctions of −∆ with the Neumann or the Dirichlet boundary conditions on a
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Figure 4.1 – Localization examples by M. Filoche. On the le�, it is an eigenfunction of the Neumann
Laplacian, and on the right, it is an eigenfunction of the Dirichlet Laplacian.

Figure 4.2 – Example of a non localization on a rectangular domain (by M. Filoche).

rectangular domain Ω (see the example of Fig. 4.2). Moreover, in all cases, if Ω allows a local-
ization, not all eigenfunctions are localized: there are two families of eigenfunctions - localized
and delocalized, as shown on Figs. 4.5 and 4.6.

In addition, it is not possible to say that Ωloc is the support of a localized eigenfunction φ (i.e.
that Ωloc = {x ∈ Ω|φ(x) = 0}) since the eigenfunctions cannot be equal to 0 in a subdomain of
Ω:

Theorem 4.2.1. If φ is an eigenmode of the Dirichlet (or Neumann, or Robin, or mixed) Laplacian
then

φ 6= 0 a.e. in Ω.

Actually, if φ ≡ 0 in a subdomain Ω0 ⊂ Ω then φ ≡ 0 in Ω and hence is not an eigenmode.

Therefore, outside of Ωloc the eigenmode can be small but not identically equal (almost every-
where) to 0. Let φ be a localized eigenmode. Typically Ωloc contains the maximum value of |φ|.
Thus, passing outside the boundary of Ωloc, there is a decreasing of the modulus of a localized
eigenmode.

By the speed of this decreasing of the modulus of a localized eigenfunction, there are notions of

• the strong localization, when the amplitude decrease exponentially or even faster than the
exponential decay by works of M. Lapidus (see Fig. 4.3),

• the weak localization, when then the amplitude decrease polynomially (see for example
Figs. 4.5, 4.6 and 4.7).
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Figure 4.3 – On the top from le� to right: the first eigenfunction of the Dirichlet Laplacian on a pre-
fractal Minkowski domain and the modulus of its gradient. On the bo�om, the logarithm
of the corresponding amplitudes. It is an example of a strong localization (M. Lapidus).

After it, there is a high-frequency localization and low-frequency localization [35]. The high-
frequency localization is more understood from the mathematical point of view. However, it is
not interesting for us, as in our framework, the high frequencies are naturally absorbed by the
microstructure of a porous material, but what is more important and very difficult to do, is to
absorb the low frequencies optimally.

So we consider only the low-frequency localization.

The question of how to characterize a domain, or mainly its boundary, in which there are local-
ized eigenfunctions is mathematically open. From the numerics and experiments (see Fig. 4.4),
mainly for the two-dimensional case, we have different examples of domains with some geo-
metrical irregularity as prefractal domains, for which there exist localized eigenmodes in low
frequencies. In the Dirichlet boundary case it is more understood [29, 67]

For the Dirichlet boundary case, the subdomains of localization are pouched inside Ω by the
constraint to be equal 0 on ∂Ω, and going closer to ∂Ω, there is a decay faster than exponential.
In this situation, one of the ideas, why a localization could happen, is related with the idea
that it depends on the capacity of the geometry to capture rays (see Chapter 5) or Brownian
motion [67]. The localization regions can be defined from the correspondingGreen function [29]
(we don’t go in more details). If this localization region is considered as a separate domain Ωloc

with the same type boundary conditions, then the localized in Ωloc eigenfunction for −∆ on Ω
is closed (rather similar) to an eigenfunction found on the domain Ωloc [29] (see Fig. 4.8).

For the Neumann or Robin boundary condition, the maximum of a localized eigenmode is sit-
uated on the boundary and the localization subdomain is located near the boundary of Ω (see,
for example, Figs. 4.5 and 4.6).
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Numerical Experimental

Figure 4.4 – Comparison of the localization of eigenmodes of Dirichlet Laplacian by the numerics and
the experience in prefractals [26].

Figure 4.5 – Examples of a delocalized (on the le�) and of a localized (on the right) eigenfunctions of
the Neumann Laplacian on the second prefractal Minkowski generation [65].

4.3 Localization and increased damping of the waves

4.3.1 Case of the absorption in the volume: astride localization [28]

Astride localization (“à cheval”) Considering the damping in the volume, there are different
more or less dissipative models [38]. In Chapter 3, we have discussed the simplest model for
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Figure 4.6 – Other examples of a weak localization for the Neumann Laplacian [27]. From the le� to
the right: the domain geometry, a delocalized eigenmode, a localized eigenmode.

Figure 4.7 – Localization of eigenmodes in prefractals and other type of geometrical irregularities [27].
Two columns on the le� (for a Minkowski prefractal part of the boundary), there are ex-
amples of eigenfunctions for the Dirichlet Laplacian. Three columns on the right there are
examples of eigenfunctions for the Neumann Laplacian.

the propagation in time by the damped wave equation. If we don’t consider the propagation in
time, but only the frequencymodels, we can directly consider the following damping eigenvalue
problem for Ω = Ωair ⊔Ωwall (see Fig. 4.9), proposed by J.F. Hamet [38]1:

1By its derivation, this model is more dissipative than the frequency variant of the damping wave equation.
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Figure 4.8 – Two predicted area of the localization for the Dirichlet Laplacian. [29] The localized parts
are similar to the first eigenmodes on the corresponding subdomains with Dirichlet bound-
ary condition.

− △φk = λjφk in Ωair,

− div

(

1

ρR + iρI

∇φk

)

= λk
1

KR + iKI

φk in Ωwall,

∂φk

∂ν
= 0 on ∂Ω,

φk|Γ−
= φk|Γ+

∂φk

∂ν

∣

∣

∣

∣

∣

Γ−

= − 1

ρR + iρI

∂φk

∂ν

∣

∣

∣

∣

∣

Γ+

where ρR + iρI andKR + iKI are effective parameters describing the attenuation of the wave
in the air of the porous wall. On the interior boundary Γ between two media we suppose that
the eigenfunctions of the problem are continuous and have the gradient jump ensuring that if
φk|Ωair ∈ H1(Ωair) and φk|Ωwall ∈ H1(Ωwall) then φk ∈ H1(Ω). The notations Γ− and Γ+ show
the change of the direction of the external normal on Γ outside of Ωair and Ωwall respectively.

Ωwall

Ωair

Γ

Figure 4.9 – Domain Ω = Ωair ⊔Ωwall with the plane shape of the wall. The volume of the wall is
supposed to be two times smaller than the volume of the air part Ωair [28].

This spectral problemwas solved numerically for three shapes ofΓ: the plane shape, the first and
the second generations of theMinkowski fractal. The wall is supposed to be done with Isorel. As
the shapes of the first and the second generations of theMinkowski fractal are symmetrical, then
in three considered examples, the volume of the wall (and of the air) is constant. This allows us
to compare the absorption properties of these three shapes of the wall. For all considered shapes
of Γ there are two families of eigenmodes:
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1. a family localized in the air, corresponding to the eigenvalues with the smallest imaginary
parts (closed to the real line),

2. a family localized in the wall, corresponding to the eigenvalues with the imaginary parts
the most closed to the imaginary parts of the eigenvalues found only for one dissipative
medium.

It was also noticed that more the interior boundary Γ becomes irregular (see Figs. 4.10 and 4.11),
more there are eigenmodes taking there maximum on Γ, i.e. localized astride between the two
media. These astride modes correspond to the eigenvalues “in the middle” between the less dis-
sipative and the most dissipative eigenvalues. Actually, the astride localized modes increase the
coupling between two media and contribute to a better wave absorption by the geometry [28].
Nevertheless, there are no schematic studies of this type of localization, and there are many
related open questions.

Figure 4.10 – The red lines correspond to the sets containing the eigenfunctions of the spectral problem
for only one medium: air (in this case all eigenvalue are strictly positive and real, hence
non dissipative) or wall (the non zero imaginary part ensures the dissipative properties).
The eigenvalues of the spectral problem for two media are shown by blue stars. We can
typically notice that there are two families of eigenfunctions: the family of eigenfunctions
corresponding to eigenvalues closed to the real axis, i.e. non-dissipative modes localized
in the air, and the second family of eigenfunctions corresponding to eigenvalues closed to
the dissipative spectral red line, i.e. dissipative modes localized in the wall. Here kn are
λk in our notations.

4.3.2 Localization of frequency waves on the boundary

Sometimes [27], to simplify the problem, the physicists consider that the homogeneous Neu-
mann boundary condition models the wave’s iteration with a medium with a very small dis-
sipation. For this “pseudo” absorbing boundary, if we consider the solutions of the Helmholtz
system with the Neumann boundary condition, we can see [27] on Fig. 4.12 the examples of the
localisation on the boundary of the stationary waves.
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Figure 4.11 – The eigenvalues of two media spectral problem for the first and second generation of
the Minkowski fractal denoted by the green circles and red triangles respectively. For the
second prefractal shape we distinguish this time three families of eigenfunctions: eigen-
functions, localized in the air, as for the case of the plane shape, with the eigenvalues
close to the real line, the second family of eigenfunctions, localized in the wall, also as
for the case of the plane shape with the eigenvalues closed to the theoretical line of the
eigenvalues for only one dissipative media, but also the third family of eigenfunctions
which are localized “astride” (à cheval) between two media, i.e. on the interface Γ, and
which correspond to the eigenvalues “in the middle” between the eigenvalues of the pure
air and pure wall configurations. Here kn are λk in our notations.

4.3.3 Characterization of the localization and of losses

Let Ω ⊂ R2 be a bounded domain. To characterize more quantitatively the localization of the
eigenfunctions, it was introduced by B. Sapoval and of his co-authors the existence surface of
an normalized in L2(Ω) eigenmode uk:

Sk =
1

∫

Ω |uk|4dx for
∫

Ω
|uk|2dx = 1. (4.3)

The motivation of this definition and the notion of the existence surface comes from the follow-
ing remark valid for a constant on Ω function u. Indeed, let

u =

{

F on Ω
0 on R2 \ Ω

Then, with the notation S for the surface area of Ω,

∫

Ω
F 2dx = F 2S = 1 ⇒ F =

1

S
1
2

⇒ 1
∫

Ω |u|4dxdy
=

1

F 4S
=

1
1

S2S
= S,
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Figure 4.12 – Localization examples of the stationary waves on the boundary modeled by the homo-
geneous Neumann boundary condition [27].

where we recognize formula (4.3). Therefore, if we normalize the existence surface of an eigen-
mode number k by the total surface of Ω, we obtain a value Sk

S
between 0 and 1. Actually, Sk

S
= 1

for a constant mode (“living” on all Ω) and we obtain small values near zero for a localized mode
in a small are of Ω. Clearly, smaller the value of Sk

S
, more the eigenmode number k is localized.

On Fig. 4.13, we see that the localization phenomena become stronger and stronger for more
and more irregular shapes:

Now, let us suppose that a part of the boundary Γ provides an absorption (in [27] it is modeled
with the homogeneous Neumann boundary condition) and that Γ has the perimeter equal to L.

Then the energy losses of a L2-normalized mode φk is defined [27] by

wk =
∫

Γ
|φk|2dσ.

As the fundamental mode (the first eigenfunction of−∆with the Neumann boundary condition
corresponding to the eigenvalue λ0 = 0) φ0 = 1√

S
(hence, S0 = S), then by the analogy, the
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Figure 4.13 – Example of the influence of the irregularity of the Neumann boundary on the localization
of eigenmodes of −∆ [27]. On the abscissa axis, there are (normalized) eigenvalues (here
kn are λk in our notations), and on the ordinate axis, the values of the normalized surface
existence for each mode (here Sn corresponds to Sk in our notations) are calculated for
three given geometries.

eigenmode φk is approximated by 1√
Sk
. Thus,

wk =
∫

Γ
|φk|2dσ ≈ Lk

Sk

,

where Lk is the perimeter of a part of boundary on which the mode φk is localized (Lk ≤ L).
Then we can directly see with the help of Fig. 4.14, that a localized modes exhibit larger losses:
L
S

≪ Lk

Sk
. Besides, Fig. 4.15 shows that the increasing irregularity of a boundary, we increase the

losses of the eigenmodes.

Moreover, the losses of the eigenmodes are directly related to their localization: the more the
mode is localized, the more important it provides losses (see Fig. 4.16).

4.3.4 Remarks on thewavepropagation for theHelmholtzmixedbound-
ary valued problem with a complex Robin boundary condition

Let us go back to our Helmholtz problemwith mixed boundary conditions and try to understand
what happens with the localization in this case and how it is related to wave absorption.

So, let Ω be a bounded domain with a Lipschitz or a self-similar fractal d-set boundary in Rn.
Let in addition, ∂Ω = ΓDir ∪ ΓNeu ∪ ΓRob as supposed in subsection 1.4.4.

We consider the following eigenvalue problem for ∆ +ω2 with the mixed boundary conditions,
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Figure 4.14 – Localizedmodes exhibit larger losses: L
S < Lk

Sk
[27]. For this example we could suppose for

the simplicity the domain is the union of a big and of a small square, i.e. that L = 4a+2b,
S = a2 + b2, Lk = 3b and Sk = b2. From where, for instance with a = 1 and b < 1

4a = 1
4 ,

we directly obtain that L
S ≪ Lk

Sk
.

Figure 4.15 – Let for the square cavity ws
00 = L

S = 4
a . The values

1
ws

00

∫

Γ |φk|2dσ as the functions of the

eigenvalues of different more and more irregular domains [27]. In our notations: kn are
λk .

ω > 0 et α ∈ C with Reα > 0 and Imα < 0:



























∆u+ ω2u = λu dans Ω,

u = 0 sur ΓDir,
∂u
∂n

= 0 sur ΓNeu,
∂u
∂n

+ αu = 0 sur ΓRob.

(4.4)

AS α is complex, the solutions (λ, u) are also complex valued.

As in subsection 1.4.4 we define the Hilbert space V (Ω) by (1.27) with norm (1.28) and the
corresponding inner product (1.29).
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Figure 4.16 – Losses of the modes as the function of their surface existence: more irregular boundaries
providemore localization, and amore strong localization provides more energy losses [27].

Definition 4.3.1. We say that (λ, φ) ∈ C × V (Ω) is a weak solution of problem (4.4) if φ 6= 0 on
Ω, ‖φ‖L2(Ω) = 1 and

∀v ∈ V (Ω) −
∫

Ω
∇φ · ∇v̄dx+ ω2

∫

Ω
φv̄dx−

∫

Γ
αTr φTr v̄dµ =

∫

Ω
λφv̄dx. (4.5)

Definition 4.3.2. We say that (λ, ψ) ∈ C×V (Ω) is a weak solution of the adjoint problem to (4.4)

if ψ 6= 0 on Ω, ‖ψ‖L2(Ω) = 1 and

∀v ∈ V (Ω) −
∫

Ω
∇ψ · ∇v̄dx+ ω2

∫

Ω
ψv̄dx−

∫

Γ
αTr ψTr v̄dµ =

∫

Ω
λψv̄dx. (4.6)

It is known that

Theorem4.3.1. The spectral problem (4.5) admits a countable number of eigenvalueswith Im λk 6=
0 (R does not belong to the spectrum of ∆, or equivalently, there are no real eigenvalues of ∆ with

the mixed complex conditions) with Reλk < 0. If (φk)k∈N∗ are eigenfunctions associated to the
eigenvalues (λk)k∈N∗ and (ψk)k∈N∗ are eigenfunctions associated to the eigenvalues (λk)k∈N∗ of
the adjoint problem (4.6), then the sequence (φk, ψk)k∈N∗ forms an orthonormal basis of L2(Ω):
(φj , ψk)L2(Ω) = δjk.

If Imα = 0, then the eigenvalues of ∆ are all strictly negative (therefore real) and in this case
there is no energy absorption. So the real part of λk influences the reflection.

At the same time, more larger is the value of | Imλk|, more dissipative the eigenfunction is. So
we are interested in fixing ω and in finding the least dissipative eigenmodes (functions) and the
most dissipative eigenfunctions.
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Let us give a remark on the classical decomposition of a solution of a non dissipative wave
equation over the eigenfunctions of −∆:

Remark: Let us consider for example the wave equation for the initial data u0 and u1 and with
the simple homogeneous Dirichlet boundary condition:















∂2
t u− △u = F (x, t) (x, t) ∈ Ω×]0, T [

u|t=0 = u0(x), ∂tu|t=0 = u1(x)

u|∂Ω = 0, t ∈ [0, T ]

Let (φk, λk)k∈N be L2-orthonormal solutions of the eigenvalue problem of the Dirichlet Lapla-
cian −△D (auto-adjoint strictly positive operator).
With notations ωk =

√
λk and fk(t) =

∫

Ω F (x, t)φk(x)dx it holds

u(x, t) =
∞
∑

k=1

cos(ωkt)(u0, φk)L2(Ω)φk +
sin(ωkt)(u1, φk)L2(Ω)

ωk
φk

+
∫ t

0
fk(τ)

sinωk(t− τ)

ωk
dτφk.

For F = u1 ≡ 0 we have

u(x, t) =
∞
∑

k=1

cos(ωkt)(u0, φk)L2(Ω)φk.

As (φk)k∈N is an orthonormal basis of L2(Ω)

∫

Ω
|u|2dx =

∫

Ω

( ∞
∑

k=1

cos(ωkt)(u0, φk)L2(Ω)φk

)2

dx

=
∞
∑

k=1

cos(ωkt)
2(u0, φk)2

L2(Ω).

We say that (u0, φk)2
L2(Ω) is the coupling of the source u0 with the eigenmode φk.

To better understand the role of the localized eigenmodes (here on Γ), one can review the asso-
ciated temporal problem without forgetting that Re(α) > 0 and Im(α) < 0:



















































∂2
t u− △u = 0,

u|ΓDir
= 0,

∂u

∂n

∣

∣

∣

∣

∣

ΓNeu

= 0,

∂u
∂n

− 1
ω
Im(α(x))∂tu+ Re(α(x))u|Γ = 0,

u|t=0 = u0, ∂tu|t=0 = 0

which gives (see TD 1), if we work in the space

X0(Ω) =
{

u ∈ H1(Ω)| Tr u|ΓDir
= 0

}

× L2(Ω)
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with
‖(u, v)‖2

X0(Ω) =
∫

Ω

(

|∇xu|2 + |v|2
)

dx+
∫

Γ
Re(α(x))| Tru|2dµ,

that

∂t

(

‖(u, ∂tu)‖2
X0(Ω)

)

= − 2

ω

∫

Γ
|Im(α(x))|| Tr ∂tu|2dµ.

By this formula the decreasing of the energydepends of the values of 2
ω

∫

Γ |Im(α(x))|| Tr ∂tu|2dµ.
We notice that this time −∆ has complex-valued boundary conditions and that it is not an
auto-adjoint operator.

Assuming that (Trφk)k∈N is an orthogonal system of L2(Γ) and without detailing the functions
which depend only on λk and t, we formally obtain that

∫

Γ
| Tr ∂tu|2dµ =

∫

Γ

∣

∣

∣

∣

∣

∞
∑

k=1

g(λk, t)(u0, ψk)L2(Ω) Trφk

∣

∣

∣

∣

∣

2

dµ

=
∞
∑

k=1

|g(λk, t)|2|(u0, ψk)L2(Ω)|2
∫

Γ
| Trφk|2dµ.

Therefore, to increase the speed of energy absorption we need to increase

1. the value of the coefficient (u0, ψk)L2(Ω) (the coupling with the eigenmode of the adjoin
problem with the source, here with the initial data u0),

2. the value of
∫

Γ | Trφk|2dµ (thus favor the localization of the eigenmodes on the boundary
Γ).

So, it would be ideal to excite with the source the eigenmodes which are localized on the bound-
ary, or in other words, which have their maximum values on the boundary Γ. The existence and
the number of the eigenmodes localized on the boundary Γ depend on its form.

We finalize this chapter by the following empirical conclusion:

1. Geometrical irregularity increases the localization of eigenmodes.

2. Perturbed localized eigenmodes increase energy dissipation.





Chapter 5

Control of the waves

5.1 Control theory: from ordinary to partial differential

equations

5.1.1 Controllability of models described by ODEs

In the course “Automatique et contrôle” of D. Dumur (see p. 138 of the coursebook) we can see
the following control problem for a process described by a general ordinary differential system
or dynamic system







d
dt
x(t) = f(x(t), u(t), t), 0 ≤ t ≤ T

y(t) = ψ(x(t), u(t), t).
(5.1)

Here

• y(t) =







y1(t)
. . .
yℓ(t)





 is a function of measurements or observation (actually it also contains

the initial data x(0) = x0),

• u(t) =







u1(t)
. . .
um(t)





 is a control,

• x(t) =







x1(t)
. . .
xn(t)





 is the state of the dynamic system.

It is an ordinary differential equation, as all vector functions depend only on one variable, the
time t.

The general aim is to find a control u(t) such that the state x(t) satisfies (5.1) (for the given and
fixed y(t) and f ).

If the state (or simply the solution) x depends not only on time but also from the space variables,
then we obtain a process described by a partial differential system. Actually, suppose we dis-
cretize the PDE problem on the space variables (by the finite differences or the finite elements).
In that case, we obtain the dynamic system of type (5.1) involving only the time variable.
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5.1.2 Controllability of models described by PDEs

Let Ω ⊂ Rn be a domain and x = (x1, . . . , xn) ∈ Ω. We consider a state v(t, x) : [0, T ]×Ω → R.

In the control theory for PDEs, there are mainly two types of problems, corresponding to what
we require from our controlled solution v(t, x)

1. the exact or final controllability,

2. the controllability of moments or the integral overdetermination.

If we take the example of the initial boundary valued problem for the heat equation















∂tv −D∆v = u(x, t)h(x, t), (x, t) ∈ Ω×]0, T [,

v|t=0 = v0(x), x ∈ Ω,

v|∂Ω = 0, t ∈ [0, T ],

(5.2)

where the coefficient h, the initial temperature distribution v0 and the diffusion coefficientD >
0 are fixed and known, but u(x, t) : [0, T ] × Ω → R is a control which allow to ensure that the
solution v satisfies one of the following overdetermination conditions:

1. the final overdetermination condition

v|t=T = f(x) x ∈ Ω (5.3)

for a given f .

2. the integral overdetermination condition:

∫

Ω
v(t, x)ω(x)dx = χ(t) t ∈ [0, T ], (5.4)

presented by the space integral over Ω with ω(x) and χ(t) are given functions, or

∫ T

0
v(t, x)ω̂(t)dt = χ̂(x) x ∈ Ω, (5.5)

presented by the time integral with given functions ω̂(t) and χ̂(x).

Actually, if u is known and there are no any condition of overdetermination, then v is the usual
solution of the direct problem. But here, we don’t want any solution v, but a such solution v,
that it satisfies our additional condition (5.3) or (5.4) or (5.5) (as the condition is additional it is
named a condition of overdetermination). To be able to ensure it, we need to find a control
(the function u here). In other words, the control is also an unknown as v.

So, we have

• system (5.2) with (5.3) is the final or exact controllability problem: we are searching a con-
trol u which allows at a final time T to have exactly the heat distribution f(x), knowing
that initially for t = 0 it was equal to v0(x). Equivalently, we move our process from the
initial state to a final imposed state for a finite time. In many cases, the problem is to move
the solution from an initial state to 0 (for a finite time).
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• system (5.2) with (5.4) or with (5.5) is a problem of the controllability of moments, where
the integral overdetermination could be interpreted as the space or time mean values of
the solutions following the evolution in time given by χ(t) (for instance, for the nuclear
reactor it is important to keep the mean temperature constant or very slowly evaluated in
time) or to have the same space distribution as χ̂(x) (for instance, to be mainly localized
in one specific subregion of Ω).

Remark: If we discretize problem (5.2) on x, then v(x, t) 7→ V (t) =







v1(t)
. . .
vN(t)





 for which the

described controllability problems become of the same form as (5.1).
ODEs can be seen as approximations of PDEs.

The other type of controllability problems is the optimal control problems, i.e. the problems,
where we want to find a control u such that the corresponding solution minimizes or maximizes
a functional, for example, the energy of the system.

A special case of optimal control problems is the shape optimization problems, which we
consider in detail here for the Helmholtz equation (see Chapter 7, where χ describing the pres-
ence or absence of porous material in the Robin boundary condition is a control). The solution
of a PDE, for instance of the Helmholtz equation, v depends on the shape of the domain Ω
on which it has been found: for different Ω1 and Ω2 the corresponding solutions are different.
Thus, the shape of the domain could be a control such that the solution v, found for this shape,
minimizes a given functional, for instance, the energy of the wave (see Section 5.4).

5.2 Controllability problems for the propagation of waves

5.2.1 Exact controllability

Let Ω be a rectangular domain in R2 (see Fig. 5.1). In [39] it was considered the following exact

Ω

Br(x)

Figure 5.1 – The rectangular domain with a control supported inside on a ball.
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controllability problem for the wave equation

∂2
t u− ∆u = h(t, x) ]0, T [×Ω,

u = 0 on [0, T ] × ∂Ω,

u|t=0 = u0(x) x ∈ Ω,

∂tu|t=0 = u1(x) x ∈ Ω,

u(T, x) = ∂tu(T, x) = 0 x ∈ Ω ,

where the initial conditions u0 and u1 are given and h is the unknown control with a compact
support inside Ω. The question is to find h such that at a final time T the wave completely
disappears, i.e. u(T, x) = ∂tu(T, x) = 0 for all x ∈ Ω. Thanks to [39] we have the following
theorem

Theorem 5.2.1. For all T > 0 sufficiently large and for all (u0, u1) ∈ H1
0 (Ω) × L2(Ω) given,

there exists a control h ∈ L2([0, T ] × Ω) with supp(h) ⊂ [0, T ] ×Br(x).

5.3 High frequency waves propagation by rays

The most understood mathematically area of the controllability of waves is for the high fre-
quency limit, when the wave propagation is comparable to the propagation of rays with laws of
geometrical optic (while for the low or middle frequencies there are no a general mathematical
results).

Let us cite these several famous (but very difficult and not required in our course) works of Ral-
ston [59], Russell [64], Bardos-Lebeau-Rauch [9] and Bardos-Rauch [10], which are now classical
in the control theory of the high frequency wave propagation. We will only mention the main
and useful for us ideas.

5.3.1 Problem with a dissipation on a (part of) boundary

We start with following very important and general result for the wave propagation inside a
bounded domain with a dissipative part of boundary [64]:

Theorem 5.3.1 (D. L. Russell). Let Ω be a bounded domain. If there exists a dissipative part of the
boundary, then the acoustical energy decrease to 0 for t → +∞.

In the same time we have

Theorem 5.3.2. The rate of energy decay depends on the geometry of the boundary of Ω.

The rate of energy decay can be different, as, for instance, it can be arbitrarily small, and it can
be exponential. For the most efficient energy absorption, we are interesting to characterize the
geometries of ∂Ω for which it holds the exponential energy decay in time.

In the high frequencies, it is common to consider the wave propagation as the propagation of
rays following [59]

Theorem 5.3.3 (J. Ralston). Wave equations have solutions that are localized near curves (t, x(t))
in space-time. The curves are called rays. More precisely,

∀ǫ ∈]0, 1[ and T > 0 there exists a solution so that
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the fraction of the energy located at a distance greater than ǫ from the ray is smaller then 1 − ǫ for
0 ≤ t ≤ T (i.e. it is negligibly small).

For ∂Ω ∈ C∞ (or at leastC3 [12]), then [9] it is possible to have diffractive points as presented
on Fig. 5.2, i.e. the points of the geometry in which the coming ray does not change its direction.
These points are to avoid, as in this points the rays do not interact with the boundary in an

Figure 5.2 – If the ray does not change its direction, then it is a diffractive point [9].

efficient way [9]:

Theorem 5.3.4 (Bardos-Lebeau-Rauch). To have the exponential decay of the energy it is neces-
sary that any ray meets for t < T a dissipative part of the edge at least once at the non-diffractive

point.

As a corollary of this theorem, for these type of geometry thewave propagation system is exactly
controllable to 0 at a (sufficiently large) finite time T , i.e. we have Theorem 5.2.1.

In the same time, for some geometry of the boundary, there are stable rays [9]:

Figure 5.3 – The ray is “captured” by the geometry [9].

Fig. 5.4 give us some examples with a dissipative parts of the boundaries for which it holds
the Bardos-Lebeau-Rauch Theorem. The question of non-diffractive points is precised for C3

boundaries by [12]:

Lemma 5.3.1. Let Ω ⊂ Rn be a bounded domain with a smooth C3 boundary. Then every ray
hits the boundary at a non-diffractive point.

The Bardos-Lebeau-Rauch Theorem can be generalized also for geometries with with “curved”
angles [16], but what happens in a fractal boundary case it does not known. Actually it is not
clear how to define the direction of the reflected ray by a fractal boundary.



70 Chapter 5. Control of the waves

Figure 5.4 – Examples with dissipative parts on the boundary (the thin lines correspond to the non
dissipative parts), for which there is an exponential energy decay [9].

5.3.2 Interest of stable periodic rays

If a stable ray occurs between non-dissipative points of the boundaries, then the energy dissi-
pates arbitrarily slowly. But suppose the stable ray is created between dissipative points of the
boundary. In that case, this provides the exponential energy decay, since each interaction of the
ray with a dissipative surface diminishes the energy. This idea can be expressed as a capture
of the wave by a dissipative boundary (see forms of the anechoic chambers on Fig. 2.4). More
there are interactions of the ray with the absorbing boundary, more effective absorption is (see,
for example, Fig. 5.5).

Figure 5.5 – Example of a ray propagating between two absorbing cones, which increases the number
of its interaction to compare to the plane absorbing wall.

In [10] it was found the geometrical condition on the boundary shape which creates a captive
ray (see Fig. 5.6):

Lemma 5.3.2 (Bardos-Rauch). Let k1 and k2 be the curvatures at the two points of contact, and

2R be the distance between the contact points.

The ray is stable if and only if

∣

∣

∣

∣

∣

(k1σ2 + k2σ1)2 − (k2
1 + k2

2)

2k1k2

∣

∣

∣

∣

∣

< 1, σj = 1 − 2kjR.

For more complicated geometries as on Fig. 5.8 for prefractal examples, there are also results
about stable rays [57], which also called billard’s orbits.
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2R

k1

k2

Figure 5.6 – Captive geometry creating the stable periodic rays [10].

Figure 5.7 – The minor axis of an ellipse provide a stable ray and the major axis is unstable. The parallel
plane parts of boundary as for the rectangular provide stable rays [10].

Figure 5.8 – Stable periodic rays in prefractals (billard’s orbits) [57].

5.4 Geometrical optimal control for a fixed frequency

Let us suppose that all wall is absorbing, and it is constructed with the same fixed porous ma-
terial. The question is to find for a fixed frequency of a source an optimal shape of the wall,
which minimizes the acoustical energy. The problem is naturally related to different constraints
of building such wall, coming from its concrete application, as:

1. what it is the volume of the wall (the question is related with the quantity of the porous
material and the final price of the wall),
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2. the dimensions of the wall, which could be viewed as the area occupied by the wall (for
instance for a barrier for the highways, its shape cannot be too closed to the cars),

3. which is the complicity of the shapes could be constructed by the chosen technology (for
example, the demolding method of construction limits much more geometrical possible
shapes of the wall than the 3D printing, but in any case, it would be appreciated to have
an efficient shape the most simple as possible).

These restrictions on the shape of the wall define the class of admissible shapes of Γ (or equiv-
alently of Ω) on which we are searching to minimize the acoustical energy in the framework of
the initial problem Fig. 3.1:

Uad := the classe of admissible shapes Γ.

Let us fixed the volume V0 of the wall with a plane shape, which we consider as the initial wall of
reference (as a wall with the simplest shape), and the acoustical performances of all new shapes
of walls are usually compared to the plane shape of the wall.

Mathematically these practical points could be traduced in the following way (see Fig. 5.9):

1. we need to impose that for all admissible walls its volume kept identical to the initial wall
with a plane shape V0 = hL (see Fig. 5.9; it is rather natural to ask more performances for
a fixed quantity of material, making it possible to compare the walls of different shapes
with the wall of the plane shape).

2. we need to restrict the area where the shape of the wall can change, denoted by G (i.e.
for all admissible shapes Γ ⊂ G).

3. we need to ensure the “simplicity” of the shapes which we consider, i.e. to impose that all
admissible Γ

• are of a finite length less or equal toM (uniformly for all Γ, and naturally, the length
of Γ is not less than the length of the plane shape Γ0.)

• are (uniformly) Lipschitz and are locally not too complicated: for a fixed constant
ĉ > 0 it holds the following condition

∀x ∈ Γ
∫

Γ∩Br(x)
dσ ≤ ĉr. (5.6)

5.4.1 Model and admissible shapes

We consider a case of a tunnel with an absorbing barrier (see Fig. 3.7) and model it with the
Helmholtz system (5.7) with an absorbing boundary condition



































△u+ ω2u = f(x) x ∈ Ω,

u = g(x) sur ΓDir,
∂u

∂n
= 0 sur ΓNeu,

∂u

∂n
+ α(x, ω)u = 0 sur Γ, Re(α) > 0 et Im(α) < 0.

(5.7)
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Air

h

LΓ

Sol

G

Source

Figure 5.9 – Illustration for the volume and area G constraints on the admissible class of walls.

We consider the two-dimensional shape design problem, which consists of optimizing the shape
of Γ with the Robin dissipative condition to minimize the acoustic energy of system (5.7). The
boundaries with the Neumann and Dirichlet conditions ΓDir and ΓNeu are supposed to be fixed.

We also define a fixed open setD with a Lipschitz boundary, containing all domains Ω. Even if
we consider the case of Fig. 5.9 we also need to restrict our problem to a global fixed bounded
domainD (since even from the numerical point of view is not possible to work in all Rn). Actu-
ally, as only a part of the boundary (preciselyΓ) changes its shape, we also impose, as mentioned
previously, that the changing part always lies inside of the closure of a fixed open set G with a
Lipschitz boundary: Γ ⊂ G. The set G forbids Γ to be too close to ΓDir, making the idea of an

Ω

G

D

ΓNeu

ΓNeu

ΓDir Γ

Figure 5.10 – Example of a domain Ω in R2 with three types of boundaries: ΓDir and ΓNeu are fixed
and Γ can be changed in the restricted area G. Here Ω ∪ G = D and obviously Ω ⊂ D.

acoustical wall more realistic (for an example, see Fig. (5.10)).

The admissible class of domains [53] includes all domains, subsets of a fixed Lipschitz domain
D and containing Γ in a fixed compact set G in D

Uad(Ω0,Lip, ĉ,M,G) ={Ω ∈ Lip | ΓDir ∪ ΓNeu ⊂ ∂Ω, Γ ⊂ G,

0 < Vol(Γ) =
∫

Γ
dσ ≤ M < +∞,

∫

Ω
dx = Vol(Ω0)}, (5.8)

where Lip the class of all domains Ω ⊂ D with (uniformly) Lipschitz boundaries of a bounded
lengthM > 0 and supposed to be not too complicated by the local condition (5.6).
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Let us notice that the values of M , or more precisely its lower bound, influence the minimal
acoustical energy value. For instance, naturally, if Γ0 is the plane shape, then all Γ are such that
Vol(Γ) ≥ Vol(Γ0) > 0, which gives us a reasonable restriction to impose M ≥ Vol(Γ0) > 0:
ifM = Vol(Γ0) the unique solution is the plane shape, as soon as it is impossible to relate two
fixed points in the plane by a curve shorter than the line. However, the more interesting problem
is to takeM still finite but “sufficient bigger” than Vol(Γ0).

5.4.2 Remarks about the existence of an optimal shape

From a numerical point of view, the finite-dimensional optimization problems all times have
at least one optimal shape, i.e. all times have a solution. It could be understood in the sense that
a discretized domain is given by a finite mesh, which defines a finite number of possible changes
of its boundary satisfying all desired restriction criteria. Hence, between these finite number of
possibilities, it is all times possible to find at least one optimal shape. It is not surprising, as
soon as for numerics, the infinite sequences do not exist, and, roughly speaking, all possible
nonexistence results and other counter-examples usually come from the passage to the limit.

From a mathematical point of view, when the domains are not discretized and are subsets of Rn

and a considered on it model has a solution from a space of infinite dimension, this question of
the existence of an optimal shape is not trivial at all. For instance, we can cite different classical
examples of shape optimization problems for which the desired optimal shape does not exist
[41, Sec. 4.2, p. 137].

From the theoretical point of view, if we consider the admissible shapes defined in sub-
section 5.4.1, as (uniformly) Lipschitz boundary with the usual Lebesgue measure, then for the
shape optimization problem

inf
Ω∈Uad(Ω0,Lip,ĉ,M,G)

J(Ω, u(Ω))

there exists an optimal shape Ωopt ∈ Uad(Ω0,Lip, ĉ,M,G) providing the infinum of J (it also
could provide a minimum, but as soon as we don’t know sufficiently the properties of the min-
imizing sequence of (Ωk)k∈N∗ ⊂ Uad(Ω0,Lip, ĉ,M,G) is not possible to conclude it). This in-
finum is realized for theweak solution of theHelmholtz problem onΩopt ∈ Uad(Ω0,Lip, ĉ,M,G),
i.e. on a domain with a Lipschitz shapeΓopt, but with possibly different measure on it (a measure
equivalent to the Lebesgue measure).

The problem occurs from the fact that the uniformly bounded (byM ) perimeters are not con-
tinuous (only lower continuous [41]): if Γk → Γopt (actually in the Hausdorff sense), this does
not imply that

∀φ ∈ C(D)
∫

Γk

φdσ →
∫

Γopt

φdσ,

and the only possibility that we have is to say that there exists a finite measure µ∗ on Γopt, such
that

∀φ ∈ C(D)
∫

Γk

φdσ →
∫

Γopt

φdµ∗.

Suppose µ∗(Γopt) =
∫

Γopt
1dσ (unfortunately not guaranteed). In that case, we can establish the

existence of the minimum of our optimization problem, since we stay in the same admissible
class with the same fixed usual Lebesgue measure. Otherwise, and it is the general situation,
we can only conclude the existence of an optimal shape Ωopt realizing the infinium of J on
Uad(Ω0,Lip, ĉ,M,G). For more details (not required in the framework of this course), see [53].
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It is similar to the situation of the parametric optimization, where it is not generally possible to
find its minimum on Uad(β), but only its infinium. A relaxation problem consists of allowing
differentmeasures on the boundaryΓ and passing from the uniformly bounded perimeter shapes
to the shapes with uniformly bounded measures. Roughly speaking, this can be viewed as a
class of shapes with bounded dimensions n − 1 ≤ d < n, involving d-dimensional fractals,
Lipschitz boundaries, and their mixtures and other generalizations [43, 44]. In this class of
admissible shapes, there is the existence of the minimum of J .

5.5 Non unicity of an optimal shape

For a fixed frequency and even on a fixed range of frequencies, different absorbing shapes can
provide the same values of energy.

It comes [31, 33, 34] from the identical spectral properties for different shapes, i.e. the eigenval-
ues.

For example, Fig. 5.11 shows two domains for which −∆ has the same eigenvalues. We don’t

Figure 5.11 – Carolyn Gordon, David Webb and Sco� Wolpert (1992): two examples of domains with
the same spectrum.

have the uniqueness of the optimal shape, since different shapes can have the same spectrum
and be identically efficient in the dissipation of the energy in the fixed range of frequency.

We can illustrate it numerically on Fig. 5.12. We take as a reference domain Ωflat =]0, 2[×]0, 1[
with a flat boundary Γ0 fixed at x = 2. The characteristic lengths of Ωflat are ℓ = 1 and L = 2ℓ.
The Helmholtz equation is considered with a wave number k = ω

c0
, i.e,

∆u+ k2u = −f,
where c0 is the sound speed in air. We take

f = 0, g =
1

σ
√

2π
exp

(

−(y − 1/2)2

2σ2

)
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with σ = 1 in the Helmholtz boundary value problem. For the chosen σ, the smallest wave-
length, excited by g, is λ = ℓ

2
. The parameter α in the Robin boundary condition depends on

the value of the frequency ω. The parameter α is calculated for ISOREL porous medium, using
a minimization of the difference between the solution of the problem with a volume dissipation
(described by a damped wave equation) and the solution of the problem with the boundary dis-
sipation for the flat shape boundary (see Theorem B.1 [53]). We solve the Helmholtz boundary
value problem on a fine mesh with the size h = ℓ

64
(see Appendix B). For waves with the wave-

length equal to ℓ
2
, this typically gives dispersion errors of the order 10−3, since the dispersion

error due to the centered finite difference approximation of the Laplacian is known to be (kh)2

24
,

with kh = 2π
32

here. We fix the frequency ω0 = 3170, which is a local maximum of

J(ω,Ω) =
∫

Ω
|u|2dx,

calculated for Ωflat =]0, 2[×]0, 1[ in a range of frequencies ω ∈ [3000, 6000].
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(e) Energies for these three domains

Figure 5.12 – The values of |u|2 are presented on the domain with the flat boundary shape and two
optimal domains for the fixed frequency ω0 = 3170. Numerical values of J(ω, Ω) =
‖u(ω, Ω)‖2

L2 atω0 = 3170 are almost the same: J(Ωflat
opt) = 0.1654 andJ(Ωc

opt) = 0.1659.

The graphs of J(ω, Ωflat
optimal) and J(ω, Ωc

optimal) are almost the same for the chosen range
of frequencies.

5.6 Engineering acoustical energy control on a range of

frequencies

From the engineering point of view the most important question is to find “range-optimal”
shape, i.e. a shape of an absorbing wall, the most efficient on a fixed range of frequencies. An



5.6. Engineering acoustical energy control on a range of frequencies 77

other optimality could be related with the geometrical complexity and ability to be constructed.

Numerically we start by finding of a “range-optimal” shape in absorption and after we simplify
it and compare two performances.

Oncewe know how to find numerically an optimal shape for one fixed frequency, we can develop
an algorithm of the energy minimization on a range of frequencies. For the Helmoltz model

(a) Ω0 (b) Ω1 (c) Ω2 (d) Ω3

(e) Ω4 (f) Ω5 (g) Ω6 (h) Ω7

Figure 5.13 – Shapes, which are used in the optimization algorithm process: from le� to right in the
top line - Ω0 (the initial shape), Ωk, k = 1, 2, 3, and from le� to right in the bo�om line
- Ωk, k = 4, 5, 6, 7. The domain Ω7 is generated manually in the aim to simplify Ω6 (the
final “range-optimal” shape).

described above, we minimize the acoustical energy J(ω,Ω) =
∫

Ω |u(ω,Ω)|2dx in the range
ω ∈ [3000, 6000].

As previously, we fix the frequency ω0 = 3170 of a local maximum of J on Ωflat =]0, 2[×]0, 1[.
We perform the shape optimization algorithm for this frequency, taking as the initial shape Ω0,
given on Fig. 5.13, and we obtain Ω1, optimal at ω = 3170. Noticing that all local maxima of
J(Ω1) are smaller than the local maxima of J(Ωflat) (see Fig. 5.14), we choose Ω1 as the initial
domain and restart the optimization algorithm, minimizing in the neighborhood of Ω1 the sum
of functionals

∑3
k=1 J(Ω)(ωk), where ω1 = 3410, ω2 = 4025 and ω3 = 4555 are the local

maxima of J(Ω1). This minimization gives the optimal shape Ω2, such that

1. Ω2 is “range-optimal” in the neighborhood of ωk for k = 0, 1, 2, 3;

2. all local maxima of J(Ω2) are smaller than the local maxima of J(Ω1).

Choosing ω4 = 3625 and ω5 = 4240, corresponding to the local maxima of J(Ω2), we take Ω2

as the initial domain and restart the optimization algorithm, minimizing J(Ω)(ω4) + J(Ω)(ω5)
to obtain the optimal shape Ω3, such that

1. Ω3 is “range-optimal” in the neighborhood of ωk for k = 0, . . . , 5;

2. all local maxima of J(Ω3) are smaller than the local maxima of J(Ω2).
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Figure 5.14 – The values of the objective function J(Ω0) (A = 1, B = 0, C = 0) for the flat shape as
a function of ω ∈ [3000, 6000] are presented by the line with circles, the values of J(Ω1)
(see Fig. 5.13 for the shape of Ω1) are presented by the line with squares, of the values
J(Ω2) by the line with stars, those of J(Ω3) by the line with empty rhombus, those of
J(Ω4) by the line with arrows, those of J(Ω5) by the line with full rhombus, and those of
J(Ω6) by the black dashed line.
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Figure 5.15 – Comparison of the dissipative properties of the flat shape Ωflat, the optimal Ω6 and of its
simplification Ω7. The values of J(Ωflat), of J(Ω6) and of J(Ω7) (A = 1, B = 0, C = 0)
as functions of ω ∈ [3000, 6000] are given by the lines with circles, squares and stars
respectively.

We iterate this process up to Ω6, and we are stopped by the restriction that Γ must be contained
by the area G = [ 3

2
, 3] × [0, 1].

The shape of Ω6 contains multiscale details, which ensures the dissipative performances of the
wall in a large range of frequencies (see Fig. 5.14). Thinking about the demolding process of
wall construction, we simplify the geometry of Ω6, deleting the multi scales, and keeping only
the largest characteristic scale of Ω6 (see the domain Ω7, generated by hand, on Fig. 5.13). As we
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can see from Fig. 5.15, since we have kept almost unchanged the largest characteristic geometric
size for Ω6 and Ω7, the energy dissipation is also almost the same in the corresponding range of
frequencies (see red and green lines for [3000, 3700]on Fig. 5.15). As all smaller-scale details have
been deleted, the shape of Ω7 is not as good as the shape of Ω6 to dissipate higher frequencies
(see lines with squares and stars for [3700, 6000] on Fig. 5.15). Hence, Fig. 5.15 shows that the
compromises between two desired properties “to be the most dissipative” (as Ω6 here) and “to
be simple to construct” (on the example of Ω7) is not too bad, especially if we know the most
critical frequencies to dissipate.





Chapter 6

Compactness

6.1 Compact sets in the normed vector spaces

6.1.1 Definitions and examples

Definition 6.1.1. Let (X, ‖ · ‖X) be a normed vector space. A set M ⊂ X is called compact, if
any sequence ofM contains a sub sequence converging to an element ofM :

∀(xn)n∈N ⊂ M ∃(xnk
)k∈N ⊂ (xn)n∈N and ∃x ∈ M such that

xnk
→ x in X, i.e. ‖xnk

− x‖X → 0, k → +∞.

In particular for the finite dimensional spaces there is the Theorem of Heine-Borel

Theorem 6.1.1. (Heine-Borel) In Rn (or Cn ) a set is compact if and only if it is bounded and

closed.

Attention: If the space (X, ‖ · ‖X) has an infinite dimension (dimX = +∞), as for example
the spaces L2(Ω), H1(Ω) and C(Ω), the condition

“bounded + closed ” ⇒ compact

does not true anymore. We only have the statement

compact ⇒ “bounded + closed ”.

The following example is actually a very important theorem:

Example 6.1.1. Let (X, ‖ · ‖X) be a normed linear vector space of infinite dimension. Then the
closed unit ball B1(0) = {x ∈ X|‖x‖X ≤ 1} is not compact.

But it is more easy to prove it in the case of a Hilbert space:
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Example 6.1.2. LetH be a separable Hilbert space (there exists a countable orthonormal basis) of
infinite dimension. Let us denote this basis (en)n∈N∗ ⊂ H . By its definition

(ek, em)H = δk,m =

{

1, k = m
0, k 6= m.

Thus we compute

‖ek − em‖2
H = (ek − em, ek − em)H = 2,

which means that the distance

dH(ek, em) = ‖ek − em‖H =
√

2 ∀k 6= m.

In other words, the elements ek and em are all separated by the distance equal to
√

2. Thus this
sequence cannot have any convergent sub sequence in H (there are no an accumulation point).

Thus we have taken a sequence of the closed unit ball of H and it dose not have a convergent sub
sequence. Thus the closed unit ball in H is not compact.

Let us now give an example of compact sets:

Example 6.1.3. Let (xn)nN be a convergent sequence in a normed vector space (X, ‖ · ‖X) (i.e.
there exists x ∈ X such that xn → x for n → +∞ in X). This sequence (xn))nN with x forms a
compact set.

More generally, the compact sets cannot contain any non trivial closed ball of X (these kind of
sets are called nowhere dense sets in X).

Definition 6.1.2. (Strong convergence) Let (X, ‖ · ‖X) be a normed linear vector space. We say
that a sequence (xn)n∈N ⊂ X converges strongly to x ∈ X if it converges by the norm of X
(xn → x in X if ‖xn − x‖X → 0 for n → +∞).

So, we have seen that the closed ball in the infinite dimensional vector normed space is not
compact for the strong type of convergence.

Question: Is it possible to make Br(x) compact in (an infinite dimensional) Hilbert space?

To do it, we need to consider the weak convergence.

6.1.2 Weak convergence in a Hilbert space

In this subsection we suppose to work in a Hilbert space of infinite dimension.

Definition 6.1.3. (Weak convergence) Let H be a Hilbert space. We say that (xn)n∈N ⊂ H con-

verges weakly to x ∈ H and write xn ⇀ x in H if

∀v ∈ H (xn, v)H → (x, v)H , (6.1)

where, as previously, (·, ·)H is an inner product in H .
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Attention: The sequence ((xn, v)H)n∈N ⊂ C is a numerical sequence.

Properties of the weak convergence

Let us now consider the properties of the weak convergence:

Proposition 6.1.1. Weak limit is unique.

Proof

Let us suppose the converse. Let (xn) be a sequence in H such that

xn ⇀ x and xn ⇀ x̃ n → ∞.

Then for all v ∈ H ,

(xn, v)H → (x, v)H , and (xn, v)H → (x̃, v)H .

Thus, the numerical sequence ((xn, v)H)n∈N is convergent in C (or R). Consequently, there
exists only one limit of this numerical sequence:

∀v ∈ H (x, v)H = (x̃, v)H .

Therefore,
∀v ∈ H (v, x− x̃)H = 0.

It means that the vector x− x̃ is orthogonal to all spaceH , including itself. From x− x̃ ⊥ x− x̃
it follows that x− x̃ = 0. The contradiction. �

Proposition 6.1.2. The strong convergence implies the weak convergence, but in the infinite di-

mensional case generally the weak convergence does not implies the strong one:

−→ ⇒ ⇀ , but ⇀ ; −→ .

However, if dimH = m < ∞, then (H is isomorph to Rm or Cm) the weak convergence implies

the strong convergence and thus two convergences are equivalent.

Proof

Let us prove −→ ⇒ ⇀ . If xn → x in H , then ‖xn − x‖H → 0 in H and hence, by the
Cauchy-Swartz inequality, for all v ∈ H

|(xn, v)H − (x, v)H | = |(xn − x, v)H | ≤ ‖v‖H‖xn − x‖H → 0.

Then, by Definition 6.1.3, we conclude that xn ⇀ x in H .

Let us now give an example of a sequencewhich convergesweakly but not strongly in an infinite
dimensional Hilbert space.

Let (ek) be orthonormal basis inH . Then every vector can be approximated by its Fourier series:

∀x ∈ H x =
∑

k∈N

(x, ek)Hek, i.e. ‖x−
k
∑

i=1

(x, ek)Hek‖H → 0 for k → +∞.
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Here ((x, ek)H)k∈N are the coefficients of Fourier of x corresponding to the basis (ek)k∈N. We
recall that it holds the Parseval identity:

∀x ∈ H ‖x‖2
H =

∑

k∈N

|(x, ek)H |2,

which actually means that the numerical series
∑

k∈N |(x, ek)H |2 converges. Then

∀x ∈ H 〈x, ek〉 → 0 k → ∞.

Consequently, ek ⇀ 0. But if n 6= m ‖en − em‖2 = 〈en − em, en − em〉 = 2, thus (ek) is not a
Cauchy sequence in H and then (ek)k∈N does not converge.

The equivalence of the weak and strong convergences in a finite dimensional space follows from
the fact that all norms in this case are equivalent. We omit the proof. �

Proposition 6.1.3. If xn ⇀ x in H , then (xn)n∈N is bounded (by norm) in H :

∃C > 0 : ‖xn‖H < C and ‖x‖H ≤ lim inf ‖xn‖H ,

where lim inf ‖xn‖H = limn→∞(infm≥n xm).

Instead of the proof let us give an example:

Example 6.1.4. Let us consider L2([0, 1]) and

xn(t) =
√

2 sin(πnt).

The sequence (xn) is an orthonormal basis of L2([0, 1]). We have

‖xn‖ = 1 ⇒ lim
n

‖xn‖ = 1.

For α(t) ∈ L2([0, 1]) we define, with notation cn for Fourier coefficients,

f(xn) =
√

2
∫ 1

0
α(t) sin(πnt)dt =

√
2cn

such that

f(xn) → 0, n → ∞, and xn ⇀ 0.

Thus, the limit x = 0 and

‖x‖ = 0 < 1 = lim
n

‖xn‖.

In addition we have the following characterization of the weak convergence:

Proposition 6.1.4. A sequence xn ⇀ x in H for n → +∞ if and only if

1. (‖xn‖)n∈N is bounded,

2. For n → +∞, (v, xn) → (v, x) ∀v ∈ E, E = H .

We know that the inner product is continuous by the strong convergence in H :

xn → x, yn → y ⇒ (xn, yn) → (x, y).

If xn ⇀ x, yn ⇀ y, it does not imply that (xn, yn) → (x, y). Let us give an example:
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Example 6.1.5. Let (en) be an orthonormal sequence in H and xn = yn = en. Then en ⇀ 0 and

(en, en) = ‖en‖2 = 1 9 0 = (0, 0).

Proposition 6.1.5. Let H be a Hilbert space. If xn → x and yn ⇀ y in H , then

(xn, yn) → (x, y).

Proof. Since yn ⇀ y in H , for all n ∈ N the norms ‖yn‖ are bounded. Let

M = sup
n

‖yn‖.

Then, by the Cauchy-Schwartz inequality, we have

|(xn, yn) − (x, y)| ≤ |(xn − x, yn)| + |(x, yn − y)| ≤ M‖xn − x‖ + |(x, yn − y)|.

Since yn ⇀ y in H , then |(x, yn − y)| → 0, and since xn → x, then ‖xn − x‖ → 0. Therefore,
we conclude that |(xn, yn) − (x, y)| → 0. �

Remark: Hence, it is important to have at least one of two sequence converging strongly.
If we have two weak convergent sequences, it is not enough to have the convergence of the
corresponding inner products.

The following proposition is really very useful.

Proposition 6.1.6. Let H be a real Hilbert space. Let (xn)n∈N be a weakly converging sequence

to x. Further assume that ‖xn‖ converges to ‖x‖ for n → +∞. Then (xn)n∈N converges strongly
to x.

Proof. We have

(xn − x, xn − x) = (xn, xn) − (xn, x) − (x, xn) + (x, x).

For n → ∞, we find that

lim
n→∞ (xn − x, xn − x) = 0,

which means that ‖xn − x‖ → 0, i.e. xn → x in H . �

Weak compactness of the closed balls

Theorem6.1.2. LetH be a Hilbert space. Then the closed non-trivial ballBr(0) is weakly compact:

∀(xn)n∈N ⊂ Br(0) ∃(xnk
)k∈N ⊂ (xn)n∈N : ∃x ∈ Br(0) such that xnk

⇀ x k → +∞.
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Attention: As a direct corollary of this theorem we have that all bounded sequence contains a
weakly convergent subsequence:

‖xn‖ ≤ C ∀n ⇒ ∃(xnk
)k∈N ⊂ (xn)n∈N : xnk

⇀ x in H.

6.2 Compact operators

Definition 6.2.1. A setM ⊂ Y of a normed vector space (Y, ‖ · ‖Y ) is called relatively compact

set (in French pré-compact), if its closureM in Y is a compact set in (Y, ‖ · ‖Y ).

Definition 6.2.2. LetX and Y be Banach spaces. A linear operatorA : X → Y is compact, if it
maps all bounded sets of the space X to a relatively compact set of the space Y .

M bounded

A

X

Y

AM

Figure 6.1 – Operator A maps a bounded set M of X in a set AM in Y . If AM is bounded, then A
is bounded/continuous operator. If AM is relatively compact then A is compact operator
(and also bounded).

Let us denote B1 = B1(0) = {f ∈ X|‖f‖X ≤ 1} the closed unit ball in X .

Remark: The operator A is compact iff AB1 is a relatively compact set in Y .
Indeed, if A is compact operator, then obviously AB1 is a relatively compact set in Y .
Conversely, let AB1 be a relatively compact set in Y . For all bounded setsM in X there exist
r > 0, the radius of the ball includingM :

M ⊂ Br = rB1.

Consequently, using the linearity of A,

AM ⊂ rAB1.

SinceAB1 is a relatively compact set, thus rAB1 too, what implies thatAM is relatively compact
(any subset of a relatively compact set is relatively compact itself).
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Remark: Let us denote byK(X, Y ) the set of all compact operators fromX to Y (X and Y are
Banach spaces). We also recall thatL(X, Y ) is the normed vector space of all bounded operators
from X to Y with a norm

‖A‖L(X,Y ) = sup
x 6=0

‖Ax‖Y

‖x‖X
= sup

‖x‖X ≤1
‖Ax‖Y = sup

‖x‖X =1
‖Ax‖Y

= inf{C ∈ R+|‖Ax‖Y ≤ C‖x‖X ∀x ∈ X}.

We notice that
• All compact operators from (X, ‖ · ‖X) to (Y, ‖ · ‖Y ) are bounded operators:

K(X, Y ) ⊂ L(X, Y ).

Indeed, it is sufficient to notice that if AB1 is relatively compact, then AB1 is bounded.
• If dimX < ∞ or dim Y < ∞, then the compactness of the operators is equivalent to the
boundness:

K(X, Y ) = L(X, Y ).

Indeed, let dimX < ∞, then AX is finite dimensional. In addition, AB1 ⊂ AX and all
bounded set in AX is relatively compact in Y . If dim Y < ∞, we have AB1 ⊂ Y and
there is no difference between the relatively compactness and the boundness in the final
dimensional space.

Example 6.2.1. The dual spaceX∗ = L(X,R) = K(X,R), i.e. all linear continuous functionals
on X are compact operators from X to R.

Attention: M is a relatively compact set in a normed vector space of finite dimension if and
only ifM is a bounded set.

Theorem 6.2.1. LetX and Y be Banach spaces. The set of all compact operators from (X, ‖ · ‖X)
to (Y, ‖ · ‖Y ), denoted byK(X, Y ), is a closed vector subspace of L(X, Y ):

1. A is a compact operator ⇒ ∀λ ∈ C λA is compact operator.

2. A and S are compact operators ⇒ A+ S is compact operator.

3. (An) is a sequence of compact operators such thatAn → A in L(X, Y ) ⇒ A is compact
operator.

In addition, K(X,X) forms a closed ideal in L(X,X), i.e if A is a compact operator and S is a
bounded operator, then the operators AS and SA are compact.

Proof
The first statement is admitted without proof. Let now prove
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A ∈ K(X,X), S ∈ L(X,X) ⇒ AS and SA are compact operators.

By AS and SA we understand A ◦ S and S ◦ A respectively. Since S maps bounded sets to
bounded sets, we have that there exists r > 0 such that

(AS)B1 = A(SB1) ⊂ ABr,

and since A is compact and Br is bounded, thus ABr is relatively compact. In other hand,
(SA)B1 = S(AB1), where AB1 is relatively compact. Since S ∈ L(X,X), S is continuous and
thus preserve the property of the relatively compactness. �

Corollary 6.2.1. A compact operator A mapping a Banach space X into itself cannot have a
bounded inverse A−1 if X is infinite-dimensional.

Proof
IfA−1 were bounded, then, by Theorem 6.2.1, the identity operator I = A−1Awould be compact.
But the unit ball is not relatively compact in an infinite-dimensional Banach space. �

We also mention the following property of the compact operators:

Proposition 6.2.1. LetX be a Banach space andA ∈ L(X,X) a compact operator. Then Im(I−
A) is a closed subspaces in X . Here, by I is denoted the identity operator.

Proof
Let (yn) belong to Im(I −A). Then for all n ∈ N there exists xn ∈ X such that

xn −Axn = yn.

Let yn → y inX for n → ∞. Let us prove that y ∈ Im(I−A). We consider the following cases:

1. Let (xn) be bounded inX . Then the set (Axn) is relatively compact. Moreover, since

xn = yn + Axn,

where (yn) converges and (Axn) is relatively compact, we conclude that (xn) is also rel-
atively compact (by the composition of a continuous function x + y with a bounded and
a compact operators). Thus, there exists a subsequence (xnk

) which converges in X . We
denote its limit by x ∈ X . We pass to the limit for nk → ∞ in the equation

xnk
− Axnk

= ynk

and obtain, using the continuity of A, that

x− Ax = y,

i.e. y ∈ Im(I −A).

2. Let (xn) be unbounded inX .

Let V be a subspace of X equal to Ker(I −A):

V = Ker(I − A) = {z ∈ X| z − Az = 0}.

We define the distance
dn = d(xn, V ) = inf

z∈V
‖xn − z‖X .
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By the definition of the infinimum, there exists zn ∈ V such that

dn ≤ ‖xn − zn‖X ≤
(

1 +
1

n

)

dn. (6.2)

In addition,

(I − A)(xn − zn) = yn.

If (dn) is bounded, then (xn−zn) is bounded and hence, as previos, changing xn to xn−zn,
we obtain that y ∈ Im(I − A).

Let us show that (dn) cannot be unbounded. If it is, then there exists a subsequence, also
denoted by (dn), such that

dn → ∞, n → ∞.

We consider

un =
xn − zn

‖xn − zn‖X
.

Then

∀n ∈ N ‖un‖X = 1 and (I −A)un =
yn

‖xn − zn‖X

→ 0, n → ∞,

since
∥

∥

∥

∥

∥

yn

‖xn − zn‖X

∥

∥

∥

∥

∥

X

=
‖yn‖X

‖xn − zn‖X

≤ supn ‖yn‖X

dn

→ 0.

Therefore, by the previos argument, it follows that there exists a subsequence (unk
) such

that unk
→ u for a u ∈ V . In other hand,

xnk
− znk

− ‖xnk
− znk

‖u = (unk
− u)‖xnk

− znk
‖,

and in addition

znk
+ ‖xnk

− znk
‖Xu ∈ V.

Consequently, thanks to inequality (6.2), we have

‖unk
− u‖X

(

1 +
1

nk

)

dnk
≥ ‖(unk

− u)‖xnk
− znk

‖X‖X

= ‖xnk
− (znk

+ ‖xnk
− znk

‖Xu)‖X ≥ dnk
,

from where

‖unk
− u‖X ≥ nk

nk + 1
, lim

nk→∞
nk

nk + 1
= 1,

but this is a contradiction with ‖unk
− u‖ → 0 for nk → ∞. Hence, (dn) is bounded and

the boundeness of Im(I − A) is proved.

�
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6.3 Strong and weak continuity of the linear operators in

a Hilbert space

Let H be a Hilbert space and A : H → H be a linear operator on H .

Let us recall that if A is continuous (bounded) operator on H , then

xn → x in H =⇒ Axn → Ax in H,

i.e. every strongly convergent sequence in H a bounded (or continuous) operator maps to a
strongly convergent sequence in H .

Let us give now a very important theorem for the weak convergent sequences:

Theorem 6.3.1. Let H be a Hilbert space, A : H → H be a linear operator on H and a sequence
(xk)k∈N ⊂ H converge weakly to x in H .

Then

1. if A is continuous, then Axk ⇀ Ax for k → +∞ in H (a continuous operator preserves the

weak convergence and can be called also weakly continuous);

2. if A is compact, then Axk → Ax for k → +∞ in H (a compact operator maps a weak

convergent sequence to a strongly convergent sequence).

Proof

The proof is given for the completeness, but it can be omitted.

1. Using the linearity, it is sufficient to consider the case x = 0. Since A ∈ L(H,H), then
there exists A∗ ∈ L(H,H). Therefore, if xk ⇀ 0 in H , then

∀y ∈ H, 〈Axk, y〉 = 〈xk, A
∗y〉 → 0.

2. Let (xk)k∈N be a sequence converging weakly to 0. Thus it is bounded in H .

Let us suppose that the statement is false:

‖Axk‖H 9 0 for k → +∞.

Thus, there exists ǫ > 0 and a subsequence xkj
such that

‖Axkj
‖ ≥ ǫ.

As (xkj
) is a bounded set in H , the compactness of A implies that there exist y ∈ H and

a subsequence (xkm
) of the sequence (xkj

) such that

‖Axkm
− y‖ → 0.

Since xkm
⇀ 0 and A is continuous, then the first point implies that y = 0, and hence

lim
m→∞ ‖Axkm

‖ = 0,

which is a contradiction.
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�

Remark: The second point of Theorem 6.3.1 holds “iff” and is often used as criteria:
assume that A : H → H is a linear operator on a Hilbert space H (or more generally, reflexive
Banach space, for the definition see Chapter 7); then

A is a compact operator if and only if it maps weak converging sequences to

strong converging sequences on H.

This criteria holds also for linear operators mapping from one Hilbert space to an other: A :
H1 → H2, whereH1 andH2 are two Hilbert spaces, then A is a compact operator if and only if
it maps weak converging sequences inH1 to strong converging sequences onH2. One of typical
examples is the trace operator Tr : H1(Ω) → L2(∂Ω, µ), see Theorem 6.5.1.

6.4 Spectral properties of compact operators in a Hilbert

space

Definition 6.4.1. LetA be a linear operator mapping a topological linear spaceX into itself. Then
a number λ is called an eigenvalue ofA if the equationAx = λx has at least one nonzero solution,
and every such solution x is called an eigenfunction (or eigenvector) of A (corresponding to the
eigenvalue λ).

Lemma 6.4.1. LetH be a Hilbert space and A : H → H , A ∈ L(H,H) be a self-adjoint operator
in H . Then

1. all eigenvalues of A are real.

2. If x and y are eigenvectors of A corresponding to the eigenvalues λ and η respectively, such
that λ 6= η, then x is orthogonal to y in H .

Proof

1. Let x 6= 0 be a eigenvector of A corresponding to λ:

Ax = λx.

It implies that
(Ax, x)H = λ(x, x)H .

As A is self-adjoint, its quadratic form (Ax, x)H is real. In addition, (x, x)H is real too and
(x, x)H 6= 0. Therefore, λ = (Ax,x)H

(x,x)H
is a real number.

2. We have Ax = λx and Ay = ηy. Thus

(Ax, y)H = λ(x, y)H, (x,Ay)H = (x, ηy)H.

Since η is real, (x,Ay)H = η(x, y)H , and we also have (Ax, y)H = (x,Ay)H , since A is
self-adjoint. Consequently, (λ− η)(x, y)H = 0 which implies, since λ 6= η, that (x, y)H =
0, which means that x ⊥ y in H .



92 Chapter 6. Compactness
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Theorem 6.4.1. (Hilbert-Schmidt) Let H 6= {0} be a Hilbert space and A : H → H be a

compact self-adjoint operator inH . Then there is an orthonormal system φ1, φ2, . . . of eigenvectors
of A which forms an orthonormal basis in H . In addition,

1. All nonzero eigenvalues λ 6= 0 of A have a finite multiplicity.

2. The set of different eigenvalues of A is finite or countable.

3. If the set of eigenvalues of A is countable, then the eigenvalues form a sequence (λn) which
converges toward 0.

Remark: LetH 6= {0} be a Hilbert space andA : H → H be a compact self-adjoint operator in
H . Then, byHilbert-Schmidt theorem, there is an orthonormal systemφ1, φ2, . . . of eigenvectors
of Awhich forms an orthonormal basis inH . In particular, all u ∈ H can be uniquely presented
as

u =
∑

λi 6=0

〈φi, u〉φi + ψ,

where ψ ∈ KerA. If KerA = {0}, then

∀u ∈ H u =
∑

i

〈φi, u〉φi and Au =
∑

i

λi〈φi, u〉φi.

6.5 Compactness of the injection of H1(Ω) to L2(Ω) and of

the trace operator

Definition 6.5.1. The operator iL2(Ω) : H1(Ω) → L2(Ω) is called the injection operator of

H1(Ω) to L2(Ω), if it takes an element u ∈ H1(Ω) and associates to it iL2(Ω)(u) = u ∈ L2(Ω),
i.e. the same u, but viewed this time as an element of L2(Ω).

Remark: Obviously, iL2(Ω) is linear. It is also easy to see that it is bounded or continuous:

‖iL2(Ω)(u)‖L2(Ω) ≤ ‖u‖H1(Ω).

To complete the application of the introduced theory of compact operators, our main goal now
is to understand the meaning of the following theorem:

Theorem 6.5.1. Let Ω ⊂ Rn be a bounded domain with a compact Lipschitz or self-similar d-set
boundary ∂Ω (n− 1 ≤ d < n) with a d-measure µ. Then

1. the injection operator iL2(Ω) : H1(Ω) → L2(Ω) is linear compact operator;
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2. the trace operator Tr : H1(Ω) → L2(Γ, µ) for a compact Γ ⊂ ∂Ω is a linear compact
operator.

Attention: Theorem 6.5.1 contains very crucial results, absolutely to know. In the framework
of this course the theorem is admitted without proof (the main ideas of the proof could be found
in [5]).

One of the main corollaries of this Theorem is due to Point 2 of Theorem 6.3.1 and the weak
compactness of bounded sets in the Hilbert spaces:

Corollary 6.5.1. For any bounded sequence (uk)k∈N inH
1(Ω), i.e. for which there exists a constant

C > 0 such that ‖uk‖H1(Ω) ≤ C for all k ∈ N, there exists a weakly convergent (to u) in H1(Ω)
subsequence (ukj

)j∈N, which converges strongly in L2(Ω)

ukj
→ u in L2(Ω), for j → +∞

and for which the corresponding sequence of traces on Γ converge strongly in L2(Γ, µ)

Trukj
→ Tru in L2(Γ, µ), for j → +∞.

Let us also notice that for any proper Hilbert subspace of H1(Ω), for instance V (Ω) or H1
0 (Ω)

the corresponding injection and trace operators are also compact.

Problem 6.5.1. Justify and explain why iL2(Ω) : V (Ω) → L2(Ω) and Tr : V (Ω) → L2(Γ, µ) are
also compact.





Chapter 7

Parametric optimization

Let us start by introducing the notion of reflective spaces.

7.1 Reflexivity

Definition 7.1.1. The bidual space of X is noted by X∗∗ and defined by

X∗∗ := (X∗)∗ = L(X∗,R) = L(L(X,R),R).

It is the normed space of a linear continuous functional from X∗ to R with the norm:

‖F‖L(X∗,R) = sup
f∈X∗,‖f‖L(X,R)≤1

|〈F, f〉|.

Let us fix x ∈ X . Then for f ∈ X∗ the mapping Fx : X∗ → R such that f 7→ 〈f, x〉 is a linear
continuous functional on X∗.

There is a natural injection Φ fromX toX∗∗. Given x ∈ X , associate Φ(x) = Fx ∈ X∗∗ defined
by a linear continuous functional onX∗: Fx : f ∈ X∗ 7→ 〈f, x〉 ∈ R. Thus we have the equality:

〈Fx, f〉X∗∗,X∗ = 〈f, x〉X∗,X ∀x ∈ X, ∀f ∈ X∗.

The notation 〈x, y〉X,Y means that x ∈ X , y ∈ Y and 〈x, y〉 = x(y).

Proposition 7.1.1. LetX be a normed space. Then the natural injection Φ : X → X∗∗ is a linear
isometric (thus continuous) operator:

‖Fx‖X∗∗ = ‖x‖X .

As Φ is isometric, it means that X ≈ Φ(X) ⊂ X∗∗, where Φ(X) is a subspace of X∗∗. If Φ is
surjective (and then bijective),X and X∗∗ can be identified.

Definition 7.1.2. We say that X is reflexive if Φ(X) = X∗∗. In this case we write X = X∗∗

understanding the isometric equivalence.
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Example 7.1.1. 1. Rn is a reflexive space.

2. ℓp and Lp for 1 < p < ∞ are reflexive spaces (by the Holder inequality, (Lp)∗ = Lp′
with

1
p

+ 1
p′ = 1, see [15] for the proof).

3. Let c0 be the space of all sequences x = (x1, . . . , xk, . . .) converging to zero, with the norm

‖x‖ = sup
k

|xk|.

Then the space c∗
0 is isomorphic to the space ℓ1 of all absolutely summable sequences. So

c∗
0 = ℓ1, and (ℓ1)∗ = ℓ∞. Therefore, c0 6= c∗∗

0 .

4. L∞ and L1 are not reflexive spaces (see [15] for the proof). We notice that (L1)∗ = L∞ in
the sense of isomophism, but (L∞)∗ 6= L1 (it can be only associated with a proper subset of
L1 [15]).

7.2 Compacts in non reflexive spaces

We have seen in Chapter 6 that in an infinite dimensional normed space (X, ‖ ·‖X) a closed non
trivial ball Br(0) = {x ∈ X|‖x‖X ≤ r} is not compact (strongly). But if (X, ‖ · ‖X) is a Hilbert
space, then Br(0) is weakly compact (corresponding to the weak convergence).

All Hilbert spaces are examples of reflexive normed vector spaces, i.e. the spaces which are
isomorph to their bi-dual spaces: X ≈ X∗∗. IfX is a Hilbert space, by the Riesz representation
TheoremX∗ = L(X,C) ≈ X , and henceX∗∗ ≈ X .

Without going to more details of the functional analysis, you need just to know that

Attention: If (X, ‖ · ‖X) is not reflexive, thenX ( X∗∗ and Br(0) is not weakly compact.

This is the problem, because for the parametric optimization we need to work with closed balls
of L∞(Ω), which is not reflexive (see [15]).

LetX = L1(Ω), then L∞(Ω) is its dual space (X∗ = L∞(Ω)). On this dual spaceX∗, which is a
Banach space (independently on the nature of the space X), it is possible to define three types
of convergence for a sequence (xn) ⊂ X∗:

1. the strong convergence: (xn) ⊂ X∗ converges strongly to x ∈ X∗ (xn → x) iff ‖xn −
x‖X∗ → 0 for n → +∞.

2. the weak convergence: (xn) ⊂ X∗ converges weakly to x ∈ X∗ (xn ⇀ x) iff for all
f ∈ X∗∗ f(xn) := 〈f, xn〉X∗∗,X∗ → 〈f, x〉X∗∗,X∗ =: f(x) for n → +∞.

3. the weak∗ convergence: (xn) ⊂ X∗ converges weakly∗ to x ∈ X∗ (xn
∗
⇀ x) iff for all

y ∈ X xn(y) := 〈xn, y〉X∗,X → 〈x, y〉X∗,X =: x(y) for n → +∞.
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Remark:
1. If X is not reflexive, as L∞(Ω), then

→ ⇒ ⇀ ⇒ ∗
⇀, but not converse!

2. If X∗∗ = X , then⇀ ≡ ∗
⇀ (this is the case of Hilbert spaces).

3. If dimX < ∞ then → ≡ ⇀ ≡ ∗
⇀.

Actually all properties of the weak convergence studied in Chapter 6 hold for the weak∗ con-
vergence.

But the most important fact for us here is Theorem of Banach-Alaoglu-Bourbaki:

Theorem 7.2.1. (Banach-Alaoglu-Bourbaki) Let (X, ‖ · ‖X) be a vector normed space andX∗

be its dual space. Then the closed ball BX∗ = {f ∈ X∗| ‖f‖X∗ ≤ 1} ofX∗ is weakly∗ compact.

Let us go back to our space L∞(Ω). As it was noticed it is the dual space of L1(Ω). Thus we
appropriate the abstract weakly∗ convergence to the case of L∞:

Definition 7.2.1. Let (un)n∈N ⊂ L∞(Ω). The sequence weakly∗ converges to u ∈ L∞(Ω) if

∀v ∈ L1(Ω)
∫

Ω
unvdx →

∫

Ω
uvdx, (7.1)

and in this case we denote un
∗
⇀ u in L∞(Ω).

Besides, by Theorem of Banach-Alaoglu-Bourbaki

BL∞(Ω) = {u ∈ L∞(Ω)| ‖u‖L∞(Ω) ≤ 1}

is weakly∗ compact in L∞(Ω).

In what follows we also need the following proposition:

Proposition 7.2.1. If un
∗
⇀ u in L∞(Ω) (i.e. in X∗) and vn → v in L1(Ω) (i.e. in X), then

∫

Ω
unvndx →

∫

Ω
uvdx.

Proof
It is sufficient to write

|
∫

Ω
unvndx−

∫

Ω
uvdx| ≤ |

∫

Ω
un(vn − v)dx| + |

∫

Ω
(un − u)vdx|

≤ ‖un‖L∞(Ω)‖vn − v‖L1(Ω) + |
∫

Ω
unvdx−

∫

Ω
uvdx|.

We notice that as (un)N converges weakly∗ in L∞(Ω), then it is bounded:

∃M > 0 : ∀n ∈ N ‖un‖L∞(Ω) ≤ M,

and the last term | ∫Ω unvdx − ∫

Ω uvdx| → 0 by the definition of the weak∗ convergence in
L∞(Ω). In addition, the strong convergence vn → v in L1(Ω) ensures that ‖vn − v‖L1(Ω) → 0
for n → +∞. �
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7.3 Parametric optimization problem

We are interested in finding an optimal distribution of the porous material in a reflexive wall
of a given shape, allowing to minimize the acoustical energy. More precisely, we consider that
the wall can be made of two materials, one is an efficient absorbent, and the other is a reflective
material. The shape of the wall is fixed and the quantity of the porous material too. Usually, the
reflective materials are cheaper than the absorbent ones. Hence, one of the problems of interest
is to perform at least the same energy absorption with the optimized configuration of a small
quantity of porous material as in the case when all wall is done from the absorbent material. In
many applications to have all wall from the porous material is not possible by the construction
(at liners of the plan’s reactors) or is not acceptable by aesthetic design questions (perforated
wood panels with a fibrous material inside in offices are more convenient as a panel of fibrous
material). Thus, for the perforated panels, there is a question where and of which size it is more
convenient to make the holes filled with the porous material to absorb the noise maximally.

We can model this situation for instance in the application of perforated panels in the concert
room (see Fig. 3.7):



















(∆ + k2)u = 0 on Ω;
∂u
∂n

= 0 on ΓNeu;
u = g on ΓDir;
∂u
∂n

+ αχu = 0 on Γ,

(7.2)

where k > 0 is a fixed wavenumber and g is a fixed source of the noise (typically, g can be
a function of k, and α too). Here χ is a characteristic function of holes filled with the porous
material:

∀x ∈ Γ χ(x) =

{

1, there is a porous material in x
0, no porous material in x.

(7.3)

The sole and the ceiling are modeled by the homogeneous Neumann boundary condition and
are supposed to be reflective. The noise source is projected to the boundary ΓDir and modeled
by the Dirichlet boundary condition with the function g. The perforated wall is the boundary
part Γ, and it has reflective parts when χ = 0 and the inclusion of a porous material if χ = 1.
Indeed, if x ∈ Γ for which χ(x) = 0, then in this point on Γ it is imposed the homogeneous
Neumann boundary condition, i.e. no absorption, the wave is totally reflected. But if χ(x) = 1,
then in this point of Γ we have the Robin boundary condition

∂u

∂n
+ αu = 0

with Re(α) > 0 and Im(α) < 0, ensuring a partial absorption and a partial reflection as ex-
plained in Chapter 3.

7.4 Existence of an optimal shape

7.4.1 Some generalities on an optimization problem

Definition 7.4.1. Let X be a Banach space and K ⊂ X be a non empty subset. For a functional
(a criteria) J : X → R we consider infv∈K⊂X J(v). Aminimizing sequence of criteria J on the

set K is called a sequence (un)n∈N such that

un ∈ K ∀n ∈ N and lim
n→+∞

J(un) = inf
v∈K

J(v).
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Attention: By the definition of the infinium of J onK the minimizing sequence exists all times!

The question of the optimization problem is the following:

Question: Does there exist u ∈ K such that J(u) = minv∈K J(v)?

To solve this question we use the following well-knowing fact:

Theorem 7.4.1. A continuous function on a compact takes its minimum and maximum values on
it (i.e it supremum and infinum on a compact are realized on it).

So in what follows we need to care about

1. the continuity of J (as a function of v);

2. the property of K to be compact.

7.4.2 Existence of an optimal distribution χminimizing the acoustical
energy

We fixe a wavenumber k > 0 and, hence, don’t care about the dependance on k of α, g and u.

The acoustical energy of the Helmholtz problem (7.2) is given by

J(χ, u(χ)) =
∫

Ω
|u(χ)|2dx, (7.4)

where u is the weak solution of the Helmholtz problem (7.2).

If we change the distribution of the porous material χ, it will change u and then the energy J .
Thus u and J are functions of χ (see Fig. 7.1 for two different examples of χ).

Thus, we need to define our K , the set on which we want to minimize J , i.e. the set of all χ
which are of interest for us (the elements v ofK in the notations of the previous Section this time
are characteristic functions χ). In the shape optimization framework, this set is usually called
the set of admissible shapes, and it contains all possible constraints of the constructions and
all information about the desired optimal shape what we are looking for.

Remark: More generally, instead of the functional J defined by L2-norm, it is possible to min-
imize any functional defined by an equivalent norm to the canonical H1-norm of u (see [54]).
We don’t do it here for the simplicity of the further computations.

For example, it is practical to fix the volume fraction β of the absorbing material of the wall (a
number between 0 and 1, if µ(Γ) = 1):

0 <
∫

Γ
χdµ = β < µ(Γ) =

∫

Γ
1dµ = 1.
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11

χχ

xx 00
a) b)

µ(Γ)µ(Γ)

Figure 7.1 – Examples of two different distributions of the porous material given by χ (in an assump-
tion, for instance, of the two dimensional model with x ∈ Γ moving from its one end to
on other, which actually could be viewed with the help of the natural parametrization of
Γ, i.e. the parametrization which associates any point of Γ with a length of the part of Γ
starting from the chosen one of two ends of Γ and finishing by the current point x). Here
µ(Γ) is the length of Γ (supposed to be finite). The red lines correspond to the absence of
the porous material, the blue lines correspond to the holes filled with the porous material.
On the case a) we have three holes and on the case b) we have two holes.

The two limit cases β = 0 and β = 1 are excluded.

Therefore, assuming µ(Γ) = 1, we define the space of admissible χ:

Uad(β) = {χ ∈ L∞(Γ, µ)| ∀x ∈ Γ χ(x) ∈ {0, 1}, 0 < β =
∫

Γ
χdµ < 1}. (7.5)

The set Uad(β) is thus a subset of L∞(Γ, µ) consisting of all functions taking only two values 0
or 1 on Γ and define a fixed value of β in ]0, 1[.

Thus the optimization problem, for a fixed frequecy k > 0 and the porous material, which
determine the complexe parameter α, reads:

Definition 7.4.2. (Parametric optimization problem) For a fixed β > 0 and the source of
the noise g to find χopt ∈ Uad(β) for which there exists the solution u(χopt) of the Helmholtz

problem (7.2) considered with χ = χopt, such that

J(χopt, u(χopt)) = min
χ∈Uad(β)

J(χ, u(χ)).

The main problem is that the set of the admissible shapesUad(β) is not closed for the weak∗ con-
vergence of L∞(Γ, µ) [41]: if a sequence of characteristic functions (χj)j∈N converges weakly∗

in L∞(Γ, µ) to a function h ∈ L∞(Γ, µ), it does not follows and it is not possible to ensure (there
are counter-examples) that the weak∗ limit function h is a characteristic function, i.e. takes only
two values 0 and 1.

Remark: To ensure that the limit of a sequence of characteristic functions is a characteristic
function, we need the strong convergence in L∞(Γ, µ). Here, we have to work with the weak∗

convergence, which does not imply the strong one.
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Thus, Uad(β) is not a weak∗ compact. Consequently, the parametric shape optimization problem
defined in 7.4.2 cannot be generally solved on this Uad(β).

But it can be solved on an other set, containing Uad(β), this time weak∗ compact in L∞(Γ, µ)
in the way that infχ∈Uad(β) J(χ, u(χ)) is given by the minimum of J on this new compact class.
This method is called the relaxation method.

7.4.3 Relaxation method

We recall that for the simplicity we have taken µ(Γ) = 1. Instead of solving the optimization
problem on Uad(β) we will solve it on its (convex) closure:

U∗
ad(β) = {χ ∈ L∞(Γ, µ)| ∀x ∈ Γ χ(x) ∈ [0, 1], 0 <

∫

Γ
χdµ = β < 1}. (7.6)

In this case it is known (for the ideas of the proof see [41, Proposition 7.2.14])

Theorem 7.4.2. Let β ∈]0, 1[ be fixed. If U∗
ad(β) is given by (7.6), then

1. Uad(β) ⊂ U∗
ad(β),

2. U∗
ad(β) = Uad(β)

∗
⇀

= {the smallest set closed by the convergence
∗
⇀ in L∞(Γ, µ) which contains Uad(β)}.

3. U∗
ad(β) is convexe.

4. U∗
ad(β) is compact in L∞(Γ, µ) for the weak∗ convergence.

Therefore, we denote by J∗ : U∗
ad(β) → R the functional

∀χ ∈ U∗
ad(β) J∗(χ, u(χ)) =

∫

Ω
|u(χ)|2dx,

which in addition satisfies

J∗(χ, u(χ))|Uad
= J(χ, u(χ)) =

∫

Ω
|u(χ)|2dx.

Here u(χ) is the weak solution of system (7.2) found for a chosen χ.

In what follows, for the simplicity of the mathematical studies, we consider instead of (7.2) the
following system



















(∆ + k2)u = f on Ω,
∂u
∂n

= 0 on ΓNeu,
u = 0 on ΓDir,
∂u
∂n

+ αχu = η on Γ

(7.7)

with η ∈ L2(Γ, µ) and f ∈ L2(Ω).

Actually, by the linearity of the problem, knowing g on ΓDir, it is possible to find η and f in
the aim to have the homogeneous Dirichlet condition on ΓDir (see the next Remark), and also
conversely, to find a suitable g on ΓDir making η = f = 0. Hence, we work with (7.7), which
allows us to have less complicated theoretical mathematical treatment.
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Remark: To solve system (7.2) with g 6= 0 we write u = û + ĝ, where ĝ ∈ H1(Ω) with
Trĝ|ΓDir

= g in the aim to have Trû|ΓDir
= 0. From (7.2) we obtain

(∆ + k2)û = −(∆ + k2)ĝ on Ω,

∂û

∂n
= −∂ĝ

∂n
on ΓNeu,

û = 0 on ΓDir,

∂û

∂n
+ αχû = −

(

∂ĝ

∂n
+ αχĝ

)

on Γ.

To simplify the obtained system on û, it is more practical to take as ĝ (it is actually an extension
of g and it can be taken as we prefer just keeping true the assumptions that it is sufficient regular
with Trĝ|ΓDir

= g) the weak solution of the following system:

∆ĝ = 0 on Ω,
∂ĝ

∂n
= 0 on ΓNeu ∪ Γ,

Trĝ = g on ΓDir.

With this choice of ĝ, the system for û becomes

(∆ + k2)û = −k2ĝ on Ω,

∂û

∂n
= 0 on ΓNeu,

û = 0 on ΓDir,
∂û

∂n
+ αχû = −αχĝ on Γ.

It means that we need to solve a system of the same type as (3.15) (assuming g = 0 in (3.15))
with

f := −k2ĝ, Trh := −αχTrĝ

(in the new notations of system (7.7) η = −αχTrĝ on Γ) and thus obtain by Theorem 3.2.1 the
unique weak solution û ∈ V (Ω).

Attention: To solve (3.15) with g 6= 0, it means to find u ∈ H1(Ω) such that Tr(u− ĝ) = 0 on
ΓDir. It means that for an extension of g from ΓDir to ĝ onΩ (ĝ ∈ H1(Ω)) we have u−ĝ ∈ V (Ω).
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Attention: In (3.15), it was defined h ∈ H1(Ω), and then its trace is taken on Γ. It was done in
the future idea thatΓ could be amoving boundary of the shape optimization problem formulated
in Chapter 5.4 and thus, it is more natural to define h (and α) in an area where Γ could change
and then take there traces on it.
Here, in the parametric optimization, the situation is different: the shape of the boundary is
kept fixed, but the distribution of the porous material, given by χ, changes. Thus we are not
interested to know h and α in an area, but only on our fixed shape of Γ. Thus, we define η,
knowing only on Γ without a requirement that η is a trace of an element of H1(Ω), but just
taking it in L2(Γ, µ).
However, we know that any trace of an element ofH1(Ω) belongs toL2(Γ, µ)! Actually,B(Γ) ⊂
L2(Γ, µ).

Let us recall that the weak solution of system (7.7) u ∈ V (Ω) is understood in the following
variational sense

∀φ ∈ V (Ω)
∫

Ω
∇u∇φdx− k2

∫

Ω
uφdx+

∫

Γ
Re(α)χTruTrφdµ

+ i
∫

Γ
Im(α)χTruTrφdµ =

∫

Γ
ηTrφdµ−

∫

Ω
fφdx. (7.8)

Thus, we have an analogue of Theorem 3.2.1 (the adaption is straightforward and can be admit-
ted without details):

Theorem 7.4.3. Let Ω ⊂ Rn be a bounded domain with a Lipschitz or self-similar d-set boundary
(n − 1 < d < n) with a d-measure µ. Assume

∂Ω = ΓDir ∪ ΓNeu ∪ Γ

such that
µ(ΓNeu ∩ ΓDir) = µ(ΓNeu ∩ Γ) = µ(ΓDir ∩ Γ) = 0. (7.9)

Let ΓDir and Γ be also closed subsets of ∂Ω and d-sets with the same properties as ∂Ω itself (µ(Γ) >
0 and µ(ΓDir) > 0). Let in addition

Re(α(x)) > 0, Im(α(x)) < 0

be smooth functions (at least continuous) onΓ. Letχ ∈ L∞(Γ, µ) be a nonnegative onΓ and positive

with a positive minimum on a subset positive µ-measure. Then for all f ∈ L2(Ω), η ∈ L2(Γ, µ),
and k > 0 there exists a unique solution u ∈ V (Ω) of the Helmholtz problem (7.7) in the following
sense: for all v ∈ V (Ω) it holds (7.8).

Moreover, the solution of problem (7.7) u ∈ V (Ω), continuously depends on the data: there exists a
constant C > 0, depending only on χ, ‖Tr‖L(V (Ω),L2(Γ,µ)), α, k and on CP (Ω), such that

‖u‖V (Ω),χ ≤ C
(

‖f‖L2(Ω) + ‖η‖L2(Γ,µ)

)

, (7.10)

where CP (Ω) is the Poincaré constant associated to Ω and by ‖ · ‖V (Ω),χ is denoted the equivalent

to ‖ · ‖H1(Ω) norm on V (Ω) given by

‖u‖V (Ω),χ =
(

‖∇u‖2
L2(Ω) + ‖

√

Re(α)χTru‖2
L2(Γ,µ)

) 1
2

. (7.11)
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Let us however notice that norm (7.11) is associated to the following inner product:

∀u, v ∈ V (Ω) (u, v)V (Ω),χ =
∫

Ω
∇u∇vdx+

∫

Γ
Re(α)χTruTrvdµ. (7.12)

Therefore, the variational formulation (7.8) can be rewritten as

∀φ ∈ V (Ω) (u, φ)V (Ω),χ − k2(u, φ)L2(Ω) + i(Im(α)χTru,Trφ)L2(Γ,µ)

= (η,Trφ)L2(Γ,µ) − (f, φ)L2(Ω). (7.13)

To solve the parametric optimization problem on U∗
ad(β) we need to ensure that the constant C

in estimate (7.10) does not depend on χ, when χ ∈ U∗
ad(β). It is actually the case, and it could

be simply viewed as the corollary of the uniform upper boundness of the L∞ norm of all χ from
U∗

ad(β). Indeed, let us notice that ‖χ‖L∞(Γ,µ) = 1 for all χ ∈ Uad(β), while for all χ ∈ U∗
ad(β) it

holds

0 < β ≤ ‖χ‖L∞(Γ,µ) ≤ 1. (7.14)

In addition, for all χ ∈ U∗
ad(β) ‖ · ‖V (Ω),χ is equivalent to ‖ · ‖H1

0(Ω) with uniform on χ constants:
there exist C0 > 0 independent on χ ∈ U∗

ad(β) such that

∀v ∈ V (Ω) ‖v‖H1
0 (Ω) ≤ ‖v‖V (Ω),χ ≤ C0‖v‖H1

0 (Ω). (7.15)

For the proof it is sufficient to apply the continuity of the trace operator and the Poincaré in-
equality, and to obtain C0 = (1 + ‖αR‖C(Γ)C(‖Tr‖)CP (Ω)). Therefore, it holds

‖u‖H1
0 (Ω) ≤ ‖u‖V (Ω),χ ≤ C(α, k, CP (Ω), ‖Tr‖)

(

‖f‖L2(Ω) + ‖η‖L2(Γ,µ)

)

, (7.16)

for a constant C(α, k, CP (Ω), ‖Tr‖) > 0 independent on χ ∈ U∗
ad(β).

Consequently, we have

Lemma 7.4.1. Let β > 0 be fixed. For all χ ∈ U∗
ad(β), there exists a constant C > 0, depending

only on α, k, ‖Tr‖L(V (Ω),L2(Γ,µ)) and onCP (Ω), but not on χ, such that estimate (7.16) hold for the
corresponding solutions of (7.7) on a fixed bounded domainΩ (with all conditions of Theorem 7.4.3).

Thanks to Theorem7.4.3 and Lemma7.4.1, we can prove the continuity of the functionalJ∗(χ, u(χ))
on χ ∈ U∗

ad(β):

Proposition 7.4.1. The functional J∗(χ, u(χ)) =
∫

Ω |u(χ)|2dx, defined for χ ∈ U∗
ad(β) (see (7.6))

and u(χ), the weak solution of (7.7) in the sense of Theorem 7.4.3, is continuous onχ in the following
sense: if (χj)j∈N ⊂ U∗

ad(β) such that

χj
∗
⇀ χ in L∞(Γ, µ),

then χ ∈ U∗
ad(β), u(χj) → u(χ) in V (Ω) and

|J∗(χj, u(χj)) − J∗(χ, u(χ))| =
∣

∣

∣

∣

∫

Ω
|u(χj)|2dx−

∫

Ω
|u(χ)|2dx

∣

∣

∣

∣

=
∣

∣

∣‖u(χj)‖2
L2(Ω) − ‖u(χ)‖2

L2(Ω)

∣

∣

∣ → 0 k → +∞. (7.17)
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Proof
AsU∗

ad(β) is closed for theweak∗ convergence, theweak∗ limitχ of a sequence (χj)j∈N ⊂ U∗
ad(β)

belongs to U∗
ad(β).

Let us denote by uj the solution of (7.7) found for χj and by u the solution of (7.7) found for χ.

Thus, the difference vj = uj − u is the solution of the following system:























(∆ + k2)vj = 0 on Ω,
∂vj

∂n
= 0 on ΓNeu,

vj = 0 on ΓDir,
∂vj

∂n
+ αχjvj = α(χ− χj)u on Γ;

(7.18)

We apply Theorem 7.4.3 for system (7.18):

• f = 0,

• η = α(χ− χj)Tru. As α is a continuous function, χ− χj belongs to L∞(Γ, µ) and, since
u ∈ V (Ω), we have Tru ∈ B(Γ) ⊂ L2(Γ, µ), then we deduce that η ∈ L2(Γ, µ).

For all j ∈ N, by Theorem 7.4.3, there exists an unique solution vj ∈ V (Ω).

Moreover, the sequence (vj)j∈N is bounded in V (Ω), i.e. there exists a constantC > 0 such that

∀j ∈ N ‖vj‖V (Ω),χj
≤ C. (7.19)

Indeed, by estimate (7.10) (with uniform on j constant) we have

‖vj‖V (Ω),χj
≤ C‖α(χ − χj)Tru‖L2(Γ,µ) ≤ C‖α‖L∞(Γ,µ)‖χ − χj‖L∞(Γ,µ)‖Tru‖L2(Γ,µ).

By our assumptions (see the assumptions of Theorem 7.4.3) α is continuous on Γ and Γ is com-
pact, then ‖α‖L∞(Γ,µ) is finite and does not depend on j. As χj

∗
⇀ χ in L∞(Γ, µ), then the

sequence (χj)j∈N is bounded in L∞(Γ, µ), and consequently the sequence (χ − χj)j∈N is also
bounded in L∞(Γ, µ).

Attention: Please be aware that ‖χ − χj‖L∞(Γ,µ) 9 0 for j → +∞, since we only have

χj
∗
⇀ χ in L∞(Γ, µ) and not the strong convergence χj → χ in L∞(Γ, µ).

As u is the weak solution of (7.7) associated to χ, by Theorem 7.4.3, u ∈ V (Ω) and thus its trace
on Γ is well defined and naturally belongs to L2(Γ, µ). In addition ‖Tru‖L2(Γ,µ) does not depend
on j.

Therefore, we conclude that the sequence (vj)j∈N is bounded in V (Ω) and that (7.19) holds.

As V (Ω) is a Hilbert space, by Theorem 6.1.2, there exists a weakly convergent subsequence:

∃(vjℓ
)ℓ∈N ⊂ (vj)j∈N and v ∈ V (Ω) : vjℓ

⇀ v in V (Ω).

Now we need to show that v = 0.
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By TD4, the variational formulation (7.8) for f = 0 can be presented in the following operator
form:

((Id− k2T )u, φ)V (Ω),χ = (η,Trφ)L2(Γ,µ), (7.20)

where Id − k2T is bijective operator on V (Ω) with Id the identity operator and T : V (Ω) →
V (Ω) a compact operator.1 By (7.20), we have for all j ∈ N and all φ ∈ V (Ω) that

((Id− k2T )vji
, φ)V (Ω),χji

= (α(χ− χji
)Tru,Trφ)L2(Γ,µ). (7.21)

The operator Id − k2T is linear, continuous, and bijective on V (Ω). By its continuity, for i →
+∞, (Id− k2T )vji

⇀ (Id− k2T )v in V (Ω), and hence, in the limit (7.21) becomes

((Id− k2T )v, φ)V (Ω),χ = 0 for all φ ∈ V (Ω). (7.22)

By the injectivity of the operator Id− k2T , relation (7.22) implies that v = 0.

Let us now prove that vji
→ 0 in V (Ω) (strongly!). We take in (7.21) φ = vji

and notice that by
the compactness of the trace operator Tr : V (Ω) → L2(Γ, µ), we have, as vji

⇀ 0 in V (Ω), that
Trvji

→ 0 in L2(Γ, µ). Therefore, we find that

((Id− k2T )vji
, vji

)V (Ω),χji
= (α(χ− χji

)Tru,Trvji
)L2(Γ,µ) → 0 for i → +∞. (7.23)

Remark: Let us justify that |∫Γ α(χ− χjℓ
)TruTrvjℓ

dµ| → 0 for ℓ → +∞. It is a corollary of
Proposition 7.2.1:

• as χj
∗
⇀ χ in L∞(Γ, µ), then χ− χjℓ

∗
⇀ 0 in L∞(Γ, µ).

• by Theorem 6.5.1, the trace operator Tr : V (Ω) → L2(Γ, µ) is compact, and thus by Point
2 of Theorem 6.3.1, as vjℓ

⇀ v in V (Ω) then

Trvjℓ
→ Trv in L2(Γ, µ).

• as Tru ∈ L2(Γ, µ) , then TruTrvjℓ
∈ L1(Γ) for all ℓ as a product of two elements of

L2(Γ, µ). In addition Tru ∈ L2(Γ, µ) is independent of ℓ, which implies by the previous
item that

TruTrvjℓ
→ TruTrv ∈ L1(Γ).

Consequently,
[

‖vji
‖2

V (Ω),χji
− k2(Tvji

, vji
)V (Ω),χji

]

→ 0 for i → +∞. By its definition the op-

erator T : V (Ω) → V (Ω) is compact (see TD4), and hence, Tvji
→ 0 in V (Ω), which result in

(Tvji
, vji

)V (Ω),χji
→ 0 for i → +∞. Finally, we obtain that ‖vji

‖2
V (Ω),χji

→ 0 and vij
⇀ 0 in

V (Ω), ensuring the strong convergence vji
→ 0 in V (Ω).

Now, any weakly convergent sequence of solutions of system (7.18) converges to 0, i.e. 0 is
the unique accumulation (limit) point of the sequence (vj)j∈N, which implies that the sequence
vj → 0 itself in V (Ω). Actually, vj = uj − u and hence uj → u in V (Ω) for j → +∞.

Finally, we have obtained that from χj
∗
⇀ χ in L∞(Γ, µ), it follows that χ ∈ U∗

ad(β) and
u(χj) → u(χ) in V (Ω), from where we directly have (7.17), i.e. the continuity of J∗ on U∗

ad(β).

�

1The compactness of T follows from the compactness of the trace operator (see [13], [44, Theorem 5.10], [45,
Theorem 2.1]) and the embedding H1(Ω) ⊂ L2(Ω) (the compactness holds for any bounded extension domain [6,
62, 44]).



7.5. Derivative of the energy 107

Thus we obtain the following theorem:

Theorem 7.4.4. Let Γ, f , η, k, α be fixed in a way that all assumptions of Theorem 7.4.3 are
satisfied on a fixed bounded domain Ω of Rn. Then for a fixed β ∈]0, µ(Γ)[ there exists (at least
one) optimal distribution χopt ∈ U∗

ad(β) and the corresponding optimal solution u(χopt) ∈ V (Ω)
of system (7.7), such that

J∗(χopt, u(χopt)) = min
χ∈U∗

ad
(β)
J∗(χ, u(χ)) = inf

χ∈Uad(β)
J(χ, u(χ)).

Proof

By Proposition 7.4.1 the energy functional J∗ is continuous corresponding to the weak∗ conver-
gence ofχ ∈ U∗

ad(β) (in addition u(χ) is also weak∗ continuous onU∗
ad(β)). AsU∗

ad(β) is weakly∗

compact (in L∞(Γ, µ)) and J∗ is continuous on it, then there exists a χopt ∈ U∗
ad(β) (and the cor-

responding solution u(χopt)) realizing itsminimumonU∗
ad(β). In addition,minχ∈U∗

ad
(β) J

∗(χ, u(χ)) =
infχ∈Uad(β) J(χ, u(χ)) as U∗

ad(β) is the closure of Uad(β) and J∗ takes the same values as J on
Uad(β) (see Theorem 7.4.2). �

Remark: This situation to have a minimum in the closure of Uad(β) equal to the infinum on
it is schematically presented on Fig. 7.2. It is also known (from the properties of the spectral
problems for −∆) that there are no unicity of an optimal χopt.

Uad(β)Uad(β)

JJ

a)
b)

Figure 7.2 – Two schematic examples of two different choices of an open admissible set Uad(β) (in
blue). Each time the minimum on Uad(β) is realized on the point(s) corresponding to the
infinum on Uad(β). The minimum values of J on U∗

ad(β) = Uad(β) are given by the red
circles, the values not reached on Uad(β). The configuration b) shows the non uniqueness
of χopt giving the same minimum value of J .

7.5 Derivative of the energy

To be able to find χopt numerically, it is useful to use a numerical method based on the conjugate
gradient method, i.e. to find a minimum of the energy J , using its derivative on χ. Thus we
need to define such derivative.
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7.5.1 Fréchet derivative

Definition 7.5.1 (Directional derivative). Let X be a Banach space and F : X → R be a func-

tional on X . The directional derivative of F in the direction h is called an linear application
h 7→ 〈F ′(x), h〉 defined by

〈F ′(x), h〉 :=
d

dλ
F (x+ λh)|λ=0, x, h ∈ X, λ ∈ R.

Example 7.5.1. Let F : C([0, 1]) → R such that F (x) =
∫ 1

0 x(t)2dt for x(t) ∈ C([0, 1]). Let us
fix h ∈ C([0, 1]) and notice that

F (x+ λh) =
∫ 1

0
(x(t) + λh(t))2dt =

∫ 1

0
x(t)2dt+ 2λ

∫ 1

0
x(t)h(t)dt + λ2

∫ 1

0
h2(t)dt

is a polynomial of the second order on λ. Thus

〈F ′(x), h〉 =
d

dλ
F (x+ λh)|λ=0 = 2

∫ 1

0
x(t)h(t)dt,

the linear application on h.

Ageneralization of a differentiable function on a point gives the differentiability of the operators:

Definition 7.5.2. [Fréchet derivative]Let X and Y be a Banach spaces. An operator F (x) : X →
Y is differentiable (in the sense of Fréchet) at x ∈ X , if there exists a continuous linear operator

from X to Y , denoted by F ′(x) (or DF (x)) and called derivative of F (x), such that

∀h ∈ X F (x+ h) = F (x) + 〈F ′(x), h〉 + ǫ(h)‖h‖X (7.24)

with limh→0 ‖ǫ(h)‖Y = 0.

Remark: We are more interested in the case Y = R. As it is known for functions, to be
differentiable is more strong property than to be just derivable. The same thing is true for the
operators.
More precisely, if F (x) : X → R is differentiable (in the sense of Fréchet) at x ∈ X , then for all
h ∈ X there exists its directional derivative (usually also called the Gâteaux derivative). Indeed,
from (7.24) with λh we find, since the application F ′(x) is linear and λ ∈ R,

F (x+ λh) − F (x)

λ
= 〈F ′(x), h〉 + ǫ(λh)‖h‖X .

If λ → 0, then ǫ(λh) → 0 and hence d
dλ
F (x+ λh)|λ=0 = 〈F ′(x), h〉.
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Attention: The notation 〈F ′(x), h〉 is the same as for linear functionals: previously we denoted
for a linear functional f by 〈f, h〉 the value of f on h, i.e. f(h) = 〈f, h〉. Here, for Y = R, the
derivative F ′(x) is a linear continuous functional from X to R:

h ∈ X 7→ 〈F ′(x), h〉 ∈ R.

In other words, the directional derivative of F (x) in the direction h 〈F ′(x), h〉, it is the value of
the linear functional F ′(x) on h ∈ X :

〈F ′(x), h〉 = F ′(x)(h).

In what follows, we need to understand in detail the following three examples.

Example 7.5.2. Let F (x) : X → R be a linear continuous functional. Then

∀x, h ∈ X F (x+ h) = F (x) + F (h).

Therefore, comparing to (7.24), we obtain that ǫ(h) = 0 (the decomposition of F (x + h) is exact)
and 〈F ′(x), h〉 = 〈F, h〉, which is a linear continuous functional by the assumption for F (x). It
means that derivative of a linear continuous functional is equal to itself: F ′(x) = F .

Example 7.5.3. Let F (u) =
∫

Ω |∇u|2dx : H1
0 (Ω) → R. (Here we suppose that Ω is fixed and u is

just an element of the space H1
0 (Ω)).

Then

∀u, h ∈ H1
0 (Ω) F (u+ h) = F (u) + 2

∫

Ω
∇u∇hdx+ F (h).

We can see that h 7→ 2
∫

Ω ∇u∇hdx is linear continuous functional on H1
0 (Ω) for a fixed u ∈

H1
0 (Ω). In addition, F (h) =

∫

Ω |∇h|2dx = ‖h‖2
H1

0 (Ω) and thus, taking ǫ(h) = ‖h‖H1
0 (Ω) can be

expressed as ǫ(h)‖h‖H1
0 (Ω) with limh→0 ǫ(h) = 0. (Here Y = R, then ‖ · ‖Y = | · |, but ‖h‖H1

0 (Ω) is

all times positive. The convergence h → 0 is understood as the convergence inX = H1
0 (Ω)). Hence

we conclude that F (u) is Fréchet differentiable for all u ∈ H1
0 (Ω) and

〈F ′(u), h〉 = 2
∫

Ω
∇u∇hdx.

Example 7.5.4. Let F (u) =
∫

Ω |u|2dx : L2(Ω) → R. (Here we suppose that Ω is fixed and u is

just an element of the space L2(Ω)).

Then

∀u, h ∈ L2(Ω) F (u+ h) = F (u) + 2
∫

Ω
uhdx+ F (h).

We can see that h 7→ 2
∫

Ω uhdx is linear continuous functional on L2(Ω) for a fixed u ∈ L2(Ω).
In addition, F (h) =

∫

Ω |h|2dx = ‖h‖2
L2(Ω) and thus, taking ǫ(h) = ‖h‖L2(Ω) can be expressed as
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ǫ(h)‖h‖L2(Ω) with limh→0 ǫ(h) = 0. Hence we conclude that F (u) is Fréchet differentiable for all
u ∈ L2(Ω) and

〈F ′(u), h〉 = 2
∫

Ω
uhdx.

7.5.2 Application to parametric optimization

This Section summarizes the Lagrangianmethod to find the derivative of J∗ overχ in the frame-
work of the parametric optimization for the Helmholtz system (7.7) with η = 0 on Γ. For more
details, see [3].

Lagrangian method: main idea

Let we have a variational formulation of a parametric problem on a fixed Ω, i.e. its solution u
depends of the parameter χ. In the schematic way, for a Hilbert spaceH , u ∈ H , depending on
χ, solve the (real) variational formulation

∀v ∈ H FV (χ, u(χ), v) = 0. (7.25)

As in our case, we assume that the initial PDE problem is linear, and thus, the variational for-
mulation is a sum of a bilinear form and a linear form (see (7.8)).

The text function v does not depend on χ. We minimize a functional J(χ, u(χ)) =
∫

Ω |u(χ)|2dx
on an admissible class of χ (our U∗

ad(β)) and we need to derive it on χ. It means that J is
a function of χ and we want to find its (Fréchet) derivative J ′(χ), i.e. the linear continuous
functional χ0 7→ 〈J ′(χ), χ0〉 (see Definition 7.5.2).

The simplest way to find it is to introduce the Lagrangian of the considered optimization
problem. We formally define

L(χ,w, q) = FV (χ,w, q) + J(w), for all w, q ∈ H, (7.26)

i.e. the Lagrangian is the sum of the variational formulation and the minimizing functional for
arbitrary arguments w and q in H which are

• independent (w does not depend on q and conversely),

• independent of χ.

Thus, all variables of the Lagrangian L are independent.

We notice that the directional partial derivative of L corresponding to q in the direction φ ∈ H
is given by

〈∂L
∂q

(χ,w, q), φ〉 = FV (χ,w, φ), (7.27)

as soon as J(w) does not depend on q (and the variational formulation is linear on q).

Consequently,

∀φ ∈ H 〈∂L
∂q

(χ,w, q), φ〉 = 0 (7.28)

is the variational formulation of the solving problem, giving the weak solution u ∈ H .
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Now, if we chosew = u(χ) the solution of the variational problem, we have, by definition (7.26),

L(χ, u(χ), q) = J(χ), for all q ∈ H. (7.29)

Thus, using the rule of compound derivation, we find for all q ∈ H

〈J ′(χ), χ0〉 = 〈∂L
∂χ

(χ, u(χ), q), χ0〉 + 〈∂L
∂w

(χ, u(χ), q), 〈u′(χ), χ0〉〉, (7.30)

where we formally suppose that the mapping χ → u(χ) is Fréchet differentiable on U∗
ad(β), i.e.

its derivative u′(χ) : χ0 ∈ U∗
ad(β) 7→ 〈u′(χ), χ0〉 =: ψ ∈ H is linear continuous. With the

notation 〈u′(χ), χ0〉 = ψ, an element of H , Eq. (7.31) becomes

〈J ′(χ), χ0〉 = 〈∂L
∂χ

(χ, u(χ), q), χ0〉 + 〈∂L
∂w

(χ, u(χ), q), ψ〉. (7.31)

Therefore, the idea is to take q ∈ H as the unique weak solution of the following variational
problem (for a fixed χ and a fixed u(χ))

∀φ ∈ H 〈∂L
∂w

(χ, u(χ), q), φ〉 = 0. (7.32)

This variational problem is called the adjoint problem and its weak solution is denoted by
p(χ). As (7.32) holds for all φ ∈ H , it holds also for φ = ψ. This simplify (7.31) and we conclude
that

〈J ′(χ), χ0〉 = 〈∂L
∂χ

(χ, u(χ), p(χ)), χ0〉, (7.33)

where p(χ) is the solution of the adjoint problem

∀φ ∈ H 〈∂L
∂w

(χ, u(χ), p(χ)), φ〉 = 0. (7.34)

So, summarizing the derivation of J , we need

1. To write the real Lagrangian of the parametric optimization problem (and to verify that
all variables are independent).

2. To find the partial derivative of the Lagrangian over the second (independent!) variable
w and write ∂L

∂w
(χ, u(χ), q).

3. To find the adjoint system from (7.34).

4. Define J ′(χ) using formula (7.33), where the Lagrangian is evaluated for w = u(χ) and
q = p(χ).

And, if we want to be rigorous, we also need to prove that the mapping χ → u(χ) is Fréchet
differentiable on U∗

ad(β) (see [3, Lemme 5.15 p.89] and [14]). In the framework of our course this
fact is admitted.
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Application of the Lagrangian method to our problem

Attention: In this section, to avoid too long formulas, instead of Tru, TruR, TruI , Trp, TrpR,
TrpI , . . . on Γ, we simply write u, uR, uI , p, pR, pI respectively on Γ. But it needs to be under-
stand in the sense of their traces.

We have a difficulty: our problem, in particular its solution u, is complex-valued, as it contains
the complex coefficient α.

Thus to have a real Lagrangianwe need to separate the real and imaginary parts in (7.7), knowing
that

u = uR + iuI , α = αR + iαI , 0 ≤ χ ≤ 1, k > 0, f = fR + ifI , η = 0

and in addition

αu = (uR + iuI)(αR + iαI) = αRuR − αIuI + i(αIuR + αRuI).

Thus the real part and the imaginary part of (7.7) are respectively



















(∆ + k2)uR = fR on Ω;
∂uR

∂n
= 0 on ΓNeu;

uR = 0 on ΓDir;
∂uR

∂n
+ χ(αRuR − αIuI) = 0 on Γ;



















(∆ + k2)uI = fI on Ω;
∂uI

∂n
= 0 on ΓNeu;

uI = 0 on ΓDir;
∂uI

∂n
+ χ(αRuI + αIuR) = 0 on Γ;

We find now the the variational formulations of these two problems:

∀vR ∈ V (Ω) −
∫

Γ
χ(αRuR −αIuI)vRdµ−

∫

Ω
∇uR∇vRdx+k2

∫

Ω
uRvRdx =

∫

Ω
fRvRdx,

(7.35)

and

∀vI ∈ V (Ω) −
∫

Γ
χ(αIuR + αRuI)vIdµ −

∫

Ω
∇uI∇vIdx + k2

∫

Ω
uIvIdx =

∫

Ω
fIvIdx.

(7.36)

Attention: The test functions vR and vI are independent of each other. Eqs. (7.35) and (7.36)
are coupled: each of them contains both uR and uI .
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As vR and vI are independent, we subtract (7.36) from (7.35) and obtain the following real vari-
ational formulation for all (vR, vI) ∈ V (Ω) × V (Ω)

FV (χ, uR, uI , vR, vI) :=
∫

Γ
χ [(αIuR + αRuI)vI − (αRuR − αIuI)vR] dµ+

∫

Ω
[∇uI∇vI

−∇uR∇vR + k2(uRvR − uIvI) + fIvI − fRvR

]

dx = 0.

Here uR and uI depend of χ.

We now define the Lagrangian of the optimization problem as the sum of the previously calcu-
lated variational formulation and the objective function (7.4)

∀χ ∈ L∞(Γ, µ), ∀wR, wI , qR, qI ∈ V (Ω)

L(χ,wR, wI , qR, qI) =
∫

Ω
(w2

R + w2
I)dx+ FV (χ,wR, wI , qR, qI).

Here all arguments of the Lagrangian, χ, wR, wI , qR, qI are independent. In the explicit form
the Lagrangian is

L(χ,wR, wI , qR, qI) =
∫

Ω
(w2

R + w2
I)dx

+
∫

Γ
χ [(αIwR + αRwI)qI − (αRwR − αIwI)qR] dµ+

∫

Ω
[∇wI∇qI

−∇wR∇qR + k2(wRqR − wIqI) + fIqI − fRqR

]

dx.

Let us find the adjoint problem. We start by calculating 〈 ∂L
∂wR

(χ, uR, uI , qR, qI), φR〉 and 〈 ∂L
∂wI

(χ, uR, uI , qR, qI),

〈 ∂L
∂wR

(χ, uR, uI , qR, qI), φR〉 =
∫

Ω
2uRφR +

∫

Γ
χ[αIqIφR − αRqRφR]dµ

+
∫

Ω
[−∇qR∇φR + k2qRφR]dx,

〈 ∂L
∂wI

(χ, uR, uI , qR, qI), φI〉 =
∫

Ω
2uIφI +

∫

Γ
χ[αRqIφI + αIqRφI ]dµ

+
∫

Ω
[−∇qI∇φI − k2qIφI ]dx.

Remark: To obtain these formulas, we use the form of J , which is quadratic on uR and uI ,
respectively, and of the variational formulation FV , which is linear on uR and uI respectively.
Thus, by Examples of Subsection 7.5.1, they are Fréchet differentiable. In addition, if, for exam-
ple, we derive over uR a term which does not depend on it, as

∫

Ω u
2
Idx, then its derivative is

equal to zero. When we derive the linear terms, for example, over uR, then, roughly speaking,
it is sufficient to replace in these terms uR by φR, the direction of the derivative, to obtain the
derivative of these linear terms.
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We deduce the adjoint system from

〈 ∂L
∂wR

, φR〉 = 0 ∀φR ∈ V (Ω) and 〈 ∂L
∂wI

, φI〉 = 0 ∀φI ∈ V (Ω).

Instead to keep the notation qR and qI denoting the independent variables of the Lagrangian,
we denote the solution of the adjoint system by pR and pI . In the explicit form we have the
following variational formulation for the adjoint problem

∀φR ∈ V (Ω)
∫

Ω
2uRφRdx+

∫

Γ
χ[αIpIφR −αRpRφR]dµ+

∫

Ω
[−∇pR∇φR +k2pRφR]dx = 0,

∀φI ∈ V (Ω)
∫

Ω
2uIφIdx+

∫

Γ
χ[αRpIφI + αIpRφI ]dµ+

∫

Ω
[−∇pI∇φI − k2pIφI ]dx = 0.

Actually the variational formulations are sufficient, but it could be also helpful to see the corre-
sponding strong problems, which could formally obtained with the help of integration by parts























(∆ + k2)pR = −2uR on Ω;
∂pR

∂n
= 0 on ΓNeu;

pR = 0 on ΓDir;
∂pR

∂n
+ χ(αRpR − αIpI) = 0 on Γ;

(7.37)























(∆ + k2)pI = 2uI on Ω;
∂pI

∂n
= 0 on ΓNeu;

pI = 0 on ΓDir;
∂pI

∂n
+ χ(αIpR + αRpI) = 0 on Γ;

(7.38)

From systems (7.37) and (7.38) we deduce the complex valued system for p = pR + ipI :






















∆p+ k2p = −2u on Ω;
∂p
∂n

= 0 on ΓNeu;
p = 0 on ΓDir;
∂p
∂n

+ χαp = 0 on Γ;

(7.39)

We notice that p depends on χ.

Let us give some details how to pass from the variational formulation of the adjoint problem to
its strong form (7.37) and (7.38). Let us take the first equation for the real part. First of all we
separate the terms containing the integrals over Ω and the terms with the boundary integrals:

∀φR ∈ V (Ω)
∫

Ω
[2uRφR − ∇pR∇φR + k2pRφR]dx

+
∫

Γ
χ[αIpIφR − αRpRφR]dµ = 0.

We need to obtain the following form:
∫

Ω
[. . .]φRdx+

∫

∂Ω
[. . .]φRdµ = 0.

It would possible if we integrate by parts in the term
∫

Ω ∇pR∇φRdx:

∫

Ω
∇pR∇φRdx =

∫

∂Ω

∂pR

∂ν
TrφRdµ−

∫

Ω
∆pRφRdx.
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This gives us (we omit Tr and suppose that ∂pR

∂ν
∈ L2(∂Ω, µ) and ∆pR ∈ L2(Ω))

∀φR ∈ V (Ω)
∫

Ω
[2uR + ∆pR + k2pR]φRdx

−
∫

∂Ω

∂pR

∂ν
φRdµ+

∫

Γ
χ[αIpI − αRpR]φRdµ = 0. (7.40)

AsH1
0 (Ω) ⊂ V (Ω) and (7.40) holds for all φR from V (Ω), then it also holds for φR from H1

0 (Ω),
i.e. with TrφR = 0 on ∂Ω µ-a.e.:

∀φR ∈ H1
0 (Ω)

∫

Ω
[2uR + ∆pR + k2pR]φRdx = 0.

This can be viewed as the ortogonality in L2(Ω):

∀φR ∈ H1
0 (Ω) (2uR + ∆pR + k2pR, φR)L2(Ω) = 0.

With G = 2uR + ∆pR + k2pR ∈ L2(Ω), we find by the density of H1
0 (Ω) in L2(Ω) and the

continuity of the inner product that

∀φ ∈ L2(Ω) (G, φ)L2(Ω) = 0.

Hence, G is orthogonal to all elements of L2(Ω). Consequently, it is also orthogonal to itself.
But (G,G)L2(Ω) = 0 implies that G = 0 a.e. on Ω. This gives us the equation

∆pR + k2pR = −2uR, x ∈ Ω.

Going back to (7.40), knowing that G = 0, we have

∀φR ∈ V (Ω) −
∫

∂Ω

∂pR

∂ν
TrφRdµ+

∫

Γ
χ[αIpI − αRpR]TrφRdµ = 0. (7.41)

Knowing that Tr(H1(Ω)) = B(∂Ω) dense in L2(∂Ω, µ), we find

∀ψ ∈ L2(∂Ω, µ) : ψ = 0 µ− a.e. on ΓDir (−∂pR

∂ν
+ 1Γχ[αIpI − αRpR], ψ)L2(∂Ω,µ) = 0.

By the definition of V (Ω), where we have our initial variational formulation, TrpR = 0 on
ΓDir µ-a.e.. As previously, for S = −∂pR

∂ν
+ 1Γχ[αIpI − αRpR] ∈ L2(∂Ω, µ) we obtain that

(S, S)L2(∂Ω,µ) = 0. Then we conclude that ∂pR

∂ν
= 0 on ΓNeu but ∂pR

∂ν
= χ[αIpI − αRpR] on Γ

µ-a.e.. So, we obtained (7.37). In the same way, we obtain also (7.38).

Finally, we calculate by (7.33) the derivative of J over χ, evaluated in the direction χ0: 2

〈J ′(χ), χ0〉 = 〈∂L
∂χ

(χ, uR(χ), uI(χ), pR(χ), pI(χ)), χ0〉

=
∫

Γ
χ0 [αIuR(χ) + αRuI(χ))pI(χ) − (αRuR(χ) − αIuI(χ))pR(χ)] dµ

= −
∫

Γ
χ0Re(αu(χ)p(χ))dµ. (7.42)

We notice that when we write here 〈∂L
∂χ

(χ, uR(χ), uI(χ), pR(χ), pI(χ)), χ0〉 it means that we

find the derivative 〈∂L
∂χ

(χ,wR, wI , qR, qI), χ0〉 using the independence of all variables and then
take wR = uR(χ), wI = uI(χ), qR = pR(χ), qI = pI(χ) (in the same way as we have done for
〈 ∂L

∂wR
(χ, uR, uI , qR, qI), φR〉 and 〈 ∂L

∂wI
(χ, uR, uI , qR, qI), φI〉).

2For the proof of the Fréchet differentiability of u on χ see [54, Lemma 3, p.10], it is not required and can be
omitted in this course.
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7.6 Numerical algorithm

The standard numerical algorithm of the parametric optimization [3, p.94] uses the gradient
method for a fixed frequency ω0 and for a fixed β ∈]0, 1[ and the noise sources f , h, g.

The main idea is to update/change χ in the direction of negative values of J ′(χ) since it means
decreasing the energy as a function of χ.

The numerical method is the following (for more discussions and details, see [3, p.94] and for a
modified version see [54]):

Let ζn > 0 be the step of the gradient descent method at the iteration n.

• Initialization: we fix χ0 in Uad;

• Iterations:

χn+1 = PU∗
ad

(β)(χn − ζnJ
′(χn)),

with PU∗
ad

(β) a projection on U∗
ad(β) to determine (i.e. PU∗

ad
(β) : (Γ → R) → (Γ → [0, 1])

such as for all χ : Γ → R it holds 1
µ(Γ)

∫

Γ PU∗
ad

(β)(χ)dµ = β). The following projector can
be used according to [3]:

PU∗
ad

(β)(χ) = max(0,min(χ+ ℓ, 1)),

where ℓ is a constant to be determined at each iteration to ensure that the condition on
the volume ( 1

µ(Γ)

∫

Γ χdµ = β) is verified.

• End: If |χn+1 − χn| < δ with an error δ chosen arbitrary small.

More precisely, to calculateχn+1 we use the derivative of J inχn according to the found formula:

{

χ0 ∈ Uad

χn+1(x) = max(0, min(χn(x) + ζnRe(αp(χn)u(χn))|Γ(x) + ℓn, 1))) ∈ U∗
ad(β)

The determination of ℓn can be performed by the dichotomy.

The steps of the gradient descent method (ζn)n∈N can be calculated in different ways, this cal-
culation is proposed in [3]:

• Initialization: ζ0 = c > 0;

• Iterations: If J(χn) > J(χn+1) : ζn+1 = ζn + 0.001;

j = 0;

While J(χn) < J(χn+1) : ζn+1 = ζn/2
j+1

j = j + 1.

If the algorithm stoped on the iteration N , we obtain the optimal distribution χN =: χopt ∈
U∗

ad(β). Then we need to project it on the set of characteristic functions, i.e. on {0, 1} to ob-
tain the final distribution χopt

projected = PUad(β)(χ
opt) belonging this time to Uad(β), as initially

desired. Here, the projection operator PUad(β) is to define. For example, it is sufficient to sort all
values of χ and set the largest ones to 1 and the rest to 0 to reach the desired volume

∫

Γ
χ dµ.
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Remark: The choice of the projection P : (Γ → R) −→ (Γ → [0, 1]) on U∗
ad(β) with the

condition
1

µ(Γ)

∫

Γ
P(χ)dµ = β, β ∈]0, 1[ (7.43)

is obviously not unique. Indeed, it can be viewed as the map

P : χ 7→ Φ ◦ (χ+ ℓχ) (7.44)

with ℓχ ensuring (7.43) with different choice of the function Φ:
a) Rectified linear projection:

Φ(x) =











0 if x < 0
x if x ∈ [0, 1]
1 if x > 1

b) Sigmoid projection:

Φ(x) =
1

1 + exp(−a(x− 1
2
))
, a ∈ R∗

+

c) Flattened linear projection:

Φ(x) =











δ exp(x
δ

− 1) if x < δ
x if x ∈ [δ, 1 − δ]

1 − δ exp(1−x
δ

− 1) if x > δ
, δ ∈ R∗

+.

1
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1

1
2

1

1
2

1

1
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1
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Figure 7.3 – Functions Φ for different projections (from le� to right): Rectified linear, Sigmoid with
a = 2; Sigmoid with a = 8; Fla�ened linear with δ = 0.4.

7.7 Several numerical results

Let us give several numerical results obtained by M. Menoux [54] using the sigmoid projection
with a = 8. To calculate the optimal absorbent distribution χ, we apply the Barzilai-Borwein
gradient method with modified step size, inspired by Newton’s method [11, 19]. For β = 0.5,
we project the calculated χopt ∈ U∗

ad(0.5) on Uad(0.5) to obtain a characteristic function by
replacing Φ in (7.44) by Φf :

Φf (x) =

{

0 if x ≤ 0.5,
1 if x > 0.5.

For instance, we aim to minimize the acoustical energy of an office (or a music hall) with a
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perforated wall; see Fig. 7.4 for the model description. We suppose that the porous material used
in the wall is ISOREL (see Chapter 3). We solve the problem using the centered finite differences

∂u
∂n

|ΓNeu
= 0

∂u
∂n

|ΓNeu
= 0

∂u
∂n

+ α(ω)χu|Γ = 0
u|ΓDir

= g(y) ∆u+ k2u = f on Ω

Figure 7.4 – Optimization problem for a music hall.

with a regular mesh on a square domain Ω =]0, 1[2 (the unkowns are in the center of cells, it
corresponds to the 2D finite volumes) and denote by h the size of the spatial discretization (for
its detailed description, see Chapter B).

We just briefly summarize it here. In this study, Ω =]0, 1[×]0, 1[ is the square domain repre-
sented in figure 7.5 along with the other boundaries.

x

y1

1

χ

ΓΓD

ΓN

ΓN

Ω

Figure 7.5 – Geometry of the problem

(P ) :



















(∆ + k2)u = 0 on Ω,
u = g on ΓD,
∂nu = 0 on ΓN ,

∂nu+ αχu = 0 on Γ.

Figure 7.6 – Studied model

To approximate the solution of the Helmholtz problem, we use the cell-centered finite difference
method (see Figure 7.7).

We divide the interval [0, 1] intoM equal parts, so there areM2 small squares in Ω. Let h = 1
M

and

∀i, j ∈ J−1,MK, xi = (i+
1

2
)h, yj = (j +

1

2
)h,

where (xi, yj) is the center with respect to each cell (i, j) of the mesh. Let ui,j = u(xi, yj). The
points outside Ω are used to handle the boundary conditions.

We discretize the Helmholtz equation using a three points scheme:
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x

y1

1

Figure 7.7 – Mesh for M = 4

∀i, j ∈ J0,M − 1K,
ui,j−1 − 2ui,j + ui,j+1

h2
+
ui−1,j − 2ui,j + ui+1,j

h2
+ k2ui,j = 0. (7.45)

All the boundary conditions can be expressed using three parameters: a∂nu+ bu = r.

For the left boundary :

∀i ∈ J0,M − 1K, ai,0
ui,0 − ui,−1

h
+ bi,0

ui,−1 + ui,0

2
= ri,0. (7.46)

We discretize the other boundary conditions similarly (see Chapter B).

Finally, we solve the linear system to obtain an approximation of u : (ui,j)(i,j)∈J0,M−1K2 .

Attention: The mesh must be sufficiently small to correctly discretize a wave of a fixed wave-
length λ and the geometrical inclusions of the porous material on Γ. Typically we need to
have not less than 10 mesh points in one wavelength and in porous inclusions, i.e. to en-
sure h ≤ min(λ,minlen(χ)

10
with minlen the minimum of connected parts length of χ−1({0}) and

χ−1({1}).

We set the following initial parameters

Parameter Value Description

Ω ]0, 1[×]0, 1[ domain
c 340 m s−1 wave speed
h min(λ,minlen(χ))/80 spacestep

g (x, y = 0) 7→ exp (x−1/2)2
√

2π0.52 Dirichlet boundary function

I (20 Hz,1000 Hz) chosen audible frequencies
β 50 % fixed absorbent percentage
χ0 see fig. 7.8 initial absorbent distribution
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Because of a limited computational power, we stay below 1000 Hz and set minlen(χ) to 0.1
when χ ∈ [0, 1].

Attention: From now on, we denote by f the frequency, relatedwith ω by the formula ω = 2πf ,
and not a source term in the Helmholtz equation, which in this numerical test was taken equal
to 0.

The parameter β is fixed to 0.5 (there is 50% of absorbing material on Γ). We also fix our
initial distribution χ0, corresponding to the defined β, presented in Fig. 7.8 (on the left). The
corresponding solution (its real and imaginary parts) for f = 500 Hz is given on the right-hand
part of Fig. 7.8

Figure 7.8 – χ(y) for the initial absorbent distribution on the le� and the corresponding real and imag-
inary parts of the solution of the Helmholtz problem found for the frequency f = 500 Hz
on the right. A black line gives the presence of the porous medium on Γ.

Fig. 7.9 gives the energy J(χ0) for the chosen χ0 (see Fig. 7.8 on the left) and the energy for the
fully absorbent Γ (χ(x) = 1 for all x ∈ Γ). The main goal is to find a distribution χ ∈ Uad(0.5)
such that the energy J(χ) on the interval of chosen frequencies would be not worse or even
smaller than the energy corresponding to the fully absorbent Γ.



7.7. Several numerical results 121

Figure 7.9 – energy on the frequency range for the initial absorbent distribution and the one with ab-
sorbent everywhere.

First, we consider the optimization for only one fixed frequency and then consider a frequency
discretization of the interval I = [20 Hz, 1000 Hz].

7.7.1 Optimization on a single frequency

We chose three typical frequencies: f = 100 Hz in the low frequencies, f = 500 Hz in the
mean frequencies and f = 1000 Hz as a high frequecy. Each time, the optimization procedure
is started with χ0 and β = 0.5, as explained previously.
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Example f = 100 Hz in the low frequencies

Figure 7.10 – χopt ∈ U∗
ad(0.5) (blue doted line) and χopt

projected ∈ Uad(0.5) (black solid line) for the
frequecy f = 100 Hz.

Figure 7.11 – Comparison between the energy for the optimised χ for the frequecy f = 100 Hz and the
initial χ0 on the le� and the fully absorbing case χ100% on the right.
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Example f = 500 Hz in the mean frequencies

Figure 7.12 – Optimal distribution χopt ∈ U∗
ad(0.5) and its projection on Uad(0.5) for the fixed fre-

quency f = 500 Hz.

Figure 7.13 – Comparison between the energy for the optimised χ for the frequecy f = 500 Hz and the
initial χ0 on the le� and the fully absorbing case χ100% on the right.
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Example f = 1000 Hz in the high frequencies

Figure 7.14 – Optimal distribution χopt ∈ U∗
ad(0.5) and its projection on Uad(0.5) for the fixed fre-

quency f = 1000 Hz.

Figure 7.15 – Comparison between the energy for the optimised χ for the frequecy f = 1000 Hz and
the initial χ0 on the le� and the fully absorbing case χ100% on the right. In the mean,
the energy found for the optimized χ for the frequency f = 1000 Hz with 50% of porous
material is not too larger than the energy of the fully absorbing case.
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Comparaison of the different energies on the range of frequencies

Figure 7.16 – Energies on the frequency range for three found absorbing distributions of χopt at 100 Hz
(red line), 500 Hz (green line) and 1000 Hz (blue line). A star indicates the frequency of
the optimization.

Figure 7.17 – Energies on the frequency range for three found absorbing distributions of χopt
projected at

100 Hz (red line), 500 Hz (green line) and 1000 Hz (blue line).

For f ∈ {500 Hz, 1000 Hz}, the optimization procedure tends to give optimal distributions χopt

close to characteristic functions. Moreover, see, for instance, Fig. 7.12 for f = 500 Hz, the width
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of the peaks of the optimal χ is closed to λ
2

= c
2f

(as it was obtained in the framework of the
geometrical shape optimization). For f = 100 Hz, the expected peak length is higher than 1,
which is impossible to reach with a volume percentage of β = 50 %.

We notice that the optimization on one frequency results in the displacement of the peaks with-
out significantly reducing the total integrated energy. Thus, there is a need to optimize on
several frequencies at once.

7.7.2 Optimization on several frequencies

From now on, we use 400 uniformly spaced frequencies on I = [20Hz, 1000Hz]. Then, we
optimize the acoustical energy integrated over I . More precisely, we minimize the “total” energy
on Uad(0.5) (see [54] for more details):

Ĵ(χ) :=
∫

I
J(f, χ)df, min

χ∈Uad(0.5)
Ĵ(χ). (7.47)

The integral is approximated by the (composite) trapezoidal rule element-wise, i.e.

∫ fj+1

fj

J(χ, f) df ≈ (fj+1 − fj)
J(χ, fj) + J(χ, fj+1)

2
. (7.48)

To see if the gradient descent gives good performances to reach an optimal distribution, we
implemented a genetic algorithm (not detailed here, based on [2]) and compared its best result
to the one we have (figure 7.19). We found approximately the same total energy.

Figure 7.18 – Absorbent distribution χ found by gradient descent method on the le� and genetic algo-
rithm on the right for the frequency range optimization with 50% of porous material.
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Figure 7.19 – Comparison between the best absorbent distribution found using the gradient descent
and the best distribution found using the genetic algorithm. We notice that they are
almost the same and both be�er than the 100% absorbing boundary.

We give now the values of integrals over I for all energies presented on Fig. 7.19:

Distribution Total energy

Absorbent everywhere 2093
Best using gradient descent 1475
Best using genetic algorithm 1440

Fig. 7.19 shows that with 50% of absorbing material, it is possible to create a distribution of
porous material that absorbs more efficiently the acoustical energy than with 100% of absorbing
material.





Appendix A

Remarks on the well-posedness of the
Helmholtz problem

Let us consider the Helmholtz equation

∆u + ω2u = f

with some boundary conditions on a bounded domain Ω. Its well-posedness is directly related to the
question: is 0 an eigenvalue of the operator ∆ + ω2, or equivalently, is ω2 an eigenvalue of ∆?

In the case of considered complex-valued Robin boundary condition, the answer is negative (all eigen-
values are non-zero imaginary parts), and hence the problem is well-posed.

To prove its well-posedness, it is not possible to use the Lax-Milgram Theorem. The variational formu-
lation of the Helmholtz problem gives a form a(u, v) : H × H → R which is not coercive (the problem
comes from the term ω2u). It is sufficient to consider the simplest case of the homogeneous Dirichlet
boundary conditions: for all v ∈ H1

0 (Ω)

(u, v)H1
0 (Ω) − ω2(u, v)L2(Ω) = −(f, v)L2(Ω).

Here, we have the form a(u, v) = (u, v)H1
0 (Ω) − ω2(u, v)L2(Ω). Since ω is an arbitrary real number, the

sign − between two terms does not ensure its coercivity and positivity for u = v, since ω is an arbitrary
real number. However, this kind of form can be rewritten in the sense of the operator equation (see TD 4):

∀v ∈ H1
0 (Ω) ((Id − ω2T )u, v)H1

0 (Ω) = −(Af, v)H1
0 (Ω),

involving a compact linear operator T : H1
0 (Ω) → H1

0 (Ω) (and a bounded linear operator A : L2(Ω) →
H1

0 (Ω)).

It means that the well-posedness of the Helmholtz problem is equivalent to the well-posedness of the
operator equation on a Hilbert space H (for the Dirichlet problem here H = H1

0 (Ω), for the mixte
problem H = V (Ω),...):

(Id − T )u = f (f := −Af to simplify the notations) (A.1)

with a linear compact operator T : H → H .

Equation (A.1) is called the Fredholm equation of the second kind1. To solve it, there are three Fredholm
theorems (this time, the Lax-Milgram is useless).

1The Fredholm equation of the first kind has the form T u = f .
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A.1 Fredholm theory and theorems

Three Fredholm theorems are studying the properties of the operator Id − T and the adjoint operator
Id − T ∗. We formulate them in the Hilbert space H framework, but they are also valid on a Banach
space. The proof of these theorems is classical but involves the abstract theory of the functional analysis
not treated in this course. Some elements of the proof are presented on TD 4.

In particular, we take attention to these two useful facts (we use them on TD 4):

1. If T : H → H is a linear compact operator, then its adjoint operator T ∗ : H → H is also compact.

2. If T : H → H is a linear compact operator, then ImT = T (H) is a close set in H (see Proposi-
tion 6.2.1):

ImT = ImT.

This is the first Fredholm theorem:

Theorem A.1.1. Let T be a linear compact operator in a Hilbert space H . The following assertions are

equivalent:

1. for all f ∈ H equation (Id − T )u = f has a solution in H (i.e Im(Id − T ) = H);

2. homogenous equation (Id − T )z = 0 has only the trivial solution z = 0 (i.e Ker(Id − T ) = {0});

3. for all g ∈ H the adjoint equation (Id − T ∗)v = g has a solution in H (i.e Im(Id − T ∗) = H);

4. homogenous equation (Id−T ∗)φ = 0 has only the trivial solution φ = 0 (i.e Ker(Id−T ∗) = {0}).

If one of the assertions 1)-4) holds, then there exist the inverse operators (Id−T )−1 and (Id−T ∗)−1, which

are linear continuous.

It also holds the second Fredholm theorem:

Theorem A.1.2. Let H be a Hilbert space and T : H → H be a compact linear operator. Then equations

(Id − T )z = 0 and (Id − T ∗)φ = 0 have the same finite number of linearly independent solutions.

Finally, we give the third Fredholm theorem:

Theorem A.1.3. Let H be a Hilbert space and T : H → H be a linear compact operator. Equation

(Id−T )u = f (with a fixed f ∈ H) has at least one solution inH iff for all solutionφ ∈ H of (Id−T ∗)φ = 0
we have

(φ, f)H = 0.

Therefore, to apply the first Fredholm theorem to the Helmholtz problem, we must ensure that the ho-
mogeneous problem (f = 0 and with homogeneous boundary conditions) has the unique solution u = 0.

For the homogeneous Dirichlet boundary conditions, it is possible to use the fact that −∆ with Dirich-
let boundary conditions is a positive operator (also symmetric and auto-adjoint) with strictly positive
eigenvalues. Since 0 is not its eigenvalue, thus the homogeneous problem has the unique trivial solution.

It is not the case of the Neumann Laplacian, which has an eigenvalue equal to 0. Obviously, any constant
solves ∆u = 0 with ∂u

∂ν = 0 on ∂Ω. In this case the third Fredholm Theorem is useful. Actually, if
we precise

∫

Ω udx = 0 (i.e. (u, 1)H = (u, 1)L2(Ω) = 0), we work with solutions of the mean value 0
on Ω, which allows only one possibility of the constant solution u = 0. In other words, the condition
∫

Ω udx = 0 ensures that Ker(Id− T ) = {0} and gives the class of uniqueness: u ∈ H of the mean value
zero.
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For the mixte boundary value problem with the complex Robin boundary conditions, the unicity of the
homogeneous problem comes from the uniqueness of the solution to the Cauchy problem for ∆ + ω2Id
in the connected domain Ω with Cauchy data on Γ (see for example [20, Theorems 1.1 and 1.2] and [53]).
Actually, choosing the test function equal to a solution u and separating real and imaginary parts in the
variational formulation of the homogeneous Helmholtz problem, we first obtain thatTr u = 0 onΓ (since
| Im α| > 0). By the Robin boundary condition on Γ, we then obtain that ∂u

∂n = 0 on Γ. Thus on Γ we

have simutanelly Tr u = 0 and ∂u
∂n = 0 for u solving the second order equation (∆ + ω2)u = 0 in Ω

(with, as usual Tr u = 0 on ΓDir and
∂u
∂n = 0 on ΓNeu). It gives us the so-called the Cauchy problem for

the operator ∆ + ω2Id. We do not detail the proof of the unicity. Finally, we apply the first Fredholm
theorem and conclude the well-posedness (see TD4).



132 Chapter A. Remarks on the well-posedness of the Helmholtz problem



Appendix B

Centered Finite Differences for the
Helmholtz problem

Assume that the domain D be a rectangle, or simply a square. For (x, y) ∈ D, put

R(x, y) =

{

−1 if (x, y) ∈ Ω,
1 if (x, y) ∈ D \ Ω.

This matrix allows to identify if (x, y) is inside or outside of Ω.

Assume that the square is (0, 1) × (0, 1), then we divide the interval (0, 1) into N equal parts, so there
are N × N small squares in D. It is called a mesh and each small square in mesh is called a cell.

Let h = 1
N , for all i ∈ (1, N) and all j ∈ (1, N) , put xi = (i − 1

2)h, yj = (j − 1
2 )h, that means (xi, yj) is

the center with respect to each cell which we will call the cell (i, j) in mesh. Let u(i, j) be an approximate
value of u(xi, yj), and fi,j = f(xi, yj) . Moreover, we build a matrix s which defines the value on the
Robin boundary

s(2i+1,2j) = s(xi + h/2, yj),

s(2i−1,2j) = s(xi − h/2, yj),

s(2i,2j+1) = s(xi, yj + h/2),

s(2i,2j−1) = s(xi, yj − h/2).

The size of matrix s is (2N + 1) × (2N + 1). We assume that the domain Ω is the interior of the square
D. Now we discretize the Helmholtz problem as following.

• For i ∈ (2, N − 1) and j ∈ (2, N − 1), using the Helmholtz equation

ui+1,j − 2ui,j + ui−1,j

h2
+

ui,j+1 − 2ui,j + ui,j−1

h2
+ ω2ui,j = fi,j .

• For i = 1 and j ∈ (2, N − 1), using the Helmholtz equation and the Dirichlet boundary condition

ui+1,j − 3ui,j + 2g(j)

h2
+

ui,j+1 − 2ui,j + ui,j−1

h2
+ ω2ui,j = fi,j .

• For i = 1 and j = 1 or j = N , using the Helmholtz equation and the Dirichlet and Neumann
boundary conditions,
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• Case j = 1,
ui+1,j − 3ui,j + 2g(j)

h2
+

ui,j+1 − ui,j

h2
+ w2ui,j = fi,j .

• Case j = N ,

ui+1,j − 3ui,j + 2g(j)

h2
+

ui,j−1 − ui,j

h2
+ w2ui,j = fi,j .

• For i = N and j = 1 or j = N , using the Helmholtz equation and the Dirichlet, Neumann and
Robin boundary conditions

• Case j = 1,

−αh

1 + αh/2
ui,j − ui,j + ui−1,j

h2
+

ui,j+1 − ui,j

h2
+ ω2ui,j = fi,j + s(2i+1,2j) .

• Case j = N ,

−αh

1 + αh/2
ui,j − ui,j + ui−1,j

h2
+

ui,j−1 − ui,j

h2
+ ω2ui,j = fi,j + s(2i+1,2j) .

• For i ∈ (2, N −1) and j = 1 or j = N , using the Helmholtz equation and the Neumann boundary
condition

• Case j = 1,
ui+1,j − 2ui,j + ui−1,j

h2
+

ui,j+1 − ui,j

h2
+ ω2ui,j = fi,j .

• Case j = N ,

ui+1,j − 2ui,j + ui−1,j

h2
+

ui,j−1 − ui,j

h2
+ ω2ui,j = fi,j .

Note thatwe only solve the Helmholtz equation inside the domainΩ, and if some cell (i, j)which is inside
Ω (R(i, j) = −1) and it has one of four neighbours outside, then we will use the boundary condition to
approximate its neighbours.

We also use this scheme to solve the adjoint problem.
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