




f : Rd ⇥ ⌅ ! R
(x, t) 7! f(x, t)

⇠ (⌦,F ,P) ⌅
E(|f(x, ⇠)|) < +1

min
x2Rd

E(f(x, ⇠))

⇠ E
(⇠k)

⇠

(⇠k)
x

(xi, yi)1in i xi 2 Rp

yi 2 {�1, 1}
w 2 Rp

w0 2 R
i (yi, xi) (Y,X) D

Pw,w0(Y = 1|X) =
exp(X>

w + w0)

1 + exp(X>w + w0)
.

8i 2 {1, . . . , n} P(Yi = yi|xi) =
1

1 + exp(�yi(x>i w + w0))

(ŵ, ŵ0) = arg min
w,w0

nX

i=1

log(1 + exp(�yi(x
>
i w + w0)))
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f(w,w0) =
Pn

i=1 log(1 + exp(�yi(x>i w + w0))) rf(w,w0)

⇠i = (xi, yi) n

n

f

(xk)k2N Rn
x0 2 Rn

xk+1 = xk � �krf(xk)

k �k

f x
⇤

�k = 1
L

f(xk)� f(x⇤)  Lkx0 � x
⇤k2

2k

f µ

f(xk)� f(x⇤) 
⇣
1� µ

L

⌘k
(f(x0)� f(x⇤) + L

2 kx0 � x
⇤k2)

kxk � x
⇤k2 

⇣
1� µ

L

⌘k
( 2L(f(x0)� f(x⇤)) + kx0 � x

⇤k2)

rf L

f(xk+1)  f(xk) + hrf(xk), xk+1 � xki+ L
2 kxk+1 � xkk2 = f(xk) +

�
� � + L�2

2

�
krf(xk)k2

� < 2/L f(xk+1)  f(xk)
x

hrf(xk), x� xki+ L
2 kx� xkk2 � L

2 kx� xk+1k2 = hrf(xk), xk+1 � xki+ L
2 kxk+1 � xkk2

f

f(xk+1)  f(xk) + hrf(xk), x
⇤ � xki+

L

2
kx⇤ � xkk2 �

L

2
kx⇤ � xk+1k2

 f(x⇤) +
L

2
kx⇤ � xkk2 �

L

2
kx⇤ � xk+1k2

k 2 {0,K � 1}

KX

k=1

⇣
f(xk)� f(x⇤)

⌘
 L

2
kx⇤ � x0k2 �

L

2
kx⇤ � xKk2  L

2
kx⇤ � x0k2

f(xk+1)  f(xk) k

f(xK)� f(x⇤)  L

2K
kx⇤ � x0k2
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f(xk+1)  f(xk) + hrf(xk), x⇤ � xki+ L
2 kx

⇤ � xkk2 � L
2 kx

⇤ � xk+1k2
f(xk) � f(x⇤) + hrf(xk), x⇤ � xki+ µ

2 kxk � x
⇤k2

f(xk+1)� f(x⇤) + L
2 kx

⇤ � xk+1k2  L�µ
2 kx⇤ � xkk2  (1� µ

L)
⇣
f(xk)� f(x⇤) + L

2 kx
⇤ � xkk2

⌘

f : Rn ! R
rf(x) Rn

f(x+ h) = f(x) + hrf(x), hi+ o(h) .

@f
@xi

(x) i

f(x) = kAx� bk2 A 2 Rm⇥n

f(x) =
mX

j=1

⇣ nX

i=1

Aj,ixi � bj

⌘2

@f

@xk
(x) = 2

mX

j=1

Aj,k

⇣ nX

i=1

Aj,ixi � bj

⌘
.

rf(x) = 2A>(Ax� b) .

f(x+ h) f(x) h

f(x) = kAx� bk2

f(x+ h) = kA(x+ h)� bk2 = kAx� bk2 + 2hAx� b, Ahi+ kAhk2

= f(x) + 2hA>(Ax� b), hi+ o(h)

rf(x) = 2A>(Ax� b)

g : Rn ! Rm
f : Rm ! Rp

f � g x

Jf�g(x) = Jf (g(x))⇥ Jg(x) .



Jg(x) =

2

66664

@g1

@x1
(x) . . .

@g1

@xn
(x)

@gm

@x1
(x) . . .

@gm

@xn
(x)

3

77775

g(x+ h) = g(x) + Jg(x)h+ o(h) .

f : Rm ! R g(x) = Ax A m⇥ n

r(f �A)(x) = A
>rf(Ax) .

f(x) = kAx� bk2
f(x) = h(Ax) h(y) = ky � bk2

h(y + h) = ky + h� bk2 = ky � bk2 + 2hy � b, hi+ khk2 rh(y) = 2(y � b)
rf(x) = r(h �A)(x) = A

>rh(Ax) = 2A>(Ax� b)

gk 2 @f(xk)

xk+1 = xk � �kgk

k �k

f x
⇤

�kPk
l=0 �

2
lPk

l=0 �l
! 0 k ! +1

f(xk)� f(x⇤) ! 0

yi,j = 1
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i j ↵

F (w,w0) =
1

n

nX

i=1

log
⇣ 9X

j=0

exp
� dX

k=1

xi,kwk,j + w0,j
�⌘

�
9X

j=0

yi,j
� dX

k=1

xi,kwk,j + w0,j
�
+
↵

2
kwk22

d xi,: n

↵

w0 ↵ A

F↵(w) w

↵

F↵(w) =
1

ntrain

ntrainX

i=1

log
⇣ 9X

j=0

exp
� dX

k=1

x
train
i,k wk,j

�⌘
�

9X

j=0

y
train
i,j

� dX

k=1

x
train
i,k wk,j

�
+
↵

2
kwk22

w
↵ = argminw F↵(w)

L(w) = 1
nvalid

Pnvalid
j=1 `((xvalidi )>w, yvalidi ) `((xvalidi )>w, yvalidi ) =

1 (xvalidi )>w

max
↵2A

L(w↵)

w
↵ 2 argmin

w
F↵(w)

↵

↵



min
x2Rd

E[f(x, ⇠)]

�k

xk+1 = xk � �krf(xk, ⇠k+1)

rf(xk, ⇠k+1) (x 7! f(x, ⇠k+1)) xk

(x 7! f(x, ⇠k+1))

N

fi 1  i  N

min
x

1

N

NX

i=1

fi(x)

⇠ = I ⇠ U({1, . . . , N})
N

(
Ik+1 ⇠ U({1, . . . , N})

xk+1 = xk � �krfIk+1(xk)

⇠ = (X,Y ) X 2 Rn

Y 2 R

min
w2Rn

1

2
E[(Y �X

>
w)2]

wk+1 = wk � �k(X
>
k+1wk � Yk+1)Xk+1



F (x) = E(f(x, ⇠)) Ek (⇠1, . . . , ⇠k) xk

(⇠1, . . . , ⇠k)

(x 7! f(x, ⇠)) ⇠ L

C > 0 E(krf(x, ⇠)k2)  C x

�k

xk+1 = xk � �krf(xk, ⇠k+1)

E
h
min
0lk

krF (xl)k2
i


2(F (x0)� inf F ) + CL
Pk

l=0 �
2
l

2
Pk

l=0 �l

.

F (xk+1)  F (xk) + hrF (xk), xk+1 � xki+
L

2
kxk+1 � xkk2

 F (xk)� �khrF (xk),rf(xk, ⇠k+1)i+
L�

2
k

2
krf(xk, ⇠k+1)k2

xk+1�xk = ��krf(xk, ⇠k+1)
Ek

Ek[F (xk+1)]  F (xk)� �kkrF (xk)k2 +
L

2
�
2
kEk[krf(xk, ⇠k+1)k2]

�kkrF (xk)k2  F (xk)� Ek[F (xk+1)] +
L

2
�
2
kC

l k

E
h kX

l=0

�lkrF (xl)k2
i
 F (x0)� E[F (xk+1)] +

L

2

kX

l=0

�
2
l C

krF (xl)k2 � min0l0k krF (x0l)k2 l E[F (xk+1)] �
inf F

(x 7! f(x, ⇠)) ⇠

C > 0 E(krf(x, ⇠)k2)  C x

x
⇤ 2 argminF

�k
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xk+1 = xk � �krf(xk, ⇠k+1)

E
h
F (x̄�k)� F (x⇤)

i


E[kx0 � x
⇤k2] + C

Pk
l=0 �

2
l

2
Pk

l=0 �l

x̄
�
k =

Pk
l=0 �lxlPk
j=0 �j

E[rf(x, ⇠)] 2 @F (x) x

f(y, ⇠) � f(x, ⇠) + hrf(x, ⇠), y � xi
F (y) = E[f(y, ⇠)] � E[f(x, ⇠)] + E[hrf(x, ⇠), y � xi] = F (x) + hE[rf(x, ⇠)], y � xi .

Ek (⇠1, . . . , ⇠k)

Ek[kxk+1 � x
⇤k] = Ek[kxk � x

⇤k+ 2hxk+1 � xk, xk � x
⇤i+ kxk+1 � xkk2]

= kxk � x
⇤k � 2�khEk[rf(xk, ⇠k+1)], xk � x

⇤i+ �
2
kEk[krf(xk, ⇠k+1)k2]

 kxk � x
⇤k+ 2�khEk[rf(xk, ⇠k+1)], x

⇤ � xki+ �
2
kC

 kxk � x
⇤k+ 2�k(F (x⇤)� F (xk)) + �

2
kC .

E[�k(F (xk)� F (x⇤))]  �1

2
E[kxk+1 � x

⇤k2] + 1

2
E[kxk � x

⇤k2] +
�
2
kC

2

l k

E[
kX

l=0

�l(F (xl)� F (x⇤))]  �1

2
E[kxk+1 � x

⇤k2] + 1

2
E[kx0 � x

⇤k2] +
kX

l=0

�
2
l C

2

F

E
h
F (x̄�l )� F (x⇤)

i
 1
Pk

j=0 �j

E[
kX

l=0

�l(F (xl)� F (x⇤))] 
E[kx0 � x

⇤k2] + C
Pk

l=0 �
2
l

2
Pk

j=0 �j

E
h
F (x̄�l )�F (x⇤)

i
 E[kx0�x⇤k2]+C

Pk
l=0 �

2
l

2
Pk

l=0 �l
(�k)

Pk
j=1 �j ! +1

Pk
l=1 �

2
lPk

j=1 �j
! 0

�k = �0
(k+1)↵ 0 < ↵ < 1

kX

j=0

�j =
kX

j=0

�0

(j + 1)↵
�

kX

j=0

Z j+2

j+1

�0

t↵
dt =

Z k+2

1

�0

t↵
dt =

�0

1� ↵

h
t
1�↵
ik+2

1
=

�0

1� ↵

⇣
(k + 2)1�↵ � 1

⌘

kX

j=0

�
2
j =

kX

j=0

�
2
0

(j + 1)2↵
 �

2
0 +

kX

j=1

Z j+1

j

�
2
0

t2↵
dt = �

2
0 +

Z k+1

1

�
2
0

t2↵
dt =

(
�
2
0(1 + ln(k + 1)) ↵ = 1/2

�
2
0(1 +

(k+1)1�2↵�1
1�2↵ ) ↵ 6= 1/2
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1
Pk

j=0 �j

Pk
l=1 �

2
lPk

j=1 �j

0 < ↵ < 1/2 O

⇣ 1

k1�↵

⌘
O

⇣ 1

k↵

⌘

↵ = 1/2 O

⇣ 1

k1/2

⌘
O

⇣ ln(k)
k1/2

⌘

1/2 < ↵ < 1 O

⇣ 1

k1�↵

⌘
O

⇣ 1

k1�↵

⌘

↵ = 1/2 �k = �0p
k+1

E[F (x̄�k)� F (x⇤)] 2 O

⇣ ln(k)p
k

⌘
.

K

�k = ap
K

E[F (x̄�K)� F (x⇤)] 2 O

⇣
1p
K

⌘

F µ �k = a
µ(k+b)

E[F (xk)� F (x⇤)] 2 O

⇣
1
k

⌘

(x 7! f(x, ⇠)) ⇠

F µ L

C > 0 E(krf(x, ⇠)k2)  C x

x
⇤ 2 argminF

�k �k = a
µ(k+b) a > 0.5 b > 0

xk+1 = xk � �krf(xk, ⇠k+1)

E[kxk � x
⇤k2] 

max
⇣

a2C
(2a�1)µ2 , bkx⇤ � x0k2

⌘

k + b

E[F (xk)� F (x⇤)] 
L/2max

⇣
a2C

(2a�1)µ2 , bkx⇤ � x0k2
⌘

k + b

F (y) � F (x)+hE[rf(x, ⇠)], y�xi
F (y) � F (x) + hE[rf(x, ⇠)], y � xi+ µ

2ky � xk2

Ek[kxk+1 � x
⇤k]  kxk � x

⇤k � 2�khEk[rf(xk, ⇠k+1)], xk � x
⇤i+ �

2
kEk[krf(xk, ⇠k+1)k2]


�
1� µ�k

�
kxk � x

⇤k+ 2�k(F (x⇤)� F (xk)) + �
2
kC .
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F (x⇤)� F (xk)  �µ
2kxk � x

⇤k2

Ek[kxk+1 � x
⇤k2] 

�
1� 2µ�k

�
kxk � x

⇤k2 + �
2
kC .

�k = a
µ(k+b) E[kxk � x

⇤k2] 
�
k+b

k � E[kxk�x
⇤k2]  �

k+b

� � bkx0 � x
⇤k2

E[kxk+1 � x
⇤k2] 

�
1� 2µ�k

�
E[kxk � x

⇤k2] + �
2
kC


�
1� 2

a

k + b

� �

k + 1
+

a
2

µ2(k + b)2
C

�
1� 2

a

k + b

� �

k + b
+

a
2

µ2(k + b)2
C  �

k + b+ 1

,
�
1� 2

a

k + b

�
�(k + b+ 1) +

a
2(k + b+ 1)

µ2(k + b)
C  �(k + b)

, �� 2a�
k + b+ 1

k + b
+

a
2(k + b+ 1)

µ2(k + b)
C  0

, �
k + b

k + b+ 1
� 2a�+

a
2

µ2
C  0

k a > 0.5 � � a2C
(2a�1)µ2

F (x)�F (x⇤)  rF (x⇤), x�
x
⇤i+ L

2 kx� x
⇤k2 = L

2 kx� x
⇤k2

E(krf(x, ⇠) � rF (xk)k2)  C

E(krf(x, ⇠)k2)  C

min
x2X

E(f(x, ⇠)) + g(x)

f(·, ⇠) ⇠ g proxg(x) =

argminy g(y) +
1
2kx� yk2 F (x) = E(f(x, ⇠))

xk+1 = prox�kg
�
xk � �krf(xk, ⇠k+1)

�



(x 7! f(x, ⇠)) ⇠

g

F µ L

C > 0 E(krf(x, ⇠)�rF (xk)k2)  C x 2 dom g

x
⇤ 2 argminF + g

�k �k = a
µ(k+b) a > 1 b > 0

�0 =
a
µb  1

2L

xk+1 = prox�kg
�
xk � �krf(xk, ⇠k+1)

�

E[kxk � x
⇤k2] 

max( 2a2C
(a�1)µ2 , bkx0 � x

⇤k2)
k + b

p = prox�g(x)
y

�g(p) +
1

2
kp� xk2  �g(y) +

1

2
ky � xk2 � 1

2
ky � pk2

p = xk+1 x = xk � �krf(xk, ⇠k+1) y = x
⇤

�kg(xk+1) +
1

2
kxk+1 � xk + �krf(xk, ⇠k+1)k2  �kg(x

⇤) +
1

2
kx⇤ � xk + �krf(xk, ⇠k+1)k2 �

1

2
kx⇤ � xk+1k2

1

2
kx⇤ � xk+1k2 +

1

2
kxk+1 � xk + �krf(xk, ⇠k+1)k2 

1

2
kx⇤ � xkk2 + �k

⇣
g(x⇤)� g(xk+1)

+ hrf(xk, ⇠k+1), x
⇤ � xki

⌘
+
�
2
k

2
krf(xk, ⇠k+1)k2

Ek[kx⇤ � xk+1k2]  (1� �kµ)kx⇤ � xkk2 + 2�k
⇣
g(x⇤)� Ek[g(xk+1)] + F (x⇤)� F (xk)

⌘
+(((((((((((
�
2
kEk[krf(xk, ⇠k+1)k2]

� Ek[kxk+1 � xkk2]�(((((((((((
�
2
kEk[krf(xk, ⇠k+1)k2]� 2�kEk[hrf(xk, ⇠k+1), xk+1 � xki]

F (xk+1)  F (xk) + hrF (xk), xk+1 � xki+
L

2
kxk+1 � xkk2

�F (xk)  �F (xk+1) + hrf(xk, ⇠k+1), xk+1 � xki+ hrF (xk)�rf(xk, ⇠k+1), xk+1 � xki+
L

2
kxk+1 � xkk2

Ek[kx⇤ � xk+1k2]  (1� �kµ)kx⇤ � xkk2 + 2�k
⇣
g(x⇤)� Ek[g(xk+1)] + F (x⇤)� F (xk+1)

⌘

+ (L�k � 1)Ek[kxk+1 � xkk2] + 2�kEk[hrF (xk)�rf(xk, ⇠k+1), xk+1 � xki]
 (1� �kµ)kx⇤ � xkk2 + (L�k � 0.5)Ek[kxk+1 � xkk2] + 2�2kEk[krF (xk)�rf(xk, ⇠k+1)k2]

ha, bi  kak2/2+ kbk2/2 a = 2�k(rF (xk)�rf(xk, ⇠k+1))
b = xk+1 � xk L�k  0.5 Ek[kxk+1 � xkk2]

E[kx⇤ � xk+1k2]  (1� �kµ)E[kx⇤ � xkk2] + 2�2kC
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rF

min
x

E[f(x, ⇠)] E(krf(x, ⇠)k2)  C �k = �0p
k+1

E
h
min
lk

krF (xl)k2
i
2 O( ln(k)p

k
)

min
x

E[f(x, ⇠)] E(krf(x, ⇠)k2)  C �k = �0p
k+1

E[F (x̄�
k)� F (x⇤)] 2 O( ln(k)p

k
)

min
x

E[f(x, ⇠)] + g(x) µ E(krf(x, ⇠)�rF (x)k2)  C �k = a
µ(k+b) E[kxk � x

⇤k2] 2 O( 1k )

D (⇠i)1iN ⇠i ⇠ D
i

x
⇤ 2 argminF (x) = E⇠⇠D[f(x, ⇠)] .

(x 7! f(x, ⇠)) ⇠ D

x
⇤
N 2 argmin

x2X
FN (x) =

1

N

NX

i=1

f(x, ⇠i)

xk x
⇤
N

x
⇤

xk

E[E(xk)� E(x⇤)] = E[FN (xk)� FN (x⇤N )]| {z }
E

+E[FN (x⇤N )� F (x⇤)] + E[F (xk)� FN (xk)]| {z }
E

N

Xi = f(x, ⇠i) Xi

E[(Xi�E[Xi])2] = �
2
< +1

PN
i=1 f(x,⇠i)�F (x)p

N�

c > 0 N

|FN (x)� F (x)|  cp
N

FN (x⇤N )  FN (x⇤) E  2cp
N

✏

rf(x, ⇠) Cr



E 

� = � =

k E  E 

E  ✏

E ⇡ E

N



min
x

1

N

NX

i=1

fi(x)

n

F (x) = 1
N

PN
i=1 fi(x) µ

✏

1/✏ O(ln(1/✏)
1/✏ < N ln(1/✏)

x0 w0 = x0 p < 1

ik+1 ⇠ U({1, . . . , N})
gk+1 = rF (wk) +rfik+1(xk)�rfik+1(wk)

xk+1 = xk � �gk+1

wk+1 =

(
xk p

wk 1� p



f L x y

f(x) � f(y) + hrf(y), x� yi+ 1

2L
krf(x)�rf(y)k2

y � : x 7! f(x)� hrf(y), x� yi
� r�(x) = rf(x)�rf(y) r�(y) = 0 y 2 argmin�

�(y)  �(x� 1

L
r�(x))  �(x) + hr�(x),� 1

L
r�(x)i+ L

2
k 1
L
r�(x)k2

�(y)  �(x)� 1

2L
kr�(x)k2

� f(x)�hrf(y), x�yi � f(y)+ 1
2Lkrf(x)�rf(y)k2

i 2 {1, . . . , N} fi rfi L

F µ x
⇤

F

�  1
6L

E[kxk � x
⇤k2]  c

k�0

c = max(1� �µ, 1� p/2) �0 = kx0 � x
⇤k2 + 4�2

pN

PN
i=1 krfi(x0)�rfi(x⇤)k2

2 + pN

rF (wk) N

p rfik+1(xk) rfik+1(wk)

Ek[gk+1] = rF (wk)+rF (xk)�rF (wk) =
rF (xk)

kxk+1 � x
⇤k2 = kxk � x

⇤k2 � 2�hgk+1, xk � x
⇤i+ �

2kgk+1k2

Ek[kxk+1 � x
⇤k2] = kxk � x

⇤k2 + 2�hrF (xk), x
⇤ � xki+ �

2Ek[kgk+1k2]
Ek[kxk+1 � x

⇤k2]  (1� �µ)kxk � x
⇤k2 + 2�(F (x⇤)� F (xk)) + �

2Ek[kgk+1k2]

kgk+1k2

Ek[kgk+1k2] = Ek[krF (wk) +rfik+1(xk)�rfik+1(wk)k2]
= Ek[krfik+1(xk)�rfik+1(x

⇤) +rF (wk) +rfik+1(x
⇤)�rfik+1(wk)k2]

 2Ek[krfik+1(xk)�rfik+1(x
⇤)k2] + 2Ek[krF (wk)�rF (x⇤) +rfik+1(x

⇤)�rfik+1(wk)k2]
 2Ek[krfik+1(xk)�rfik+1(x

⇤)k2] + 2Ek[krfik+1(x
⇤)�rfik+1(wk)k2]

E[X2] = E[X]2 + E[(X � E[X])2] � E[(X � E[X])2]
fi(x) � fi(x⇤)+ hrfi(x⇤), x�x

⇤i+ 1
2Lkrfi(x)�rfi(x⇤)k2

Ek[krfik+1(xk)�rfik+1(x
⇤)k2]  2L

N

NX

i=1

fi(xk)� fi(x
⇤)� hrfi(x

⇤), xk � x
⇤i = 2L(F (xk)� F (x⇤))
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Dk =
4�2

pN

NX

i=1

krfi(wk)�rfi(x
⇤)k2 = 4�2

p
Ek[krfik+1(wk)�rfik+1(x

⇤)k2

Ek[kxk+1 � x
⇤k2]  (1� �µ)kxk � x

⇤k2 + 2�(F (x⇤)� F (xk)) + 4L�2(F (xk)� F (x⇤)) +
p

2
Dk .

fi(x) � fi(x⇤)+hrfi(x⇤), x�x
⇤i+ 1

2Lkrfi(x)�rfi(x⇤)k2

Dk  8L�2

pN

NX

i=1

fi(wk)� fi(x
⇤)� hrfi(x

⇤), wk � x
⇤i = 8L�2

p

�
F (wk)� F (x⇤)

�

wk

Ek[Dk+1] = (1� p)Dk + p
4�2

pN

NX

i=1

krfi(xk)�rfi(x
⇤)k2  (1� p)Dk + 8L�2

�
F (xk)� F (x⇤)

�

Ek[kxk+1 � x
⇤k2] E[Dk+1]

Ek[kxk+1 � x
⇤k2 +Dk+1]  (1� �µ)kxk � x

⇤k2 + 2�(F (x⇤)� F (xk)) + 4L�2(F (xk)� F (x⇤))

+
p

2
Dk + (1� p)Dk + 8L�2

�
F (xk)� F (x⇤)

�

 (1� �µ)kxk � x
⇤k2 + (1� p

2
)Dk +

�
12L�2 � 2�

��
F (xk)� f(x⇤)

�

�  1
6L max(1��µ, 1�p/2)

x ✏ F (x)  inf F + ✏

xk ✏

F F µ

F

� > 0 F� : x 7! F (x) + �
2kx� x0k2

✏/2 F� ✏ F

xk F�

✏ F F

n ✏



x 2 Rd
f : Rd ⇥⌅ ! R

⇠ (x 7! f(x, ⇠)) L x
+(�) = x � �rf(x, ⇠)

� 2 Rd
+ ⇠

inf
�2Rd

+

E[f(x+(�), ⇠)]  E[f(x+(�⇤), ⇠)]  f(x)� 1

2L

dX

j=1

(E[rjf(x, ⇠)]4)

E[rjf(x, ⇠)]2

�
⇤
j = 1

L
(E[rjf(x,⇠)])2

E[rjf(x,⇠)2]

F (x) = E[f(x, ⇠)]

F (x+(�))  F (x)� hrF (x), �rf(x, ⇠)i+ L

2
k�rf(x, ⇠)k2

E[F (x+(�))]  F (x)�
dX

j=1

�j(rjF (x))2 +
L

2

dX

j=1

�
2
jE[rjf(x, ⇠)

2]

�

⇠

⇠

⇠k+1 ab

a b
a
b

kak2b =
Pd

i=1 bia
2
i
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⇠k+1 ⇠ D
gk+1 2 @f(xk, ⇠k+1)

vk+1 =
kX

s=0

g
2
s+1

�k+1 =
↵

p
vk+1

xk+1 = xk � �k+1gk+1

f(·, ⇠) ⇠

x
⇤ 2 argminF F (x) = E[f(x, ⇠)]

k � 0 i 2 {1, . . . , d} |xk,i � x
⇤
i |  D

x, ⇠ g 2 @f(x, ⇠) kgk  G

E[F (x̄K)� F (x⇤)]  dGp
K

⇣
D

2

↵
+ 2↵

⌘

x̄K = 1
K

PK�1
k=0 xk

f(xk, ⇠k+1)�f(x⇤, ⇠k+1)  hgk+1, xk � x⇤i

 1

2
kxk � x⇤k2��1

k+1
� 1

2
kxk+1 � x⇤k2��1

k+1
+

1

2
kgk+1k2�k+1

k K � 1

K�1X

k=0

f(xk, ⇠k+1)�f(x⇤, ⇠k+1) 
K�1X

k=0

⇣1
2
kxk � x⇤k2��1

k+1
� 1

2
kxk+1 � x⇤k2��1

k+1

⌘
+

K�1X

k=0

1

2
kgk+1k2�k+1

�0 > �1

K�1X

k=0

⇣
kxk � x⇤k2��1

k+1
� kxk+1 � x⇤k2��1

k+1

⌘
= kx0 � x⇤k2��1

0
� kxK � x⇤k2��1

K
+

K�1X

k=0

(kxk � x⇤k2(��1
k+1���1

k )


dX

i=1

D
2

�0,i
+

K�1X

k=0

D
2(

1

�k+1,i
� 1

�k,i
)  dD

2

�K,i
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1
�k+1

� 1
�k

� 0 �K,i � ↵
G
p
KPK�1

k=0 kgk+1k2�k+1
�k

a
(i)
k = g

2
k+1,i � 0

K�1X

k=0

kgk+1k2�k+1
= ↵

K�1X

k=0

dX

i=1

a
(i)
kqPk
s=0 a

(i)
s

(ak)

K�1X

k=0

akqPk
s=0 as

 2

vuut
K�1X

s=0

as

hK =
PK�1

k=0
akqPk
s=0 as

h1 =

p
a0  2

p
a0

hK  2
qPK�1

s=0 as

hK+1 = hK +
aKqPK
s=0 as

 2

vuut
K�1X

s=0

as +
aKqPK
s=0 as

p
b� a 

p
b� a

2
p
b

b� a � 0 b > 0

hK+1  2
⇣
vuut

KX

s=0

as �
aK

2
PK

s=0 as

⌘
+

aKqPK
s=0 as

= 2

vuut
KX

s=0

as

K�1X

k=0

kgk+1k2�k+1
 2↵

dX

i=1

vuut
K�1X

k=0

(gk+1,i)2  2↵dG
p
K

K�1X

k=0

f(xk, ⇠k+1)� f(x⇤, ⇠k+1) 
dD

2
G
p
K

↵
+ 2↵dG

p
K

F (xk) = E[f(xk, ⇠k+1)|⇠1, . . . , ⇠k] E[F (xk)] = E[f(xk, ⇠k+1)]
F

E[F (x̄K)� F (x⇤)]  1

K

K�1X

k=0

E[f(xk, ⇠k+1)� f(x⇤, ⇠k+1)] 
dD

2
G
p
K

↵K
+

2↵dGp
K
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rF (x)
↵ > 0 �1 2 [0, 1]

�2 2 [0, 1] ✏ > 0 x0 m0 = v0 = 0

⇠k+1 ⇠ D
mk+1 = �1mk + (1� �1)rf(xk, ⇠k+1)

m̂k+1 =
mk+1

1� �
k+1
1

vk+1 = �2vk + (1� �2)rf(xk, ⇠k+1)
2

v̂k+1 = max
�
v̂k,

vk+1

1� �
k+1
2

�

xk+1 = xk �
↵k

✏+
p
v̂k+1

m̂k+1

f(·, ⇠) ⇠

9x⇤ 2 argminF F (x) = E[f(x, ⇠)]

k i |xk,i � x
⇤
i |  D

x, ⇠ i |rif(x, ⇠)|  G

↵k = ↵0p
k+1

�
2
1 < �2 < 1 ✏ = 0

E[F (x̄K)� F (x⇤)]  dD
2

2(1� �1)
p
1� �2

G

↵0

p
K

+
1 + 2�1
2(1� �1)

↵0

p
1 + ln(K)G

p
1� �2

q
1� �2

1
�2

p
K

2 O(
ln(K)p

K
)

x̄K = 1
K

PK�1
k=0 xk

�̂k+1 =
↵k

(1��k+1
1 )(✏+

p
v̂k+1)

xk+1 = xk � �̂k+1mk+1

f(xk, ⇠k+1)� f(x⇤, ⇠k+1)  hrf(xk, ⇠k+1), xk � x
⇤i
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mk+1 = �1mk + (1� �1)rf(xk, ⇠k+1)

hrf(xk, ⇠k+1), xk�x
⇤i = hmk+1, xk�x

⇤i+ �1

1� �1

⇣
hmk+1, xk+1�x

⇤i�hmk, xk�x
⇤i
⌘
+

�1

1� �1
kmk+1k2�̂k+1

hmk+1, xk � x
⇤i = 1

2
kxk � x

⇤k2
�̂�1
k+1

� 1

2
kxk+1 � x

⇤k2
�̂�1
k+1

+
1

2
kmk+1k2�̂k+1

K�1X

k=0

f(xk, ⇠k+1)� f(x⇤, ⇠k+1) 
�1

1� �1

⇣
hmK , xK � x

⇤i � hm0, x0 � x
⇤i
⌘

+
K�1X

k=0

⇣1
2
kxk � x

⇤k2
�̂�1
k+1

� 1

2
kxk+1 � x

⇤k2
�̂�1
k+1

⌘

+
⇣

�1

1� �1
+

1

2

⌘K�1X

k=0

kmk+1k2�̂k+1

(�̂k) �̂k � ↵0
p
1��2p
kG

K�1X

k=0

1

2
kxk � x

⇤k2
�̂�1
k+1

� 1

2
kxk+1 � x

⇤k2
�̂�1
k+1

 D
2

2

dX

i=1

1

�̂K,i

hmK , xK � x
⇤i  1

2
kmKk2�̂K +

D
2

2

dX

i=1

1

�̂K,i
 1

2

K�1X

k=0

kmk+1k2�̂k+1
+

D
2

2

dX

i=1

1

�̂K,i

�k+1 =
↵k

(1��1)
p
vk+1

�k+1 � �̂k+1

x, y, z 2 Rd
+ p, q, r

1
p + 1

q +
1
r = 1

Pd
j=1 xjyjzj  kxkpkykqkzkr

gk+1 = rif(xk, ⇠k+1)

(mk,i)
2
�̂k,i  (mk,i)

2
�k,i

=
↵k�1

(1� �1)

⇣
(1� �1)

Pk
j=1 �

k�j
1 gj

⌘2

q
(1� �2)

Pk
j=1 �

k�j
2 g2j

 ↵k�1(1� �1)p
1� �2

⇣Pk
j=1

�
�

k�j
4

2 |gj |
1
2
��
�1�

�1/2
2

� k�j
2
�
�
k�j
1 |gj |

� 1
2

⌘2

qPk
j=1 �

k�j
2 g2j

 ↵k�1(1� �1)p
1� �2

⇣ kX

j=1

��2
1

�2

�k�j
⌘ 1

2
⇣ kX

j=1

�
k�j
1 |gj |

⌘

 ↵k�1(1� �1)
p
1� �2

q
1� �2

1
�2

kX

j=1

�
k�j
1 |gj |



PK�1
k=j ↵k�

k�j
1  ↵j

1��1

K�1X

k=0

(mk+1,i)
2
�̂k,i 

1
p
1� �2

q
1� �2

1
�2

K�1X

k=0

↵k|rif(xk, ⇠k+1)|

K�1X

k=0

(mk+1,i)
2
�̂k,i 

↵0

p
1 + ln(K)

p
1� �2

q
1� �2

1
�2

vuut
K�1X

k=0

(rif(xk, ⇠k+1))2



X X1 ⇥ . . . ⇥ Xn = X

X = Rn
X1 = . . . = Xn = R Ui

Xi X Ui h 2 Xi

Uih = (0, . . . , 0| {z }
i�1

,h
>
, 0, . . . , 0| {z }
n�i

)> 2 X.

f : X1 ⇥ . . .⇥Xn ! R

x0 2 X

k l = (k mod n) + 1 xk+1 2 X

(
x
(i)
k+1 = argminz2Xl f(x

(1)
k , . . . , x

(l�1)
k , z, x

(l+1)
k , . . . , x

(n)
k ) i = l

x
(i)
k+1 = x

(i)
k i 6= l

f

x⇤ = argminx2X f(x) x⇤

f(x) = 1
2kAx� bk22 = 1

2

Pm
j=1(a

>
j x� bj)2

z

@f

@x(l)
(x(1)k , . . . , x

(l�1)
k , z, x

(l+1)
k , . . . , x

(n)
k ) = 0

x 2 Rn

@f

@x(l)
(x) = a

>
l (Ax� b) = a

>
l alx

(l) + a
>
l (
X

j 6=l

ajx
(j))� a

>
l b
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z
⇤ = x

(l)
k+1 =

1

kalk22

⇣
� a

>
l (
X

j 6=l

ajx
(j)
k ) + a

>
l b

⌘
= x

(l)
k � 1

kalk22

⇣
a
>
l (

nX

j=1

ajx
(j)
k )� a

>
l b

⌘

f(x(1), x(2)) = |x(1) � x
(2)|�min(x(1), x(2))+◆[0,1]2(x)

f

x
(1)
1 = argminz f(z, x

(2)
0 ) = x

(2)
0 x

(2)
2 = argminz f(x

(1)
1 , z) = x

(2)
0

(x(2)0 , x
(2)
0 )

{x(1) = x
(2)}

(1, 1)

f(x(1), x(2), x(3)) = �(x(1)x(2) + x
(2)

x
(3) + x

(3)
x
(1)) +

P3
i=1max(0, |x(i)|� 1)2

x
(0) = (�1� ✏, 1+ ✏/2,�1� ✏/4)

f(x) =
mX

j=1

E(�yjh
>
j x).

l l = argmaxi|rif(x)|
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x
0

x
1
 = x

2
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0
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0.5

0.6

0.7

0.8

0.9

1

yj 2 {�1, 1} hj,i 2 {�1, 0, 1} j, i

rif(x) xk+1 xk

minz2Xl f(x
(1)
k , . . . , x

(l�1)
k , z, x

(l+1)
k , . . . , x

(n)
k )

x0

k ik+1 2 {1, . . . , n} xk+1

(
x
(i)
k+1 = x

(i)
k � �irif(xk) i = ik+1

x
(i)
k+1 = x

(i)
k i 6= ik+1

f

argminx f(x) 6= ;

f

gi,x : Xi ! R
h 7! f(x+ Uih) = f(x(1), . . . , x(i�1)

, x
(i) + h, x

(i+1)
, . . . , x

(n))
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Li = L(rgi,x) f

8x 2 X, 8i 2 {1, . . . , n}, 8h 2 Xi, krf(x+ Uih)�rf(x)k2  LikUihk2.

f L1, . . . , Ln

8x 2 X 8i 2 {1, . . . , n}, 8h 2 Xi,

f(x+ Uih)  f(x) + hrif(x), hi+
Li

2
khk2

gi,x

f rf argminx2X f(x) 6=
; ik+1 ik+1 = (k mod n)+1 8i �i = 1

Li

f(xk+1)� f(x⇤)  4Lmax(1 + n
3
L
2
max/L

2
min)

R
2(x0)

k + 8/n

R
2(x0) = maxx,y2X{kx�yk : f(y)  f(x)  f(x0)} Lmax = maxi Li Lmin = mini Li

n
3

n

f rf argminx2X f(x) 6=
; ik+1 i1, . . . , ik 8i 2 {1, . . . , n} P(ik+1 =
i) = 1

n �i = 1
Li

x⇤ 2 argminx f(x)

E[f(xk+1)� f(x⇤)] 
n

k + n

⇣
(1� 1

n
)(f(x0)� f(x⇤)) +

1

2
kx⇤ � x0k2L

⌘

kxk2L =
Pn

i=1 Likx(i)k22

f(xk+1)� f(x⇤) 
L(rf)

2(k + 1)
kx⇤ � x0k22

✏ f(xk) � f(x⇤)  ✏

L(rf)
2✏ kx⇤ � x0k22

rf(x) C

Cgrad = C
L(rf)

2✏
kx⇤ � x0k22

✏
n
✏

�
(1� 1

n)(f(x0)� f(x⇤)) +
1
2kx⇤ � x0k2L

�

rif(x) c

Ccd = c
n

✏

�
(1� 1

n
)(f(x0)� f(x⇤)) +

1

2
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�

f(x) = 1
2kAx� bk22

Mobile User

Mobile User

Mobile User



rf(x) = A
>(Ax � b) r = Ax � b

C = O(nnz(A))

rif(x) = e
>
i A

>(Ax� b)

r = Ax � b

rk+1 = rk + (x
(ik+1)
k+1 � x

(ik+1)
k )Aeik+1

i
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A

c = O(nnz(Aeik+1)) = O(nnz(A)/n) = C/n A

f(x0)�f(x⇤)  L(rf)
2 kx0�x⇤k22 f(x0)�f(x⇤) ⌧ L(rf)

2 kx0�x⇤k22

L(rf) = �max(A>
A) Li = a

>
i ai ai = Aei Li  L(rf)

Li = O(L(rf)/n)

Ccd  Cgrad Ccd = O(Cgrad/n)

min
x2X

F (x) = min
x2X

f(x) + g(x)

f g F = f + g f

g x 2 X = X1 ⇥ . . . Xn

g(x) =
nX

i=1

gi(x
(i)).

x0 2 X

k ik+1 2 {1, . . . , n} xk+1 2 X

8
<

:
x
(i)
k+1 = arg min

x2Xi

gi(x) + f(xk) + hrif(xk), x� x
(i)
k i+ Li

2
kx� x

(i)
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x
(i)
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(i)
k i 6= ik+1

prox�,g(y) = argmin
x2X
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1

2
kx� yk2��1 ,

g kxk2��1 =
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1
�i
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g(x) = ◆[a,b](x) prox�,g(y) = max(a,min(x, b))
[a, b] �

g(x) = �|x| prox�,g(y) = sign(y)max(0, |y| � ��)

x̄k+1 = proxL�1,g(xk � L
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x2X
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1

2
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x
(i)
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(i)
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x
(i)
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� 2 Rn
+⇤ x 2 X
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1

2
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1

2
kx�xkk2��1�

1

2
kxk+1�xk2��1

 : x 7! g(x) + hrf(xk), x� xki+ 1
2kx� xkk2��1

x̄k+1

k·k2��1 x x̄k+1

x⇤ 2 argminx F (x)

E[F (xk+1)� F (x⇤)] 
n

k + n

⇣
(1� 1

n
)(F (x0)� F (x⇤)) +

1

2
kx⇤ � x0k2L

⌘
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Pn

i=1 Likx(i)k22
xk+1 � xk = Uik+1(x
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k+1 � x

(ik+1)
k )

f(xk+1)  f(xk) + hrik+1f(xk), x
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2
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(
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k+1 i = ik+1

x
(i)
k i 6= ik+1

Fk = (i1, . . . ik)
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n
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(i)
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(i)
k+1 � x

(i)
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(i)
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(i)
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k+1 � x

(i)
k i
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i=1
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(i)
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1

n
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E[1
2
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nX

i=1

E[Li
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E[g(xk+1) + f(xk+1)|Fk]  E[g(xk+1)|Fk] + E
h
f(xk) + hrf(xk), xk+1 � xki+

1

2
kxk+1 � xkk2L

���Fk
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n
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1
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1
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E[kx⇤ � xK+1k2L] � 0

(1 +
k

n
)E[F (xK+1)� F (x⇤)]  (1� 1
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x2Rp
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2
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zi 2 Rp
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⇣
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+ �
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⇣
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>
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1

2
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C y 2 Rn 8i zi 2 Rp
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�1

2
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i=1

Zi,jyi↵
(i)
�2

+
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i=1
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f(↵) = �1
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K
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⇣
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E[D(↵⇤)�D(↵k+1)] 
n

k + n

⇣
(1� 1

n
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