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Chapter 1

Introduction

1.1 Expected risk minimization
Let us consider a mesurable function

f:R'xEZ >R
(z,t) = f(z,1)

and a random variable £ on the probability space (2, F,[P) with values in Z. We suppose that
E(]f(x,8)]) < +oc.

In the lecture, we are interested in the numerical resolution of the optimization problem

min E(f(z,&)) (1.1.1)

zeR4

The challenge is that the law of £ is not supposed to be known and we cannot compute E, or its
computation is expensive. Instead, the law is revealed through (&), a sequence of i.i.d. samples
of .

Note that the assumption of i.i.d. samples () means in particular that this sequence does not
depend on the optimization variable x.

This kind of optimization problems is ubiquitus when solving a machine learning problem. Let
us illustrate this by the example of logistic regression

Exercise 1.1 (Maximum likelihood estimator for logistic regression).

We consider a classification problem defined by observations (z;, yi)1<i<n where for all i, z; € RP
and y; € {—1,1}. We propose the following linear model for the generation of the data. Each
observation is supposed to be independent and there exists a vector w € RP and wg € R such
that for all 7, (y;, x;) is a realization of the random variable (Y, X)) whose law D satisfies

exp(X Tw + wp)
P Y=1X) = .
wwn %) 1+ exp(X Tw + wp)

1

1. Show that Vi € {1,...,n}, P(Y; = y;|z;) = .
{ b B vile:) 1+exp(—yi(a:jw+wo))

2. Show that the maximum likelihood estimator is

n
(1, o) = argmin » " log(1 + exp(—yi(a] w + wo)))
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3. Denote f(w,wp) =Y 5 log(1 + exp(—y;(z; w + wp))). Compute V f(w,wy).

In the exercise, we have & = (z;,y;). Since, we have n observations, it is possible to evaluate
the objective function. However, when n is large, say millions or billions, this can be a tedious
task.

1.2 Gradient descent

The gradient descent method is the most basic minimization method for a differentiable function
f. Tt requires access to the full function: it is thus not well adapted to our problem template.
However, it will be the basis for the development of specialized algorithms. It consists in a
sequence (zx)gen of points in R™ defined by induction from zy € R™ by

Algorithm 1: Gradient descent

Tpy1 = Tk — %V f(xg)

where for all k, ~;, is a positive coefficient.

heorem 1.1. Let f be a convex differentiable function that has a minimizer x° and whose
gradient is L-Lipschitz continuous. The gradient method with constant step size v, = % satisfies

L|jzo — a*|?

fla) - fla) < S

If moreover f is p-strongly converz, then
Fla) 1) < (1= B) (Flao) — 7 + Sllao — 2°])
k
o — 12 < (1= 2)" (f(w0) - £ + o — o)

Proof. As V[ is L-Lipschitz, Taylor-Lagrange inequality tells us that

Fargn) < Flon) + (VF@r), asr — 2i) + Sllanpn — 2l = Flae) + (= v+ 55) [V F (@)
So, as soon as v < 2/L, f(xgs1) < f(xg).

Then, let us remark that for any x,

(V(xr), —zp) + Sz — 2l — 5llz — ze | = (VF (@), Trg1 — 2a) + 5llzeer — ol
Hence, using convexity of f,

Flansn) € Jlan) + (9 fla),at — g+ 5l = 2l = Sl = zaa?
L L
< f(a) + Slle” =l = Slle = sl

We sum this inequality for k € {0, K — 1}:

K
> (Fan) = @) < Flla” = aol® = Fle* = axc|? < S lla* — o

k=1

Finally, since f(zr11) < f(zy) for all k,

fler) = f(2") <
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We now consider the case of strongly convex functions. We go back to
f@rrn) < flaw) + (VF(xr), 2 — o) + §lla* — ap)® = 5ll2* — 2|
By strong convexity, f(zx) > f(z*) + (Vf(zg), 2" — ) + & ||z — 2*[|2. We get

Flanin) = F@) + St = analP < B2t — il < (0= ) (Flow) — @) + Bl = ael?).
The final result comes by iterating this inequality. O
1.3 How to compute gradient?

Let f : R™ — R be a function. In order to run the algorithm, we would like to compute its
gradient. By definition, V f(x) is the unique vector of R™ such that

flx+h) = flx)+(Vf(x),h)+o(h).
There are several ways to compute a gradient. All should give the same result.

1.3.1 Using partial derivatives

We know that the gradient is the vector of all the partial derivatives. Hence, we can compute
%(m) for all ¢ and reconstruct the vector.

Ezample. Let us consider the function f(z) = || Az — b||> where A € R™*". We can write
m n 2
fla)=>" (Z Ajiwi by>
j=1 =1
and so

8f m n
%(ZL‘) =2 Z Ang ( Z Aj,iwi — b]) .
k j=1 i=1
We recognise the components of the vector

Vi(x)=24T (Az —b) .

1.3.2 Using the definition

We compute f(z + h) and try isolating f(x), a term linear in A and a negligible term.
Ezample. We consider f(x) = || Az — b||%.

f(z+h)=||A(z+ h) —b||> = ||Az — b||* + 2(Az — b, Ah) + || Ah|?
= f(z)+ 2(AT (Az — b), h) + o(h)

thus, Vf(z) = 2AT (Az —b).

1.3.3 Using the chain rule

Let g : R* — R™ and f : R™ — RP. The chain rule states that the Jacobian matrix of the
function f o g at x is given by

Jpog(x) = Jp(g(x)) x Jy(x) .



We recall that

991 991
Jg(x) = : :
Ogm Ogm

is the unique linear map such that
9(x +h) = g(x) + Jg(x)h + o(h) .

The chain rule allows us to combine simple functions in order to obtain complex functions. In
is at the basis of automatic differentiation and the resolution of neural network models.
When f: R™ — R and g(z) = Ax where A is a m x n matrix, the formula simplifies as

V(foA)(x)=ATVf(Azx).

Ezample. We consider f(x) = || Az — b||?.

Let us remark that f(x) = h(Ax) where h(y) = ||y — b||%.

Since h(y +h) = |ly + h —b||> = |ly — b||? + 2(y — b, h) + ||h||?, we know that Vh(y) = 2(y — b).
Using the chain rule, we get Vf(z) = V(ho A)(x) = ATVh(Az) = 2AT (Az —b).

1.4 Subgradient method

When the function we want to minimize is not differentiable but is still convex we can use
subgradients instead of gradients. In return, we shall set smaller, diminishing step-sizes to
ensure that the algorithm continues to converge. We obtain the algorithm

Algorithm 2: Subgradient method

select g, € Of (xx)

T4+1 = Tk — VkIk

where for all k, =y, is a positive coefficient.

heorem 1.2. Let f be a convex function that has o minimizer x*™ and vy, be a sequence suc

ko2
that % — 0 when k — 400. Then the subgradient method satisfies
1=0MN

flap) — f(@¥) =0

Proof. We will prove a more general results in the rest of the lecture. O

1.5 Implementation project

Fach student will be assigned a problem and an algorithm to implement on this problem. We will
use the database MNIST http://yann.lecun.com/exdb/mnist/ where the goal is to classify
digits between 0 and 9.

We will consider the following statistical model, defined by a function to minimize. It is called
the Multinomial logisitic regression with squared 2-norm regularization. Denote y; ; = 1 if the
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image i represents digit j and 0 otherwise and consider a positive real number o. The objective
function is the convex function

9 d
(6
F(w,wp) Zlog (Zexp sz KW, j + Wo;j ) — jgoym(kz:lxi’kwk’j + wo;) + EHwH%

Here d is the number of pixel in the image z;. and n is the number of images is the training
data set. In this case, you should derive the formula for the stochastic gradients and use this
formula in the algorithm.

The work to do is as follows.

1. Fach student chooses an algorithm to determine the parameters of the model.
2. By keeping part of the training set into a validation set, find a good value for the hyper-

parameter «

Let us explain the procedure for the multinomial logistic regression case and forget about
wg for simplification. Denote « the hyperparameter and A the set of its possible values. Let
F,(w) be the loss defined by the statistical model for the parameter w and hyperparameter

a, that is
1 Ntrain 9 d 9 d
In 1 traln raln traln E 2
a(w) = og ( p_exp (i wk;) ik W) + [l
Ntrain “— — — 2
i=1 j=0 k=1 0 k—l

Denote w® = arg min,, Fy,(w).

We also define the accuracy as L(w) = —— S valid g((pyalid) Toy gvalidy where ¢((zy2lid) T, 3

Nvalid £~J=1
1 if the largest value of the 10-dimensional vector (zy2id)T

otherwise.

w is for the good digit and 0

The optimization problem we are trying to solve in this question is a bilevel optimization
problem.
max L(w®)
acA
w® € argmin Fy, (w)
w

We will then solve a sequence of optimization problems indexed by « and choose the best
Q.

3. By groups of at least 3, compare optimization algorithms in terms of classification perfor-
mance and speed of convergence.



Chapter 2

Stochastic gradient

2.1 Algorithm

We want to solve the problem

min E[f(z, )]

z€R4
Given a sequence of step sizes v, the algorithm reads

Algorithm 3: Stochastic gradient

Thy1 = Tk — VeV (@, Et1)

where V f(zk, {g+1) is the gradient of (x — f(z,&k+1)) at .

Remark 2.1. If (z — f(x,&+1)) is not differentiable, one can use a subgradient of the function
instead of its gradient.

Ezample 2.1 (Empirical Risk Minimization). In this context, we are given N data points, each
of which is associated with a loss function f;, 1 <14 < N. A typical model in machine learning
consists in minimizing the empirical risk given by

1 N
i=1

This corresponds to Problem (2.3.1) with { = I ~ U({1,..., N}). The expectation is computable
but NV may be so large that this takes a long time. Running stochastic gradient on this problem
leads to an algorithm with very low complexity per iteration, which is often used in practice:

Generate I 1 ~U({1,...,N})
Thy1 = Tk — VeV 10, (Tk)

Ezample 2.2 (Least Mean Squares). We are given a random variable £ = (X,Y’) where X € R"
and Y € R. Least Mean Squares (LMS) is a regression problem in expectation

1
min ~E[(Y — X "w)?]
weR™

Show that stochastic gradient on this problems writes

N
Wr 1 = Wi — V(X Wk — Yer1) Xgp1



2.2 Convergence

We denote F(x) = E(f(z,€)) and by E the expectation knowing (&1, ...,&;). Note that xy is
measurable with respect to (£1,...,&k).

2.2.1 Nonconvex objective

Theorem 2.1. Suppose that.
o (z— f(x,8)) is differentiable for all & with a L-Lipschitz gradient,
e there exists C > 0 such that E(||V f(x,€)||?) < C for all z,
e the sequence v is deterministic.

The iterates of the stochastic gradient algorithm xpiq1 = xi — ViV f(xk, Ept1) satisfy the conver-
gence guarantee

2(F(zo) — inf F) + CLYF_ ~2
B[ min [V F(a)|?] < 2500 2B £ OL 2oy
0<I<k 25°F

Proof. By Taylor-Lagrange inequality,

L
F(rpy1) < Fag) +(VF(2r), Ty — ox) + §||l’k+1 — a)?

2
< Fla) ~ (VF(e0). V(w1 661)) + 2 [V, )

where we use the fact that zx11 —xp = — %V f(2k, k1) We apply the conditional expectation
Eg:

B[P (k1)) < Flan) — Wl VE@R)|? + Sr2B IV (o, i)l
WIVE@R)|? < Fax) ~ Bi[F(aian)] + 2120

We then apply total expectation and sum for [ between 0 and k

k
E[ Y wllVE@)?] < Flao) — B[ (zp)] + 5 D 57C
1=0 =0

The result follows by remarking that ||V F(z;)||? > ming<y <k | VF(2})||? for all | and E[F (zg41)] >
inf F. 0

2.2.2 Convex objective

FTheorem 2.2. Suppose that.
o (z— f(x,8)) is conver and differentiable for all £,

o there exists C > 0 such that E(||Vf(x,€)||?) < C for all x

e there exists x* € argmin F',

o the sequence i s deterministic.
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rhe iterates of the stochastic gradient algorithm xy1 = xp — VeV f(xk, Eg+1) satisfy the conver
ence guarantee

* k
Elllzo — =* ] + C Yot
2256:0 i

E[F(z)) - F(a")] <

=Y _ ZZ 0 N

Y= =0 T
ij:p i

Proof. Let us first remark that E[V f(z,&)] € OF (z) for all x. Indeed,

f(:6) = f(2,8) + (Vf(z,8),y - x)
F(y) = E[f(y, )] 2 E[f (2, )] + E(Vf(2,£),y — 2)] = F(2) + E[Vf(z,8)],y — ) .

Now, we apply Ei the expectation knowing (&1, ..., &k)-

here T 18 a convex combination of all previous iterates.

Ep[loxr1 — «*[|] = Bxlllar — 2| + 2{zn1 — oo 2 — %) + |2 — 2x])?)
= [lzx — 2| = 27 (Ba[V f (2k, Ery )]s 21 — &) + BR[|V f (ks Ee11) 1]
< ok — 2| 4 29 B[V f (2k, Eet1)], 2° — k) + %C
< g — || + 2% (F(2*) = F(21)) + 7 C -

We reorganise and apply total expectation:

~a

Bl (F(ox) ~ F(a*))] < —5Elllons — 27 + 5Bl — o] + %

We sum for | between 0 and k:

k

* 1 *12 1 * 12 - 7120
B> u(F(ar) — F@*)] < ~2Elloxss — "I+ 2Bl - a* 2] + 30 €
=0 =0

The result follows by convexity of F':
IR . 1 - o = Ellwo =2+ C X 4
E|F(a]) - F(z")| < B[} n(F(w) - F(z%)] < ;
25=0"% =0 225=0%

2.2.3 Step size sequence

* k
We know that E [F(i?) - F(:z:*)} < ]E[onfg; ¥11+C;El:0 % A natural question is: which sequence
=01
(k) should we take?

We would like Z?_l vj — +oo and Zi 11’ — 0. Such a sequence can be for instance taken as
] 1177

Ve = (k+1)a with 0 < a < 1. Then,
K k 32 o k42 fio
70 70 11—« Yo 1—a
= 70 gt = [t } _ ( et 2o _ 1)
jgofy‘j jgoj_’_]‘a_z/.]+1 toc /1 to 1—q 1 1— o ( + )

k k 2 j+1 k+1 .2 2 . .
2 ’Yo 2 0 % Y6(1+In(k + 1)) ifa=1/2
=)<y / Dt = +/ 20 gt =

nyj Z 0 ; j 2 0 1 t2a { (1 4 (k'*‘l)il) if a 75 1/2

We obtain the following cases:
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k
1 D1 712

k k
ijo i Zj:l Vi

5) | oz)

a=1/2 O(é%ﬂ o<m“o)

12<a<1 O<k11a) O( ! )

0<a<1/2 (

The best rate is obtained with a = 1/2, that is vy, =

E[F(5]) - F(2")] € o(ln(k)).

Remark 2.2. If we know the number of iterations K we are going to perform, we can set a

constant step size v, = \/L? and obtain a guarantee E[F(Z}.) — F(z*)] € O(\/%

2.2.4 Strongly convex objective

When F'is p-strongly convex, we can show that a step size decreasing as v = m gives an
improved rate E[F(x) — F(2*)] € O(%)
Theorem 2.3. Suppose that:

o (x— f(x,8)) is conver and differentiable for all £,

o Fis p-strongly conver and its gradient is L-Lipschitz,

e there exists C > 0 such that E(||V f(z,€)||?) < C for all x

e there exists x* € argmin F',

o the sequence v is deterministic and satisfies v, = k+b for a given a > 0.5, b > 0.

The iterates of the stochastic gradient algorithm xp1 = xi — ViV f(xk, Epr1) satisfy the conver-
gence guarantee

a2 *
max (ﬁ, bllx* — a;0H2>
kE+b

- Lj2max (W,bnx —xOH)
E[F(x) — F(2")] < ol

E[l|lzy, — z*||*] <

Proof. Compared to the convex case, we replace the inequality F'(y) > F(z)+(E[V f(z,§)],y—=x)
by the stronger one F(y) > F(z) + (E[Vf(z,€)],y — z) + &|ly — z||*. Hence

2k — 2| = 29 (B [V f (@, Eet1))s T — %) + MBIV f (@, Epr1) 1]
(1 — pye) |ze — ¥ + 29 (F(2*) — F(zx)) +72C . (2.2.1)

Exll|lzgt1 —2™|] <
<

10
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We use F(z*) — F(zy) < —4|jzp — 2*||? to get
Ep[leer1 — 2|*] < (1 — 2py) o — 2™ +7;C

We will now show by induction that for v, = m, we have a convergence in E[||x), — 2*||?] <
A

k+b-
We suppose that for a given iterate k, there exists A such that E[||zy —2*||?] < ,ﬁb. This implies
in particular that A > b||zo — 2*||%.
Efl|zht1 — 2] < (1 — 20y E[llag — 27||*] +77C
a A a’
<(1-2 C
SO )i e
(1 _g @ ) A N a? O < A
k+b'k+b p?(k+b?2 ~k+b+1
a a?(k+b+1)
1-2 Ak+b+1)+ —5—+——F+C<A(k+b
ad k:+b) (k+b+1)+ w?(k +0b) C<Alk+D)
E+b+1 a?(k+b+1)
& A —2aA <0
By T Tk O
k+b a?
S A——— —2aA+ —<C <0
Frbr1 et et s
This holds true for all k as soon as @ > 0.5 and A > (2;_2%
What is left is to come back to function values. We can do it because F(z)—F(z*) < VF(z*),z—
*) + gllo — 2*|? = llo — 2| O

2.3 Proximal stochastic gradient

The previous theorem is nice but it requires in particular the objective to be at same time Lip-
schitz continuous, strongly convex and to have a Lipschitz gradient. Unfortunately, this never
happens, which makes its usefulness questionable. Yet, if we replace “Lipschitz” by “locally Lips-
chitz”, this issue disappears. The proof can be modified to manage a proximal term, potentially
encounting for a projection onto a bounded domain. Also, we shall write the proof for this case
with the bounded variance condition E(||Vf(z,¢) — VF(z)||?) < C, which is less restrictive
than bounded stochastic gradients E(||V f(z, £)]]?) < C.

We consider the problem

min E(f(2,€)) + g(z) (23.1)

where f(-,&) is differentiable for all £ and g has a simple proximal operator (prox,(z) =
argminy g(y) + %||z — y||? is easily computable). We shall denote F(z) = E(f(z,£)).
Consider the proximal stochastic gradient algorithm

Algorithm 4: Proximal stochastic gradient algorithm

Tk+1 = PIOX,y, 4 (UUk - %V f(zk, 5k+1))

11



[Cheorem 2.4. Suppose that:
o (x+— f(x,8)) is conver and differentiable for all £,

e ¢ is a proper convex, l.s.c. function,
o I 15 u-strongly convex and has a L-Lipschitz gradient,

e there exists C > 0 such that B(||V f(x,&) — VF(z1)||?) < C for all z € domg

there erists x* € argmin F' + g,

the sequence vy is deterministic, satisfies vy, =

—a 1
Y =5 = ap

2ty for gwen a > 1 and b >0 such that

Whe iterates of the prozimal stochastic gradient algorithm w11 = prox,, g (ack — ’kaf(xk,ng))
atisfy the convergence guarantee
2a2C
ax((222C, blleg — *|?)
L_Lh

E[l|z), — z*||?] <

Proof. By the properties of the proximal operator, if we denote p = proxvg(z), we know that
for all y,

1 1 1
¥9(p) + 5llp = 2I* < v9(w) + S lly = =I* = Slly - pII”
Applying this to p = 11, * = v — WV f (2, k1) and y = x* yields

1 N S T .
Yg(Try1) + §||$k+1 —ap + WV (@k, &et1)||? < g(z™®) + §H$ — 2k + WV (2r, &) || — §H$ — gy ||

o = a2+ (9") = g(@ri)

DN | =

1 1
§|\$* —apn|® + §H$k+1 — @ + WV f (@, Ger1)|1* <
,YQ
+ (VS (s ), 0 = 2} ) + |V f s G
Byl — mia |7 < (0= ) lla” — 2l + 29 (9(") — Balg(anen)] + F(o™) — F(or) ) + FEIS P Ger) |

— E[llens1 — 2kl?] — RE G )] = 2%ER[(V f (2k, Eet1), T — )]
We combine this with Taylor-Lagrange inequality.

L
F(zp41) < F(ag) + (VF(2r), p41 — k) + §||~Tk+1 — m |

—F (i) < —F(xp41) + (Vf(@r: Ekt1)s Top1 — 2k) + (VF (i) = V (@, Epr1), oy — ox) + g”l’k-H — a2

Eillz* — 2 l1?] < (1 — em)[l2™ — mpl|” + 27k (9(55*) — Exlg(wgs1)] + F(z*) — F($k+1)>
+ (L — DEg[[|zpr1 — 2il*] + 2%EBR[(VE (1) — Vf (2k, Ep1)s Trgr — 23]
< (1= y)lla* — 2gl* + (Lye — 0.5)Ex[l|lzes1 — 2ill*] + 290 Ex[| VF (21) — V f (@5, Eprr)||?]

where we used the inequality (a,b) < [|a||?/2 + ||b]|?/2 for a = 27 (VF(z) — V f (2, k11)) and
b= 241 — 2. By assumption, Ly, < 0.5 so that the term Ei[||xs1 — 24]|?] cancels out. We
are left with a recursion similar to what we had without the proximal term:

Efl2* — zpa|®] < (1 = wpE[lla* — 2] + 297C

and we solve it similarly by induction. O

12
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2.4 Comparison of the results depending on the assumption

We have shown in this chapter several convergence results for the stochastic gradient algorithm,
depending on the assumptions we made. The following table summarizes them.

Problem Convex Lipschitz VF Noise Step-size Rate

min E[f (x, €)] no yes E(|V f(z,)[?) < C =y E[min||VF@)?] € 0C%)
min E[f (x, €)] yes no E(|[Vf(z,6)|?) < C W=y E[F(@) - Fa")] € O(22)
minE[f (z,€)] + g(x) pstr. conv. yes E(|Vf(2,&) = VF@)|) <C w =55 Ellex— 2] € 0F)

2.5 The tradeoffs of large scale learning

Given the unknown probability distribution D of the i.i.d. dataset (&;)1<;<n such that §& ~ D
for all ¢, we are interested in an ideal statistical estimator defined as

x* € argmin F(z) = E¢op[f(x, )] .

We assume that (z +— f(z,§)) is convex for all £&. As D is unknown, we resort to empirical risk
minimization (ERM):

N
1
Ty € al"ggg(lFN(ﬂf) =N ;f(wa&)

Then, the optimization algorithm solving ERM return a point xj that approximates 7.
In total, the error which is made between x* and xy, is

E[E(zx) — E(x")] = E[FN(2x) — Fn(on)] + E[Fn(2y) — F(27)] + E[F(2x) — Fy ()]

optimisation error Eopt estimation error Eest

We will show as an exercise that when N is large, stochastic gradient descent behaves much
better than gradient descent for this problem.

Exercise 2.1.

1.

2.

. Using the fact that Fn(x}) < Fny(2*), show that the estimation error satisfies et <

Denote X; = f(z,&;). What is the expectation of X;?

N V—F(x
Suppose that E[(X; —E[X;])?] = 0% < 4+00. Show that the distribution of Lz f\(f’ﬁg;) F(z)

converges to a centered Gaussian distribution.

. Show that asymptotically and with high probability, there exists ¢ > 0 independent of NV

such that |Fy(z) — F(x)| < TCN

2c
VN’

. Recall the convergence rate of gradient descent for the resolution of the empirical risk

minimization problem.

. How many iterations are necessary for this algorithm to obtain an e-solution?

. Suppose that computing V f(z,&) costs Cy. How much does an iteration of gradient

descent cost?

. Do the preceding three questions for stochastic gradient descent.

. Complete the following table

13



estimation error Eest <

algorithm gradient descent stochastic gradient

step size v = v =

IN
IN

optimization error as a function of k | Eypy Eopt

cost for 1 iteration

number of iterations for Epy < €

cost for Eopy R Eest

Table 2.1: Comparison of gradient descent and stochastic gradient descent when the number of
samples N is large.
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Chapter 3

Stochastic variance-reduced gradient

3.1 Motivation and algorithm

In this chapter, we shall concentrate on the minimization of an objective function which can be
written as a finite sum:

LN

If the sum involves a large number of summands, it is worth considering a stochastic algorithm to
solve the problem [Bot10]. Indeed, stochastic gradient descent (SGD) will perform n iterations
for the cost of 1 iteration of gradient descent (GD). Suppose that F(z) = + Zf\il fi(z) is p-
strongly convex and that we are interested in solving the problem up to precision €, then SGD
will require a number of iterations of the order of 1/e. In comparison GD requires O(In(1/¢)
iterations. If 1/e < NIn(1/¢), then SGD is preferable.

Variance-reduced stochastic gradient methods try to go beyond this alternative and take profit of
the advantages of both algorithms: a cheap per iteration cost together with a linear convergence
rate on strongly convex functions. The idea is to compute stochastic gradients with a lower
variance thanks to the concept of control variates. The control variate we use is a periodically
computed full gradient. By carefully setting the period, we can mitigate the heavy cost of
the computation of this gradient while improving a lot the quality of the stochastic gradients.
Starting from a given point xg, wyo = xo and using a probability p < 1 of updating the control
variate, Stochastic Variance Reduced Gradient (SVRG)' writes as follows:

Algorithm 5: Stochastic variance-reduced gradient

k1~ U({1,...,N})
gk+1 = VF(wk) + Vfik+1 (xk) - Vfik+1 (wk)
Th+1 = Tk — VGk+1

xp  with probability p
Wi41 = . -
i wg  with probability 1 —p

'we shall use the version of [KHR20]

15



3.2 Convergence

We will need the following result on convex functions with a Lipschitz gradient.

Proposition 3.1. Let f be a convex function with an L-Lipschitz gradient. For oll x and y,

£(@) > f() + (Vi) — ) + 5[V ()~ VW)

Proof. Let us fix a vector y. Let ¢ : x — f(x) — (Vf(y),z —y).
We can see that ¢ is convex and Vo (x) = Vf(x) — Vf(y). Hence Vo(y) = 0 and y € arg min ¢.
Thus, using Taylor Lagrange inequality

Bly) < Bz — TV6()) < 9(2) + (Vo(x), 7 Vo() + 5 |7 V()
Hly) < 9() — 5= IVo(@)]?

Reminding the definition of ¢, we obtain f(z)—(Vf(y),2—y) > f(y)+5: |V (@)-Vf(y)|? O

Theorem 3.2. Suppose that for all i € {1,..., N}, fi is convex and differentiable, V f; is L-
Lipschitz and F is p-strongly convexr. Denote x* the unique minimizer of F' and suppose thaf]
v < &. The iterates of SVRG converge linearly as

E[ex — 2*[*) < " Ag

2
fwhere ¢ = max(1 — yu, 1 — p/2) and Ao = ||zo — 2*||* + ‘;)LN SN IV fi(wo) = V fi(z*)|2.

Moreover, the expected cost of an iteration is 2 + pN stochastic gradients.

Proof. Computing VF(wy) requires N stochastic gradients but we do it only with probability
p. Then we need to compute Vf;, . (zx) and Vf;, . (wy) at each iteration. This gives the cost
in number of stochastic gradients per iteration.
We now proceed to the convergence rate. Note that Ex[gky1] = VF(wg) + VF(z) — VF(wg) =
VF(xy).
41 — )12 = llee — 21 = 29 (grs, 21 — 27) + 72| grga |12
Epllzri — %) = llog — 22 + 29(VF(2x), 2 — 2x) + Y Eg [l grs1]|”]
Ex[llzpsr — 2[P) < (1= yp)llzy — |1 + 29(F(2*) — F(ar)) + 7 Exllgr+1 ]

We deal with the noise term ||gx1]|?.

Exlllgrr1ll’] = BrlIVF (wi) + V fir o (k) = V iy, (i) [7]
= B[V firyr () = Vipor (2%) + VF(wi) + V fi 1, (&) = V iy, (i) 2]
< 2BR[[IV figr (@8) = V firr (@) P] + 2Ex[|[VF (wy,) = VE(2*) + V fiyy (27°) = V fig (i) %]
< 2B [V firesr (1) = V fipesy ()] + 2BR [V firy (%) = V iy (i) %]

where we used E[X?] = E[X]? + E[(X — E[X])?] > E[(X — E[X])?].

Using the inequality f;(z) > fi(z*) + (Vfi(z*),z —2*) + 5= |V fi(z) — V fi(z*)||?, we can further
bound

N
BV firr (r) = Vi p, (2 WL Z 2") = (Vfila™), zp — ") = 2L(F(xg) — F(27))
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Let us denote

12 Y o 472 £\]12
Di= % ; IV fi(wr) — V ()] = ?Ek[HVfikH(wk) = Vi (@)
so that
Exllloees —2*[%) < (1= yp) o — 2|2 + 29(F(2") = F(a1)) + 4Ly (F(ax) = F(a*)) + £ Dx .
Using again the inequality f;(z) > fi(z*)+(Vfi(z*), x —2*)+ 57 ||V fi(x) = V fi(z*) ||, we obtain

2
> fitwn) = fi(e) = (Vhla")sw = %) = 22 (Fluy) - F(a)

We can remove wy from the bound by using the update rule

9 N
BelDast] = (1~ D)k + gy S IV k) = VA < (1= 91D+ 81 (Flae) — F(z)
=1

Combining the bounds on Eg[||zx,1 — 2*||?] and E[Dyy1] we get

Eilllzrs1 — 2*)* 4 Drga] < (1= yp)llar — 2> + 29(F(z*) — F(ax)) + 4L~ (F(z) — F(2*))

+ 5 Di+ (1= p)Di + 8Ly* (Flay) - F(a"))

< (L= m)llar — 2> + (1 = £)Dx + (12Ly* - 27) (F(ax) - f(a"))

Since we choose v < 6% we obtain a contraction in expectation with rate max(1—~yu, 1—p/2). O
Exercise 3.1.

1. A point z is an e-solution if F'(z) < inf F' + e. How many iteration do we need to guar-
antee that xj returned by SVRG will be, in expectation, an e-solution to the problem of
minimizing F', where F' is p-strongly convex.

2. Suppose we would like to run SVRG on a function F' which is not strongly convex. Show
that there exists § > 0 such that Fj : @+ F(x) + ||z — zo]|? is strongly convex and any
€/2-solution of Fjy is an e-solution of F'.

3. How many iterations do we need to guarantee that xj returned by SVRG run on Fj will
be, in expectation, an e-solution to the problem of minimizing F, where F' is not strongly
convex?

4. Compare these number of iterations and the cost of each iteration to the ones of gradient
descent and stochastic gradient descent. You should pay a particular attention to their
dependence on the number of samples n and the target precision e.

17



Chapter 4

Adaptive step-sizes

A major issue with the stochastic gradient method is that the step-size sequence should be
determined beforehand and has no reason to be adapted the problem at stake. The following
proposition tries to answer this issue.

Proposition 4.1 (|[SZL13|). Consider x € R and a function f : R? x Z — R such that for any
 (x— f(x,€)) is differentiable with an L-Lipschitz gradient. Denote x*(y) = x — YV f(x,£),
where v € Ri does not depend on £.

d 4
inf E[f(z"(7), )] <E[f(z"(v"),€)] < iL Z E g HJ

where i =

Proof. Denote F(x) = E[f(z,£)]. By Taylor Lagrange inequality

F(z"(y)) < F(z) = (VF(2),AVf(2,8)) + £’\7Vf($a§)||2

d
E[F(aF(7))] < F(z Z (ViF(x nyEfog)]
Minimizing the right hand side with respect to v give the result. O

This proposition shows that if we knew the law of £, we could design step-sizes for the stochastic
gradient method that would ensure a nice decrease in the objective function. Moreover, these
step-sizes would be adaptive to the local behaviour of the function and decrease to 0 at the
optimal rate. However, we cannot set step-sizes as required by Proposition 4.1 because the law
of £ is unknown.

In this chapter, we are going to study two algorithms that have adaptive step-sizes : Adagrad
and Adam. In fact, they go even further than the previous proposition, they define step-sizes
that depend on the whole history of stochastic gradients, ;41 included. We shall denote ab
for the element-wise product of two vectors a and b, § for their element-wise division and

d
HGHI% =D i bia?-

4.1 Adagrad

Adagrad has been introduced in [DHS11]. The algorithm writes
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Algorithm 6: Adagrad

k1~ D
Gk+1 € Of (T, Ehg1)

k
_ 2
Vk+1 = 9s+1
s=0

(%

vV Vk+1

T+1 = Tk — Vi+19k+1

Vk+1 =

Theorem 4.2. Suppose that

f(-, &) is convex for all £

There exists ©* € argmin F', where F(x) = E[f(z,£)]

For all k >0, for allie {1,...,d}, |xp; —x}| < D

For all ,€, for all g € 0f(z,6), |lg| < G
Then the iterates of Adagrad satisfy

E[F(ix) — F(z*)] < \Cﬁ (D— +2a)

where T = LS K Ly,

Proof. Since the step-sizes are not deterministic any more, we need to pay more attention than
before when applying conditional expectations. Yet, the proof will begin with similar arguments
as in Theorem 2.2.

(@, Epyr)—

(@, §v1) < (Grt1, Tk — T4)
—||T x — —||T x 1+ =
= o ll%k * vkil o l1k+1 * VH11 9 Jk+11lyp

We now sum for £ between 0 and K — 1

K-1 K-1 ) K-1,

2 2
> F@r Gerr) = (@ Gppr) < Y (§||~”Uk - x*”%&il = 5llens = x*H -1 ) + 2 sllgrlls,
k=0 k=0 =0

(4.1.1)

Note that up to now, we have not applied any form of expectation. The difference of norms is
nearly telescoping. For the purpose of the proof, define vg > 1.

K-1

K-1
> (=2l = lawen =2l s ) = lloo = 2l = llex = @al2a + 3 (=l o
k=0 k=0
d K-1
D 1 1 dD?
<> —+> DX - )< (4.1.2)
- 10 1T Vet+li Yk VK,i
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_ 1

1 , o]
where we used the fact that ST > 0. Moreover, vk ; > GVE

T
We now turn to the second part of (4.1.1): Zf:_ol HngH%kH. By definition of 7y, if we denote
a,(f) = 91%+1,@' > 0, then
K—1 K-1 d no
2 k
lgnrall3,,, =ad Y ———
k=0 =0 i=1 /% al?

Lemma 4.3. Let (a) be a sequence of nonnegative numbers. Then

K-1
ak

k=0 (/8 as

Proof. Denote hg = 5:01 ——k—_ We will show the result by induction. Clearly, h; =
WX
Vag < 24/ap.

ag
Is,cfo as
[ —~K—1
We now assume that hg < 24/> 7 as.

a a
25:0 Qs 25:0 Qs
Now, since the square root is concave, we have
a
vb—a< Vb — ——
2vb
as long as b —a > 0 and b > 0. Hence,
aK
K
Zs:O as
Induction proceed, so the lemma is proved. ]

We apply the lemma to our sequence of stochastic gradients to get:

K-1 K-1
Z ||9k+1||3k+1 < ZQZ Z(QHLZ’)Q < 2adGVK

We combine the inequality with (4.1.2) to get

K—

—

dD?*GVK
(@, 1) — f(@4, §pr1) < — T 20dGVK
k=0
Remark that F(xi) = E[f(zk, k1)l - - -, &) so that E[F(z)] = E[f(xk, £k+1)]. Hence, we
apply expectation and use convexity of F:

1A dD?GVE  20dG
K 2 Elf(zk, Err1) — f(24, Eg1)] < aK\F + \O;E

ElF(Tx) - F(2")] <

20


Mobile User


4.2 Adam

We are now going to see an algorithm that is often used for the resolution of neural network
models: ADAM, which stands for stochastic gradient with adaptive moment estimation [KB15].
Its main ingredients are an adaptive estimation of the first and second moments of the stochastic
gradient and coordinate-wise step-sizes. The idea is to design an exponential moving average of
previous gradients and square gradients as an estimation of its moments. Finally, instead of just
using the estimate of VF(x) to set the step-size, ADAM uses it directly as a means of reducing
the variance of the stochastic gradient. The algorithm uses parameters o > 0, 8; € [0,1],
B2 € 10,1] and € > 0. It is initialized with a fixed zg and mo = vg = 0. It is given by

Algorithm 7: Adam

§kt1 ~D

mpy1 = fime + (1 — B1)V f(@r, §y1)

N . Mg+
Mk+1 = k1
L =75

Vg1 = Bovk + (1 — Bo)V f (@, Epop1)?

. N Uk+1
Vg+1 = max (Uk, 7k+1)
)
Qg N
L4l =Tk — ——F——=Mk+1
€+ \/Vk+1

Theorem 4.4. Suppose that
o f(-, &) is convex for all £
e dr* c argmin F, F(z) = E[f(z,§)]

For all k, for all i, |z); —xf| < D

For all z,&, for all i, |V,f(z,&)| <G

a@Q

W= Vr1
BI<Br<1,e=0

Then the iterates of Adam satisfy

=) F(ot dD? G 14281  apy/1+In(K)G In(K)
B = S =BT aoVE T2 g /i By VK

— 1y K-1
where T = 7= ) p_o Tk-
—

We will prove this theorem in the form of an exercise.

Exercise 4.1. We will denote A = X so that z =2p — Vet 1M1

(1-p
1. Show that
Jf(@r, Eerr) — F(27, &) < (Vf(@r, Ep1), 2 — 27)
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2. Using the relation myq1 = Simyg + (1 — B1)Vf(ak, Ekt1), show that

(9 @ Gs2) 00=%) = (o) 2 (i, =)= i ) 2

3. Show that
* 1 *
(mirzp — %) = Sllex —a®lo - Hl‘k+1 — a5 + *HmkHHMH
4. Show that
K-1 3
* 1 * *
flt ) = £ Gen) < g2 (e = 27) = (mo,mo — 7))
k=0
K—1
1 1 .
+ 3 (Sllon =212 0 = Sllanen — 2120 )
Pt 2 Vi+1 2 Vi+1
K—
B
+ (1 3 5) Z HkaFlH%qul
1 o
5. Show that (%) is a decreasing sequence and that 4 > <2 fv; Ef} 2,
6. Show that
Y oo~ oy - e, < 230
i g 2R i T2 kg
7. Show that
d K-1 d
1 ,  D? 1 1 D?
—_ V< = < - < Z -

8. Denote yx41 = W = Show that yx411 > Ykt1-

9. Let z,y,z € ]Ri be nonnegative vectors and let p, ¢, be positive real numbers such that
d
p+ g+ 7 =1 Show that 355, w5952 < [wlpllyllll2]-

10. Denote gxt+1 = Vif(zk, Ek+1). In the following sequence of inequalities, tell the reason why
each one is true

(M) * A < (M) * Vi
Qg1 (( 51)2 =1 1 g]>2
BN (S B
< w11 = f1) (Ey 1(52 |91| )(/8152 1/2) (Bf J|91|)%)2

S VIR N

ap—1(1—=p1) i B2\ k—j) 2 i

=T -5, <]§(62) )(;51 J|9]|)
< ap-1(1—B1) Zk:ﬁf_]!g]\

VI=Boy/1- 55



11. By remarking that Zf;; akﬁf_j < % show that

12. Show that

13. Conclude

1-81°

K-1 . K-1

(M11.0)* Ak < = >l Vif(zr, &)
k=0 V1—=[2y\/1 =5 k=0
K-1 K1

R oo/ 1+ ln(K)

(Mg 1,0)*Aki < = (Vif(@r, Epy1))?

k=0 V1= P2y/1 =3 \ k=0
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Chapter 5

Coordinate descent

5.1 Exact coordinate descent

The idea of coordinate descent is to decompose a large optimisation problem into a sequence of
one-dimensional optimisation problems. The algorithm was first described for the minimization
of quadratic functions by Gauss and Seidel in [Sei74]. Coordinate descent methods have become
unavoidable in machine learning because they are very efficient for key problems, namely Lasso,
logistic regression and support vector machines. Moreover, the decomposition into small sub-
problems means that only a small part of the data is processed at each iteration and this makes
coordinate descent easily scalable to high dimensions.

We first decompose the space of optimisation variables X into blocks X7 x ... x X,, = X. A
classical choice when X = R"™ is to choose X7 = ... = X,, = R. We will denote U; the canonical
injection from X; to X, that is U; is such that for all h € X,
Uh=(0,...,0,h7,0,...,00" € X
— ~—
i—1 zeros n—i zeros

For a function f: X7 x ... x X, = R, we define the following algorithm.

Algorithm 8: Exact coordinate descent

Start at xg € X.
At iteration k, choose [ = (k mod n) + 1 (cyclic rule) and define x4, € X by

xi(ﬁl = argmingex, f(ﬂfl(ﬂl), e ,x,ﬁlil),z,x,&l“% . ,x,(c”)) ifi=1
o), =y i

Proposition 5.1 (|[War63|). If f is continuously differentiable and strictly convexr and there
exists x, = argmingey f(x), then the exact coordinate descent method (Alg. 8) converges to x..

Ezample 5.1 (least squares). f(z) = [|Az — b3 = %Z}n:l(aij —b;)?
At each iteration, we need to solve in z the 1D equation

0 - n
/ (xg),...,:ng 1),z,:r,(€l+1),...,x§€ )) =0

oz
For all x € R™,

ai‘z) (z) = a) (Az —b) = o qjz® + alT(Z aja:(j)) —a b
il
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Figure 5.1: The successive iterates of the coordinate descent method on a 2D example. The
function we are minimising is represented by its level sets: the bluer is the circle, the lower is
the function values.

S0 we get

Z' = xl(clJ)rl Ha HQ( ZCL] (]) +al ) = xl(el) HalH2 <al ZGJ - al )

Ezample 5.2 (non-differentiable function). f(z™),2®) = |21 — 23| —min(z®, $(2))+L[0,1]2(93)
f is convex but not differentiable. If we nevertheless try to run exact coordinate descent, the
algorithm proceeds as mgl) = argmin, f(z, a:(()2)) = x((]Q), 3352) = arg min, f(xgl), z) = x(()z), and so
on. Thus exact coordinate descent converges in two 1terat10ns to (ZU(() ),;1:(()2)). the algorithm is

stuck on the non-differentiability point on the line {z(}) (2} and does not reach the minimiser
(1, 1).

Ezample 5.3 (non-convex differentiable function)

fzW 2?20y = — (W22 4 z2)z6) 4 1B zM) 4 Z ', max(0, lz(®)| —1)2

As shown by [Pow76], exact coordinate descent on this function started at the initial point
(0 = (=1 —¢,14¢/2,—1 —¢/4) has a limit cycle around the 6 corners of the cube that are not
minimisers and avoids the 2 corners that are minimisers.

Ezercise: Show Powell’s result.

Ezample 5.4 (Adaboost). The Adaboost algorithm [CSS02| was designed to minimise the expo-
nential loss given by

At each iteration, we select the variable ! such that | = argmax;|V;f(z)| and we perform an
exact coordinate descent step along this coordinate.

This variable selection rule is called the greedy or Gauss-Southwell rule. Like the cyclic rule,
it leads to a converging algorithm but requires to compute the full gradient at each iteration.
Greedy coordinate descent is interesting in the case of the exponential loss because the gradient
of the function has a few very large coefficients and many negligible coefficients.
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Exercise: Suppose that y; € {—1,1} and hj; € {—1,0,1} for all j,i. Give the explicit formulas
of V;f(z) and of the next update z11 knowing x.

5.2 Coordinate gradient descent

Solving a one-dimensional optimisation problems is generally easy and the solution can be ap-
proximated very well by algorithms like the bisection method. However, for the exact coordinate
descent method, one needs to solve a huge number of one-dimensional problems and the expense
quickly becomes prohibitive. Moreover, why should we solve to high accuracy the 1-dimensional
problem and destroy this solution at the next iteration?

The idea of coordinate gradient descent is to perform one iteration of gradient descent in the
1-dimensional problem min,cx, f(a:,(cl), ... 71,’(;—1)’ z,xgﬂ), .. .,z,g")) instead of solving it com-
pletely. In general, this reduces drastically the cost of each iteration while keeping the same
convergence behaviour.

Algorithm 9: Coordinate gradient descent
Start at xg.
At iteration k, choose ixy1 € {1,...,n} and define xx 1 by

(4) (4)

5”1(31 = 3”;;) —vVif(zr) ifi=ipp
Tpir = T if @ # i

When choosing the cyclic or greedy rule, the algorithm does converge for any convex function f
that has a Lipschitz-continuous gradient and such that argmin, f(z) # 0.

In fact we will assume that we actually know the coordinate-wise Lipschitz constants of the
gradient of f, namely the Lipschitz constants of the functions

Gix : Xz — R
h— f(x+Uh) = f(x(l), 2D 2O o 0D ,x(”))
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We will denote L; = L(Vg; ) this Lipschitz constant. Written in terms of f, this means that
Ve e X,Vi € {1, c. ,n},Vh e X, ||Vf((17 + Ulh) — Vf(:L‘)HQ < LzHUzhHZ

bemma 5.2. If f has a coordinate-wise Lipschitz gradient with constants Li,...,L,, then
xe X, Vie{l,...,n},Vh € X;,

Fla + U) < (@) + (Vaf().h) + 22

Proof. This is Taylor’s inequality applied to g; .. Note that we do not require the function to
be twice differentiable. O

Proposition 5.3 ([BT13]). Assume that f is convex, V f is Lipschitz continuous and arg mingec x f(x) #
0. Ifikyq is chosen with the cyclic rule i1 = (k mod n)+1 and Vi, v; = Lii’ then the coordinate
gradient descent method (Alg. 9) satisfies

R?(x)

_ < 372 2
f($k+1) f(l'*) = 4Lmax(]- +n Lmax/Lmln) k+ 8/7’L

where R () = maxy yex{l —yll : f(y) < f(2) < (o)}, Lo = ma; Ly and Lipsy = ming ;.

The proof of this result is quite technical and in fact the bound is much more pessimistic than
what is observed in practice (n3 is very large if n is large). This is due to the fact that the
cyclic rule behaves particularly bad on some extreme examples. To avoid such traps, it has been
suggested to randomise the coordinate selection process.

Proposition 5.4 ([Nes12|). Assume that f is convez, V f is Lipschitz continuous and arg mingcx f(x) #
0. If i1 is randomly generated, independently of i1,...,ik and Vi € {1,...,n}, P(ixs1 =

i) = % and ~y; = Lii, then the coordinate gradient descent method (Alg. 9) satisfies for all

Zs € argming f(z)

Elf (k1) — F(@)] < e (L= ) (f (o) = £(z2)) + 5o — woll3)

where ||z)|2 =S, Li|2®]3.

Proof. This is a particular case of the method developed in the next section. ]

Comparison with gradient descent The iteration complexity of the gradient descent method

f(@rg1) = fwi) < %

This means that to get an e-solution (i.e. such that f(xg) — f(x«) < €), we need at most

@Hx* — x9||3 iterations. What is most expensive in gradient descent is the evaluation of the
gradient V f(z) with a cost C, so the total cost of the method is
L(V

f)
C(gracl = CTHx* - .%‘()H%

[ = o2

Neglecting the effect of randomisation, we usually have an e-solution with coordinate descent
in 2((1— L)(f(zo) — f(24)) + 3ll@e — 20]|2) iterations. The cost of one iteration of coordinate
descent is of the order of the cost of evaluation one partial derivative V;f(x), with a cost ¢, so
the total cost of the method is

n 1

Coa = €2 (1= D) (o) = f()) + 5]l — ol

n

How do these two quantities compare?
Let us consider the case where f(z) = 3| Az — b[|3.
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e Computing Vf(z) = AT (Az — b) amounts to updating the residuals »r = Az — b (one
matrix vector product and a sum) and computing one matrix vector product. We thus
have C' = O(nnz(A)).

e Computing V;f(x) = e] AT (Az — b) amounts to

1. updating the residuals r = Ax — b: one scalar-vector product and a sum since we

(tk+1) (k+1)
have rg11 =1k + (l‘k+1 — Ty )Aeikﬂ?

2. computing one vector-vector product (the it" column of A versus the residuals).

Thus ¢ = O(nnz(Ae;,,,)) = O(nnz(A)/n) = C/n if the columns of A are equally sparse.

o f(xo)—f(zy) < L(Zf) |zo — =43 and it may happen that f(xo) — f(x.) < @Hmo—x*][%

o L(VS) = Aax(ATA) and L; = aiTaZ- with a; = Ae;. We always have L; < L(Vf) and it
may happen that L; = O(L(Vf)/n).

To conclude, in the quadratic case, Ceq < Cgraa and we may have Ceq = O(Cgrad/n)-

5.3 Proximal coordinate descent
We are often interested in solving problems of the type

;1%1)12 F(z) = ;Iél)r(l f(z)+g(x) (5.3.1)

where f and g are convex so that F' = f + ¢ is convex, f has a Lipschitz continuous gradient
and g may be nonsmooth but is separable. This means that for all z € X = X7 x ... X,

g(x) = gi(=).
=1

We can solve this kind of problems with the proximal coordinate descent method (Alg. 10,
| Tse01]), which is also using the coordinate-wise Lipschitz constant.

Algorithm 10: Proximal coordinate descent
Start at xg € X.
At iteration k, choose ixy1 € {1,...,n} and define x5 1 € X by

x]E:J)rl = arg;reu)?i gi(x) + fag) + (Vif(xg),z — x,i)> + ?Hx - x,i)\|2 if 4 = iy
a;,(;}rl = :c,(;) if @ # dpaq

For this algorithm to be practical, we need to be able to compute efficiently
(4) = axgmin g(x) + ¢ | — y]]
prox, ,(y) = arg;rél)r(lg )+ 5lle —yll-1,

the proximal operator of g (remember that HwH?{_l =y, %”:L"(Z)H%)

Ezample 5.5 (Simple proximal operators).
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e Indicator of a box: if g(x) = g4 (), then prox,  (y) = max(a, min(x,b)). This is the
projection on [a,b] (it does not depend on 7).

e Absolute value: if g(z) = Alz|, then prox, ,(y) = sign(y) max(0, [y| —yA). This is the
soft-thresholding operator.

We define
_ . 1
Tha1 = proxp-1 (v — L'V f(ap)) = arggg(lg(ﬂf) + f(zr) + (Vf(wg), v — 21) + §H$ — a7,

so that

) g
NONNE E/ SR ey
S B A % T

Lemma 5.5. For ally € R}, and v € X

_ 1 1
g(xk+1)+<Vf(wk),xk+1—xk>+§|!xk+1—xk\|3-1 < 9($)+<Vf($k)7x—$k>+§|lx—$kﬂi—1—glll’kﬂ—ﬂﬁlli—

Proof. The function ¢ :  +— g(x) + (V f(zy), z — 2x) + 3]z — kai_l is strongly convex and its
minimiser is Zxy1. The inequality is just the strong convexity inequality of this function with
respect to the norm H||,zy_1 and applied at x and Zjy;. O

Theorem 5.6 ([RT14]|). The prozimal coordinate descent method (Alg. 10) with the random
selection rule applied to Problem 5.5.1 satisfies for all x, € arg min, F'(x)

1

ElF(zs) — F@)] < o (1= 2)(Flao) = F(z) + 5lla — 2ol

where ]} = 0, Lills® 3

( (ik+1) (1)

Proof. By definition of the algorithm, 11 — 2 = Uy, (777" — 2,,"7"), so by Lemma 5.2,

k41

7 % Lz % 7
F(@ien) < J@w) + (Vi flaw) aisy) - o) + 5 o) — )P

= k) + V), wpar — i)+ g s — will} (5.32)

Using the notation Zy4+1 = argmingex g(z) + f(zx) + (Vf(zr), 2 — z1) + 3|z — z4||3, we have
T ;
S B T
Using the conditional expectation knowing Fj = (i1, ... 1), we get

NG . NGRS ¢ L, G
E[z k+1|~7:k] Plipy1 = Z)x’(ﬂj—l + Pk 7 z)x,(C) - Eml(c}rl +(1- ﬁ)mi(c)

E[(V,f(zy), mkil — 2NV Fi) = Pligr = i) (Vif (@r), 3o) ) — ) + Pliger #0)(Vif (@p), 2 — )
<v fla), 20, — 2

G {f;(ﬁl if § = ik 11

E(V f(zr), Try1 — 2 | Fr] = ZE (Vif(zr), xkil —»”Uk N Fe] = (Vf(wk)afkﬂ — ) (5.3.3)

=1
1 " L i L
El; llzii — al}15] = ZE[;ML — e P17 = ool — el (5.3.4)
.
Elg(zr41) — g(xx) | Fi] = ZEgz 2)) — gi(e)|Fi] = ~(9(@+1) = g(an)) (5.3.5)

29


Mobile User

Mobile User


Combining (5.3.3), (5.3.4) and (5.3.5) with (5.3.2), we get

1
Elg(zgy1) + f(zrr)|Fr] < Elg(zr1) [ Fe] + E| f(zr) + (Vf(28), o1 — 1) + §||f'3k+1 - I’k”%‘fk}
1 1 1 1
=(1- E)g(ﬂfk) + Eg(jk-&-l) + fog) + 5<Vf($k)a Try1 — Tk) + %”fk—&-l — xl|7
Using Lemma 5.5 with x = xp, we get
1, _
E[F(zg1)|Fk] = Elg(zrs1) + f(@re)|Fr] < g(ze) + flor) — Eka—H — 23
< g(@g) + flz) = F(zg) (5.3.6)
Then, using Lemma 5.5 again, with z = ., we get
E[F (zr41)|Fx] = Elg(zry1) + f(@rg1) [ Fr)
1 1 1 1 1
<(1- ;)g(mk) + fog) + Eg(l”*) + #Vf(xk), Ty — Tp) + %Hﬂﬁ* — i - %Hm* — Zplll
We remark that

1 1 1 1
E[5llze = 2l = 5lloe = onnl21F] = ol = 2l = ol = Zen |2,

so that
1 1 1
E[F (@) Frl < (1= —)g(@r) + flzx) + —g(@) + AV far), 24 — @)
1 1
+ gl — 2|7 - Bl — Thr |71 Fk]-

We use the convexity of f:

EF (i) 7 < (1= ) (goe) 4 F (@) + - (o) + F )+ g s —ell} — SElles e |37

We rearrange and we apply total expectation:
1 9 1 1 9
E[F(zh+1) = F(@e) + Sllew = 2peallz] S B[A = ) (F(zk) = F(24)) + 5 llze — 2]lL]-
Summing for £ from 0 to K-1 yields
1 =
E[F(z1) = F(@)] + 5Elllz. — 2 |7] + E[(F(zk) = F(z.)]

k=1

< (1= 2)(F(o) ~ F(wa)) + glee — ol

Using (5.3.6) and the fact that E[||z. — zx41]2] > 0,

1+ DIB[F (1) = (@) < (1= 2)(Flao) = (@) + 5 o0 = zoll}]

We just need to divide by 775 to conclude. O
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Ezample 5.6 (Lasso). Proximal coordinate descent is widely used to solve the Lasso problem

given by
1
in ~|ly — Zz|3 + X
min oy — Zzflz + Allz]y

Here, f(z) = %|ly — Zx||3 is differentiable while g(z) = A||z||1 is a non-differentiable function

whose proximal operator is the soft-thresholding operator.

Ezample 5.7 (Multi-task Lasso). In the multi-task framework, the Lasso problem can be gener-
alised as

1 p
in —||Y — Zz||F + A 1 l2-
min S|V - Ze|f + ;!IL.IM

Here, the optimisation variable is a p X ¢ matrix. One can see that the nonsmooth part of
the objective is g(X) = )\Zg’:l ||zj:|l2. This function is not separable when we consider the
entries of x one by one but it is separable if we group these entries column-wise. Hence, we
can consider block coordinate descent with p blocks of size ¢ for the resolution of the multi-task
Lasso problem.

Ezample 5.8 ({1 /ly-regularised multinomial logistic regression). Logistic regression is famous for
classification problems. One observes for each i € [n] a class label ¢; € {1,...,q} and a vector
of features z; € RP. This information can be recast into a matrix Y € R™*? filled by 0’s and
Us: Yig = 1{,—y- A matrix B € RP*? is formed by ¢ vectors encoding the hyperplanes for the
linear classification. The multinomial ¢ /fs regularized regression reads:

n q q »
. T T
Bg%&l;{IXq — (Z _Y;akz’i Bl,k + log (ZE (ZZ BJc))) + A E 1 ||B'7:||2,
i= =

k=1 k=1

Like the multi-task Lasso problem, this problem can be solved with proximal coordinate descent
as long as we consider blocks of variables corresponding to the columns of B rather than single
variables.

Exercise:
1. Find the proximal operator of the non-smooth function g(B) = A3°7_, || B;.[l2-
2. Give the expression of the partial derivatives of the smooth function
n q q
B =3 ( —Y; 42 By + log (ZE <ZTBk>>>
i=1 \k=1 k=1
3. Give an estimate of the p block-wise Lipschitz constants of V f.

4. Write the proximal coordinate descent method for ¢ /¢s-regularised multinomial logistic
regression.

5.4 Stochastic dual coordinate ascent for support vector ma-
chines

In this section, we focus on the linear Support Vector Machines (SVM) problem
n

1
min C' ) max(0,1 — ;2 w) + = ||w||?
weRP =1 2
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where C' is a positive real number, y € R™ and Vi, z; € RP. Note that we consider the formulation
without intercept. The objective function contains a non-smooth and non-separable term so we
cannot apply coordinate descent to it.

However, a dual formulation of the SVM problem is given by

n
max =3 LS (3 Zuga®) 4 3200 — sy el
=1

jl i=1

The objective function of this problem does decompose into a differentiable concave function
fla)=-1 Py (X0, Zi jyial ) +3°7 @ and a nonsmooth concave and separable function
g(a) = —t[p,cpn (). Stochastic Dual Coordlnate Ascent (SDCA) is proximal coordinate ascent
(the version of coordinate descent for concave functions) on this problem.

Exermse 5.1. Write an implement of SDCA. It may be useful to maintain “residuals” wy, defined
by w =3, Z”ylal(c) forall j € {1,...,p}.

Even if we are running the algorithm in the dual, we are interested in the primal problem. The
following result shows that we can recover a good primal solution from the dual solution and
gives theoretical guarantees for the convergence in the primal.

Theorem 5.7 ([SSZ13]). Let us define a primal point wy, = Z' Diag (y) cu,, where (ag)i>o is
generated by SDCA. The duality gap satisfies for all K > n,
2K -1

E[? Z P(wy) — D(ak)} <= ((1 — l)(D(Oz*) — D()) + %Ha* - oon%) + —CQ ZL

= K+n n

where the primal value is P(wy) = C Y. max(0,1 — y;z] wy) + 5|lwil|3, the dual value is
Do) = — 31127 Diag (y) axl}3 + S oy — vio.cpn () and Vi Li = 2]

Proof. As SDCA solves the dual problem with coordinate ascent, by Theorem 5.6,

ED(a) — Dlaws1)) £ (1= )(Dle) = Dlao) + 5l — o).
The goal of the theorem is to upper bound E[P(wy) — D(ax)] by quantities involving E[D(a) —
D(ag41)]- Note that by weak duality, P(wy) — D(ag) > D(aw) — D(ag1) but what we need is
an inequality in the other way. For this, we will need to use the fact that (aj)r>0 is generated
by the coordinate ascent method.

Using the feasibility of oy and the definition of wy, we can simplify D(ag1) as

1 _ LI 1
D(as1) = — 5112 Diag (y) a3+ D g2y = spp.cp(ansr) = =5 w1 I + e o
=1

5 tk+1) (ik+1) 5 tk+1) (ik+1)
As appr = o + Ui (@077 — 0", w1 = wi + ziy Vi (01 — ") and

1 .
D(ags1) = —ink 2o Vi (a](;rlq) _ O‘l(czkﬂ))”2 + eTak i dl(;ﬁl) a’(jkﬂ)

To simplify notations, we will write here ¢ = ix11. Note that

(4)

a,), = ar Z'D N oy Mwzl® @
k+1 g max (y;z iag (y) ar +1)(a — ”) (a—a;)

a€(0,C] 2

1 .
= arg ren[ax]—wak—{—zzyl(a—ak )H2 oz,(;).
a
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So let us consider ¢ : z +— C max(0,1 — x), u € —9¢(yiz; wg) C [0,C] and s € [0, 1].

1 . .
D(agt1) = ag[?)é] —§Hwk + zyi(a — oeg))H2 +elag+a— a,(j)

1 i i i i
>~ llwe+ zigi((su+ (1= 9)ay)) = )P + e g + (su+ (1= )ay) — af

1 | |
= _§Hwk + ziyis(u — 0‘1(@2))”2 +elay +s(u— 041(;))

I 2 (i)\2 @y T T (i)
= _§||U)kH - EHZiyi”Q(u_ak )?—s(u—ap )yiz; wp +e o +s(u—ap’)

5° 2 (i)\2 (i), T (i)
= D(ay) — gllzz'yiﬂg(u —ap’ )" = s(u—ap)yiz; wp + s(u— o)

As u € —09¢(yiz wg) C [0,C] and ¢*(q) = q + ti—c,0)(q), Fenchel-Young equality leads to:
¢(inika) —u= —uyiz;wk. Hence,

2
D(at1) = Do) = 5 llzagil3u — o) + so(yiz wi) + sa gz wp - sy

Applying conditional expectation, we get

n

s? i $ i i
E[D(ag+1)[Fr] > D(ax) — on > llziwill3(u - )2 + - > (blyiz wi) + ayiz wp — )
i=1

=1
Now,
- 1 1
P(wy) — D(ag) = C Y max(0,1 — iz wg) + §Hwk||§ - (—§Hwk||2 +eay)
i=1
n 3 .
=" iz wi) + of iz wi — af)
=1
So that

82 " i S
E[D (a4 Fel = Dlew) = == > llzwill3(u — i) + ~(Plwi) = D(ew))
=1

n

82 S
> == (lzawillH)C? + = (P(wy) — D(aw))
i=1

where the last inequality derives from al(f) € [0,C] and u € [0, C1.
We apply total expectation and we sum for k from K; to K — 1:

n

K-1 2
> E[P(wy) = D(aw)] < E[D(ak)] — E[D(ax,)] + 5.C” > Uzl (K — K1)
k=K1

S|w

=1

< ED(a)] ~ ElD(ar, )] +5-C° 3~ (lzawil (K — Ko
con s2

n
< —C? il 3K — K
SKin o ;(szyzllz)( 1)
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where ¢g = (1 —2)(D(aw) — D(ap)) + 3 |as — ao||3. Choosing K = 2K and s = %, We obtain,
for K1 > n (because we need s < 1)

2K1—1 n

C(]n n 2 2
E[P - D < — E ol
=K =

1
Ky
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